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ITPEAMNCJIOBUE

ITocobme mpegHa3HAYUEHO JJIA CTYAEHTOB (DU3MKO-MATEMATH-
9eCKUX, MHKEHEPHO-(PUNIECKIX U WHIKEHEPHO-TEXHUIECKUX CIIe-
nuasbHOCTEH By30B. Llesh aBTOPOB COCTOSIA B CO3AHUN €IIHOTO
cOOpHUKA 33189, COOTBETCTBYIOIIETO O0bHEIMHEHHOMY KYPCYy aHAa-
JINTHYECKOM TeOMeTPHUH U JInHeHHOH anredpwl. Bee coctaBuTenn 3a-
JIAYHIKA UMEIOT OIBIT MPEIoIaBaHns MaTeMaTuKn B MOCKOBCKOM
PU3NKO-TEXHUIECKOM MHCTUTYTE, W 3TOT OTBIT HAIIEJ OTPAKEHHUE
B cofep:KaHmn cOOpHUKA. [locmenoBaTenbHOCTD pa3mesioB, a TaKXKe
ompeiesieHusT U 0003HAUEHUsT B OCHOBHOM COOTBETCTBYIOT yUeOHU-
Ky /I.B. BeknemumeBa «Kypc aHaiuTuueckoit reOMeTpUN U JIH-
HEHHO aredphIs.

OTMeTnM MeTommYIecKre 0COBEHHOCTH COOPHUKA.

B 3amavHuK BKJTIOUEHBI HEKOTOPBIE PA3esIbl, OTIHMIAIONTHECS
OT TPaJIUINOHHBIX: B IyiaBy «lIpeobpaszoBanust miockoctu. I'pyt-
TbI» BBEJEH DA 3379, B KOTOPBIX 00CYKgaeTcs 00Inee TMOHSITHE
00 oTobpazkenusax; riaBa «DyHKIUM HA JTUHEHHOM TTPOCTPAHCTBE
comep:kuT maparpad «JIuHeituble MYHKIUTS ; 3a0a9UN, OTHOCATIIN-
ecsd K TOYEYHBIM N-MEPHBIM MPOCTPAHCTBAM, BBIJIEJIEHBI B OTIEb-
Hy1O TaBy «AdduHHbIE U TOYEYHBIE €BKINIOBBI TPOCTPAHCTBAY,
M KPYT 9TUX 33729 3HAUYNTEIHLHO PACIINpEH; HAKOHell, riaaBa « TeH-
30pbI», TOMUMO JIETAJIBHOTO OOCYKIEHNsT OCHOBHBIX MOHSATHM, CBsI-
3aHHBIX C TEH30PAMHU, COJEPXKHUT OOJIBINOE YHUCIO YHIPAKHEHUN C
MPOCTPAHCTBEHHBIMU MATPHUIAMH.

Kaxknoit riiaBe, a TakKe HEKOTOPBIM maparpadam mpeanocia-
HBI TEOPETUIECKUE BBEJICHNS. BBeIeHNS HAUMHAIOTCS CO CJIOBaps —
COUCKA HEOOXOIMMBIX HOBBIX MOHATHH, OMPENESIEHUS KOTOPbIX
3aTeM YACTUYHO MPUBOAATCI. BBemeHUst comep:kaT TakxkKe 0003-
HaYeHUsI, CBOJAKHN BaXKHeHMMX (HOPMYJ U MOAPOOHOE H3JIOIKEHUE
HEKOTOPBIX AJITOPUTMOB.

B umcsio 3aga9 BKIIOYEH Psifi YCTHBIX BOIIPOCOB TI0 KyPCY JIEK-
nnii. VIHOTIa pelieHne HEeCKOJbKUX MEJIKHX BOMPOCOB MPUBOIUT
K PEeIIeHnI0 HeTPUBHAJIbHOMN 3amaun. Takue 3a/1a41 pPacloNOKEHbI
rpyHnaMu uin obecmevdeHb! cchlakaMu. HekoTopbie 3a1atn mpeaBa-
PSIOT TPUMEHEHHE JIMHEHHOM ajreOphbl B APYIUX MATEMATHIECKUX
Kypcax.



6 IIpeducaosue

Bribop 3amad, Kak HaAM KajyKeTcsd, MO3BOJIUT MUCIOIb30BATH IO-
cobme TpHU Pa3JUIHBIX CHCTEMaX MOCTPOEHUsT Kypca Jjeknmii. Tak
B § 14 «Ompenenurenny BKIIOUEHBI 33JIa9M, B KOTOPBIX MTPUMEHSI-
eTcs yMHOXKEHUE MATPHIl, 3amaun u3 TiaB X u X1 0 eBKJIMIOBBIX
MPOCTPAHCTBAX MOTYT PEIIaThCs KaK M0, TAaK U IMOCTe 337a49 Ha
KBa/IpaTUIHbIe (DOPMBI U T.]I.

st oberyerns paboThI IPENoIaBaTe sl CTAHIAPTHRIE 38 AN
JIaHbI OosbIME cepusiMu. [Ipu 3TOM, 9T0OBI COXpaHUTH 0ObEM 3a-
JIAYHIKA, aBTOPaM TPHUIIIOCH OPTAHU30BAaTh DAHK CTONOIOB U MaT-
pur (c. 465-494). Ilpu ccpuikax cTOIONB U3 GaHKa 0603HAYAIOTCS
gepes Cg, a MaTpunbl — Ay, Tme k — COOTBETCTBYIOIIMIT HOMED B
6arke. OTHAKO CTOJIOIBI M MATPHUIHI 13 HaAHKA MCIIONB30BAHBI HE BO
BCEX 33J]avaX, YACTHIHO M3JI0XKEHUE OCTABJIEHO TPAUIMOHHBIM.

HexkoTopsbie Tumossie u 601ee CIOXKHBIE 33291 CHAOKEHBI TTOJI-
HBIMH PEIIeHUsIMU, BHIHECEHHBIMH B COOTBETCTBYOIHUi pa3zen. Ta-
KHe 33/Ia9l OTMEeYeHbl 3HAKOM (P).

Hacrosgmee w3nanme JOMOTHEHO U TIepepaboOTaHO. 3aHOBO Ha-
mucanbl TyiaBbl X U XI, cocTaBiieH pasies O KOPJAHOBOH (hopMe
MaTPHIIBI, T0OABJIEH Psi/T HOBBIX 3aJa4 B Jpyrue pasmaenbl. [Ipons-
BEJIEHBI TaKKe HEKOTOPBIE COKPAIIEHMUSI.

IIpu cocTaBiennn cOOpHUKA ObLIN NCTIOIB30BAHBI YI€OHbIE TTO-
cobMsA, CIMCOK KOTOPBIX TPHUBEJEH B KOHIE KHUTH, & TaKXKe OT-
JIeJIbHBIE 3aJ[a4N, MPE/JIATaBIINecs Ha MPUEMHBIX dK3aMeHAX MJIN
BXOnAINe B 3ajanus gy crygeaToB MOTU.

XOTs KaxK/IbIit 13 aBTOPOB HEC OTBETCTBEHHOCTD 3a OMPEIe/IeH-
HYIO 9aCTh MaTepuaJia, TPYJ UX ObLI B 3HAUYUTEJHLHON Mepe KOJ-
JIEKTUBHBIM. B paboTe HaJ mepBBIM H3JAHUEM OOJIBINOE yUIaCTUE
npuanMmaa B.B. [lanbres. B HacTodmem n3mannm eMy TpUHAIIE-
xkutr § 34 m yacth 3amaqd § 33. Hekoropreie 3a1aun ObLIM TIPEIIO-
JKeHbI KojteraMu 1o MOCKOBCKOMY (DU3UKO-TEXHUIECKOMY WHCTHU-
tyry — B.B. Jlugckum, B.P. ITouyesbim, A.A. Bomubpyxom. Beem
UM aBTOPBI MIPUHOCAT IIyOOKyIo GsiaromapHocTh. Ilpu moaroroske
pyKomucu ObLIH ¢ OJArOJapHOCTBIO YUTEHBI BCE 3aMEUYaHUs, TO-
CTYIUBIIHE IO TMOBOMAY MepBoro m3ganus. OCOOEHHO 31eCh HYXKHO
ormeTuTh BKaan V.A. Bopaunuckoro n FO.JO. Coonrass.

ABTOpPBI CUMTAIOT CBOUM TPUSITHBIM JOJTOM OTMETHTh, YTO HA
X JeATeJTHHOCTh OKa3aJja PeIIalolee BIUSHIE CUCTeMa MPEenoja-
Bauus MaTeMaTuku B MOTU, crnoxwuBImasics moja pyKOBOICTBOM
ynena-koppecrnongenta PAH JI.J1. Kynpssresa.



I'masa 1
BEKTOPBI 1 KOOPJAMMHATHI

B 970t riaBe uCNoONB3yIOTCA CIIEAYIONUE OCHOBHBIE TIOHATHUS: GEK-
mop, HYAEBOT, BEKMOP, PABHBIE BEKMOPLL, KOAAUHEADHBLE U KOMNAAHAD-
HOLE BEKMOPDBL, NPOU3BEJEHUE BEKMOPA HA BEULLCTNBEHHOE YUCAO, CYMMA
8EKMOPOB, NPOTNUBONOAONHCHBITE BEKMOP, PAZHOCTNL BEKMOPOS, AUHETHAA
KOMOUHAUUR 8EKMOPO8, Aunelino 3asucumvie exkmopo, (Aunetdno 3a6u-
CUMAA CUCTNEME BEKMOPOB), 6A3UC Ha NAOCKOCTIU U 6a3UC 8 NPOCMpPat-
cmee, Koopdunamo, Gexmopa 6 6a3uce, paduyc-6eKMOp MOYKU, 0O0Was
dexapmosa cucmema KoopoUHAM, KOOPOUHAMBL MOYKYU, OAUHG GEKMOPa,
Y204 MeHCOY 8EKMOPAMU, CKAAAPHOE NPOUSBEOEHUE 08YT BEKMOPOS, NPO-
EKUUA BEKMOPA HA NPAMYI0, OPMO2OHAALHVIT U OPMOHOPMUPOBAHHBIT
6a3uUcvl, HA NAOCKOCTNU U 6 NPOCTPAHCNGEE, NPAMOYLOALHASL CUCTNEMA
KoOpOUHAM, OPUEHMAUUS MPOTUKU BEKTNOPOS 8 NPOCMPAHCMEE, OPUEH-
MAYUA NAPBE BEKMOPOS HG NAOCKOCTNU, OPUCHMAUUA OA3UCG, BEKMOPHOE
npoussedenue 06YT GEKMOPO8, CMEWAHHOEC TPOUIBEIEHUE MPET GEKMO-
P08, onpedesument, 6Mopo20 U MPemve2o nopadkos. cnons3yores Tak-
2Ke OCHOBHBIE€ CBOMCTBa JIMHEHHBIX OIlepaliuii, CKaJIgAPHOI'0, BEKTOPHOI'O
A CMEeIIaHHOI'O NPOU3BEICHUIL.

IlycTs BekTOpPH! @, b, ¢ UMeIOT B HEKOTOPOM Hasuce €1, €z, €3 KOop-
auHATH (o, @2, @3), (B, B2, Ba)s (11, 72, 73)-

HeobxoguMbIM ¥ AOCTATOYHBIM YCIOBHEM KOJLIMHEAPHOCTH BEKTO-
POB SBJISIETCS MPONOPIMOHAIBHOCTD COOTBETCTBYOIINUX KOOPAUHAT ITUX
BEKTOPOB.

HeobxomuMbIM M JOCTATOYHBIM YCAOBHEM KOMILIAHAPHOCTH BEKTO-
poB a, b, ¢ aBisgeTca obpaleHre B HOIb OIPENETUTE

a1 Qo (3
B B2 Bs |.
Y1 Y2 8
Eciu 6a3uc oproHOpMUPOBaHHBII, TO:
JIIMHA BEKTOPA & PaBHA

la] = \/of + o + ad;

CKaJIIpHOE ITPOM3BEJIeHne BEKTOPOB a, b paBHO
(a,b) = a1 81 + 22 + asf3;
BEKTOPHOE TIPOU3BEICHIE BEKTOPOB a, b paBHO
€1 €z €3
[a,b]=¢| a1 a2 a3 |,

B1 B2 B3



8 L'a. 1. Bexmopw u koopduramol

rae € = +1, eciu 6asuc npasbiil, u € = —1, eciu 6a3uc Jsepswiit. Oupeme-
JIATEJIb ClIeayeT IMOHNMaTh CUMBOJJIMYIECKH:
€1 €2 €3 Qe o as @ a1
2 O3 3 0q 1 02
o] Qg a3 | =eq + eq +e3 .
B2 B3 B3 b1 B1 Be
B1 B2 B3

CMelanHoe Ipou3BeIeHNe BEKTOPOB a, b, ¢ B 1060M ba3uce BbIpa-
KaeTcst (POPMYJIOii:
a1 G2 (O3
(a,b,c) =|p1 B2 B3 (el’e27e3)'
T Y2 V3
Ecau 6a3uc e1, €2, €3 OpPTOHOPMUPOBAH, TO (€1, €3,€3) = € (YUCII0 € onpe-
JIGJIEHO BBIIIE).
Tpoiika BekTOpOB a, b, C fBIAETCA IPABOIA, €CJIN 3HAK OLPEIETATEIA

a1 Q2 O3
B B2 Bs
7oY2 73
COBIIQIAET CO 3HAKOM YHUCJIA €, U JIEBOU B IPOTUBHOM CJIydae. JTO yTBEP-
2KJIEHUE CIIPABEJJINBO IIPH JII000M Hasmce.
Kocunyc yria ¢ mexy BeKTopamu a, b, 3a/JaHHBIMU CBOUMU KOOD-
JMHATAMU, MOYKHO BBIYUCIUTE 110 (DOPMYJIe
|a] - [b]
IInomane nmapasureslorpamMMa, IOCTPOEHHOIO HA BEKTOpax a, b, paBHa
S =|[a,b]|.
O6beM mnapaJiiesenuieia, MOCTPOEHHOIO Ha BEKTOpax a, b, ¢, paBeH
V =|(a,b,c)|.

JIr000# BekTOp b Ha MIOCKOCTH MM B IIPOCTPAHCTBE MOXKHO IPE-
CTaBUTh B BHJIE CYMMBI JIBYX BEKTOPOB X + ¥ TakK, YTOOBI BEKTODP X OBLI
KOJIJITMHEAPEH JAHHOMY HEHYJIEBOMY BEKTODY &, a BEKTODP ¥ OPTOrOHAJIEH
BEKTOPY a. BeKTop X Ha3bIBaeTCA OPTOrOHAJIBHON MpoeKIuel BekTopa b
Ha IPAMYIO, HallpaBJ€eHUEe KOTOPOH OIpeesdeTcd BEKTOPOM a; BEKTOP
Y Ha3bIBAETCHA OPTOrOHAJILHON cocTaBisioeil BekTopa b oTHOCHTEIBHO
9TOU MPAMOIL.

ITycrs B mpocTpaHCcTBe naHbl 1Ba 6asuca €1, €g, €3 u €}, €}, eh, u
BEKTOPBI BTOPOro 0a3uca BHIPAXKAIOTCS Yepe3 BEKTOPHI MIEPBOTO Gasuca
o popMyIaM

/

€e; =a1i1€e; +az1€e2 +asies,
(A

€y = ajz€e; + asee€s + azzes, (1)
(A

€3 = aj3e; + azzez + azzes.

Torma KOOPAUHATHI (11, (i3, )3 BEKTOPa B IEPBOM 0a3uce BBIPAXKAIOTCS
9epe3 ero KOOpPAMHATHL (), oy, ay BO BropoM Gasuce ciemyromum obpa-
30M:



§ 1. Jlunetinoie coommowenus 9

— ! ! !
a1 = a110 + a1209 + 1303,
— ! ! 12
Qg = G210 + Q2205 + (2303, (2)
— ! ! !
Q3 = agz10 + a3209 + 3303
(k0acbdurmenTsl B crpokax dopmy (1) npespamarorcs B koaddurpen-
THL B cToabuax dbopmy (2).

IlycTs B mpocTpaHCcTBE NaHbBL jiBe cucTeMbl Koopauaat O, e, es, €3
n O', e), €}, e}, npuaem HAUAIO BTOPOI CHCTEMBI KOODJIMHAT MMEET B
MEPBOl CUCTEMe KOOPAMHATHL 419, (20, G30, & BEKTOPBI BTOPOro 6asmca
BBIPAKAIOTCA Yepe3 BEKTOPHI mepsoro Gasuca mo dopmynam (1). Torma
KOODIAUHATHI &, Y, 2 TOYKH B IEPBOIl CHCTEME KOOPAMHAT BBIPAKAIOTCH
yepes ee KoopauHaTh! T, y', 2’ Bo BTOpPOii cucreme bopmymamu:

T =anz + a2y + a3z’ + aso,
! ! !

Y =anT + a2y + a3z + a2,

z=az12’ +az2y’ +azzz’ + aso.

B sagagax § 1 cucrema KoopauHaT cauTaeTcs o0Imeil 1eKkapToBoii 6e3
KaKMX-a1b0 JONOJHUTEIBHBIX yeaoBuil. B 3amauax § 2, eciim He orosope-
HO MPOTHUBHOE, KOOPJMHATHI BEKTOPOB 33/IAI0TCS. B OPTOHOPMUPOBAHHOM
Gasuce, a KOOPJAMHATHI TOYEK — B MPAMOYTOJBHON CHCTEME KOODJIMHAT.
B sagauax § 3, ecoim He OroBOpPEHO NMPOTHBHOE, KOOPAMHATHI BEKTOPOB
33JIAI0TCA B OPTOHOPMHUPOBAHHOM MPABOM 0a3uce, KOOPAUHATHI TOYEK —
B NPSAMOYTOJBHON CHCTEME KOODJAMHAT, 0A3MC KOTOPOIl MMEET IPaBYIO
OPHEHTAIHAIO.

§ 1. JIuHeiiHbIE COOTHOMIEHUS
1.1. /Ioka3aTh yTBEPKICHUSI:
1) KoHeuHasi cmcTeMa BEKTOPOB, CojeprKalias HyJeBOH Bek-
TOp, JUHEHHO 3aBUCHMA;
2) KOHeUHasl CHCTEMa BEKTOPOB, COJAEPKAINasd JiBa PaBHBIX
BEKTOpPA, JIUHEHHO 3aBUCHAMA.

1.2. Moxer Ju OBITH JUHEHHO 3aBUCHUMON CHCTEMa, COCTOSI-
ast U3 OJJHOTO BEKTOPa?

1.3. /lokazaThb, 9TO AJIs JIOOBIX TPEX BEKTOPOB a, b, ¢ u Jjio-
OBIX Tpex 4mces «, (3, v BeKTopbl aa — b, Yb —ac, fc — va nu-
HEHO 3aBUCUMBI.

1.4. Jdaner Tpu BexTopa a(l,2), b(—5,-1), c(—1,3). Haiitn
KOOPAMHATHI BeKTOpoB 2a + 3b — ¢, 16a+ 5b — 9c.

1.5. danme! Tpu BekTopa a(1,3), b(2,—1), ¢(—4,1). Haiitn unc-
Ja o u 3 takue, 9To aa+ b+ c = o.

1.6. IIposepurs, uro BekTOph! a(—5,—1) u b(—1,3) obpa3y-
for 6asnc Ha mwiockoctu. Haiitn KoopauHaThl BeKTOPOB ¢(—1,2)
d(2,—6) B sToM Gasuce.
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1.7. BekTop a mMeer B HEKOTOPOM Oa3mce KOOPIMHATHI (I,
1 —x), BexkTop b — koopmmHaThr (22 — 2z,2% — 22 + 1). IIpm Kakmx
3HAYCHUSAX T BEKTODPBI 1) KOJUIMHEAPHBI; 2)0JMHAKOBO HAIPABJIE-
HbI?

1.8. Jlambr weTsipe BekTOpa a(3,0,—2), b(1,2,-5), ¢(—1,1,1),
d(8,4,1). Haiitu koopausaThl BeKTOpoB —ba+b —6¢c+d, 3a—
-b—c—d.

1.9. JTambr weTsipe BekTopa a(4,1,—1), b(3,—1,0), ¢(—1,1,1),
d(—1,3,4). Haiitu uncna «, 3, v Takue, uro aa+ fb+vyc+d = o.

1.10. TIposeputs, uro BekTOpsl a(4,1,—1), b(1,2,—5) n c(—1,
1,1) obpasyior 6a3uc B mpocTpancTse. HaifTn KoopanHATBEI BEKTO-
pos 1(4,4,-5), m(2,4,—10), n(0,3,—4) B aTOM Gasuce.

1.11. ITpoeeputsb, OyayT U KOMILIAaHAPHBI BEKTOPHI 1, m u
n; B CJIy4ae MOJOKUTEIHHOTO OTBETa YKa3aTh JIMHEHHYIO 3aBUCH-
MOCTb, WX CBSI3bIBAIOIILYIO (371€Ch &, b, € — TpU HEKOMILJTAHAPHBIX
BEKTOPA):

1)1=2a—b—-c, m=2b—c—a, n=2c—a—b;

2)l=a+b+c¢, m=b+c, n=-a+gc;

3)l1=¢c, m=a—b-c, n=a—b+ec.

1.12. U3 ogHOl TOYKHU MPOCTPAHCTBA OTIOKEHBI TPU BEKTOPA
a, b, c. JlokazaTb, YTO KOHEI| BEKTOPa C TOTJA W TOJBKO TOTIA
JIEYKUT HA OTPe3Ke, COCIMHSIIONIEM KOHITBI BEKTOPOB a u b, Korma
BBIMOTHEHO paBeHCcTBO ¢ = ca+ b, rnea>0,6>0,a+5=1.B
KaKOM OTHOITIEHUH KOHEIT BEKTOPA C JIEJUT ITOT OTPE3OK?!

1.13. B mapamnemorpamme ABCD Ttouka K — cepesuna OT-
peska BC u Touka O — TouKa Ilepecevenns amaronasneit. IIpu-
HUMas 3a OasuCHbIC BEKTODBI / AB u AD, HafiTn B 3TOM Gasmce
KOOPANHATHI BEKTOPOB BD C’O KD.

1.14. B tpeyrombanke ABC touka M — cepenmHa OTpe3Ka
AB m touka O — TouKa Tiepecedenus menuan. IIpunmvas 3a Ga-

sucuble BeKTOpbl AB m_AC, Haittn B 3TOM 6a3uce KOOPJIMHATDI
sektopos AM, AO, MO.

1.15. B tpanermmun ABC'D pymnbr ocuosanmuit AD u_BC' ot-

HocATC Kak 3:2. ITpurnmas 3a GasucHble BEKTODHI AC u BD,
HaWTH B 9TOM 0a3mce KOOPIUHATHI BEKTOPOB AB BC’ C’D DA

1.16. B mpameruu ABCD pnunbl ocuoBauuit AD u BC or-
HOCATCA Kak 3 : 1. O — ToYKa TepeceveHus JuaroHajei Tpamerumn,
S — TouKa TiepeceveHus MPOJOJKEeHM GOKOBBIX CTOPOH. [IpmHnm-
Mas 3a_6asucHble BeKTOpbl AD u AB, HafiTH KOOPAWMHATHI BEKTO-

—_— - ——

pos AC, AO, AS.
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1.17. Toukn E u F asnatorca cepenunamu cropo AB u C'D
wernipexyronsanka ABCD. Jloxasars, uro EE = (BC + AD) /2.

1.18. Jlan mpasusbhbiil mectuyronbink ABCDEF. Tlpunn-
Mas 3a 0a3UCHBIE BEKTODBI . AB u AF , HafiTn B 3TOM Gasuce KOOp-

JIMHATHI BEKTOPOB BC CD, DE EF, BD CF CE.

1.19. B tpanernun 3amaqm 1.16 Touka M — cepeuHa CTOPOHBI
CD. HaliTu KOOpAWMHATHI BEKTOPA, AD B 6asuce OS OM.

1.20. B rpeyroabuuke ABC touku K u L — cepeauHbI CTO-
por BC u AC coorsercrBenno. Touku M u N jexar coOTBET-
crBenHo Ha orpeskax AK u BL tak, uro |[AM|:|MK|=6:1u
|BN|:|NL|=8:1. Touka P — cepepuna orpeska MN. Haiirn

KOOP/IMHATHI BEKTOPA AB B 6asuce MN N, CP.

1.21. B tpeyronpuuke ABC Touka M — cepeinHa CTOPOHBI
AC, toukn K u L ma cropornax AB m BC pacmonoxeHbl Tax,
uro |AK|:|KB|=3:5, a |BL|:|LC|=2:3. Haiitn KoopanaaTsi
BekTopa BM B 6asnce AL, CK.

1.22. B tpeyrombiuke ABC touknu K, L, M pacmojgoKeHb
cooTBeTCTBeHHO Ha ctopoHax AB, BC u AC tak, uro |[AK]|:
:|KB|=|BL|:|LC|=|CM|:|MA|=3:1. Mexuansl Tpeyroib-
muka ABC nepecekaiores B Touke P. HaiiTu koopuHaTB BeKTOpa
AP B 6asuce LK, LM.

1.23. B rerpasape OABC Touku K, L, M, N, P, Q — ce-
pemuabt pebep OA, OB, OC, AB, AC, BC coorBeTcTBeHHO, S —
TOYKa TiepecedeHns Meauan Tpeyroabauka ABC. Ilpuanmast
3a H6a3MCHBIE BEKTOPbI @T, OB u UC‘, Ha#iTH B 9TOM Oasuce KOOp-
JIMHATBL: e

1) Bexropos AB, BC, AC,

2) Bextopos KL, PQ, CN, MP, KQ;

3) Bekropos OS n K 5.

1.24. Jdansr Tpu Touku O, A, B, He e JieKallue Ha OJJHOM Tpsi-
moit. [IpuHnmas 3a 6a3suCHBIE BEKTODBI OA u OB, naiiru:
1) xoopauHATHI BeKTopa OM ecu Touka M JIeXKUT Ha OTpe3-

ke AB u |[AM|:|BM|=

2) KOOpAMHATHI BEKTOPA ON , ecyi Touka N JIEXKUT Ha TPSAMOi
AB BHe orpeska AB u |[AN|:|BN|=m:n.

1.25. B Tpeyrombauke ABC mposenena Ouccektpuca AD.
Haittu xoopaunatsr BekTopa AD B 6asuce, 06pa30BaHHOM BEKTO-

pamu AB u AC.
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1.26. /lan mpaswibubiil mectuyronbank ABCDEF. Tlpunu-
Mas 3a HauaJI0 KOOpAWHAT BepiinHy A, a 3a 6a3nucHbie BeKTopbl AC
n AE, HaliTi KOOPANHATHI BEPIIUH MECTUYTOIBLHUKA W €70 TIEHTPA.

1.27. B tpanenuu ABC D orHomenne ajus ocHoBaHnit AD u
BC pagno 4. [Ipuanmasg 3a Hadasto KoOpJuHAT BepumHy A, a 3a
basucuble BeKTOPbl AD 1 AB, HaliTH KOOPAWHATHI BEPIINH TPAaTe-
mn, Touku M miepecedeHns ee IUaroHaseil u Touku S mepecedeHust
GOKOBBIX CTOPOH.

1.28. Jan napamnenenunens ABC DA B1C1D;. [Ipununmas 3a
HavaJsI0 KoopauHaT BepumHy A, a 3a 6asucubie BekTopbl AB, AD
u AAq, HATH KOOPAUHATHI:

1) Bepmnu C, By u Ct;

2) touek K u L — cepeun pebep A1 By u C'C COOTBETCTBEHHO;

3) rouex M u N mepeceuenus nuaronaseii rpaueit A; B1C1 Dy
u ABBy A COOTBETCTBEHHO;

4) rouku O mepeceveHus AUATOHAJEH TapaJJIC/IENNIIe A,

1.29. Tpu roukn A(z1,y1), B(x2,y2), C(x3,y3), He nexamniue
Ha OJTHOH IIPSIMOIA, SIBJISIFOTCS ITOC/IEJOBATEIbHBIMI BEPIIHHAMHI I1a-
pastesorpamma. Haiftu KoopamaaTsl geTBepToil Bepuntsr D 910-
ro MapajlIesIorpaMMa.

1.30. Jausr gBe pazmuunsie Touxku A(z1,y1,21), B(z2,y2,22).
Haiitu xKoopauHaTh:

1) Touku M, nexameii Ha orpe3ke AB u takoii, uro |AM|:
:|BM|=m:n;

2) Touku N, jmexamieii Ha npamoii AB BHe orpeska AB u ta-
koit, uto |AN|:|BN|=m:n.

1.31. Jausr ase toukn A(3,—2) u B(1,4). Touka M nexur
Ha npsamoit AB, npuuem |AM| = 3|AB|. Haiitn koopauHaThI TOY-
ku M, eciu:

1) M nexwur mo Ty e cTOpoHy OT Touku A, 9T0 1 Touka B;

2) M u B jexkaT 1o pa3Hble CTOPOHBI OT TOYKHU A.

1.32. Jaus! Tpu Touku A (x1, y1, 21), B (22, y2, 22), C (23, y3,
z3), He JeXKalmue Ha OJHON mpsamoii. HaiiT KoopamHaThl TOYKH
mepecevyeHnst Meuan tpeyroabanka ABC.

1.33. Buas paamyc-BeKTOpBHI ry, rg, r3, r4 BepimmH A, B,
D, Ay mapannenenunena ABC D A1 ByC1D1, BbIpa3uTh 4epes HUX
PaInyC-BEKTOPHI OCTAJBHBIX YETHIPEX BEPIINH.

1.34. Otnomenne gmuH ocHoparnit AD n BC tpanenuu ABC D
paBHO M : n. BeipasuTth paaumyc-BeKTOPHI BepinHbl D, Touku M
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TepecevYeHnsl TUATOHAJIEN TPATeInn U TOYKK S TiepecedeHmsa 60Ko-
BBIX CTOPOH Yepe3 paanyCc-BEKTOPHI I, Iy, rg Bepmmu A, B, C.

1.35. JlokazaTh, YTO pAaJUYC-BEKTOP IEHTPa MPABUIHLHOTO
MHOTOYTOJIBHUKA €CTh CpeHee apudpMeTHIeCKOe PaInyCc-BeKTOPOB
€ro BEpIIIHH.

1.36. 3Hasg paanyc-BEeKTOPHI Iy, Iz, I's BEPIINH TPEYTOIbHU-
Ka, HAiTH PaJinyCc-BEKTOP TEHTPA OKPYKHOCTHU, BIUCAHHON B Tpe-
YTOJIbHUK.

1.37. B mnockoctu tpeyronmbhuka ABC maittun Touxky O Ta-
kyto, 4t0 OA+ OB + OC = o. CyIecTBYyIOT /I TAKWE TOYKHM BHE
IJTOCKOCTU TPEYTOTHHUKA?

1.38. B Toukax, nMeImuX paanyc-BeKTOPHI I'y, ..., I'yp, COCPe-
JIOTOYEHBI MACCHI M1, ..., My. HaliTu pagmyc-BeKTOp IEHTPA Ts-
KeCTU ITOI MaTepuajbHOR CUCTEMBI.

1.39. OxHopoaHast TPOBOJIOKa coTHyTa B Buje yria AOB co
croponamn |OA| =a u |OB| = b. Haiitn KoopJuHATHI [IEHTPA Ts-
JKECTH IPOBOJIOKH B cucTeMe KoopauHat O, U/T/ a, O_g/ b.

1.40. HaiiTu KOOpAUHATHI IEHTPA TAKECTH OJHOPOIHOM TIjIa-
CcTUHKY, uMeomeil popMy detbipexyrombanka ABC D ¢ BepuinHa-
mu B Toukax A(3,1), B(7,3), C(0,4), D(-1,2).

1.41. Jloka3aTh, YTO €CIU JUATOHAJIU UETHIPEXYTOJbHUKA B
TOUKE MepecedeHns MeIATCS IOMOJaM, TO ITOT UeTHIPEXYTOIb-
HUK — TapaJjjIeJOrPaMM.

1.42. Touku K w L asagiorcsa cepenuHaMu cTopon AB u
BC' napammenorpamma OABC. [Joka3aTh, YTO TOYKA Iepecede-
uus guaronaseit O ABC coBmaiaeT ¢ TOYKON MepecevdeHns MeInaH
tpeyronbauKa OK L.

1.43. Touka K mexXuT Ha NPOJOKEHHH CTOpOoHBI ADB Tpe-
yronpanka ABC 3a Touky B, Touka L — Ha TPOMOIKEHUN CTO-
poubt BC' 3a touky C, Touka M — Ha TPOIOIKEHUHM CTOPOHBI
CAszarouky A, npuuem |AB|: |BK|=|BC|:|CL|=|CA|:|AM]|.
JlokazaThb, 9TO TOUKN TepecedeHns: MeauaH TpeyroabHukos ABC
u K LM coBmamaior.

1.44. Ha croponax AB u AC Tpeyrombauka ABC B3gTbI
coorBercTBeHHO Toukn M u N tak, uro |AM|:|BM|=m;:nq,
|AN|:|CN|=mg:ng. Touky nepecedenns orpeskos BN u CM
o6oznaunm depes O. Haiitn orsomenus| BO| : |ON|u |CO| : |OM]|.

1.45. Ilpumenas pesyabrar 3amadu 1.44 mpu m; =ng; = mg =
=ng = 1, Z0Ka3aTh, ITO MEINAHBI TPEYTOIbLHUKA MEPECEKAIOTCH B
OJTHOU TOYKeE.
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1.46 (p). Bepmnna D napasnsenorpamva ABC D coenutena ¢
Toukoit K, nexamieit Ha cropone BC, takoit, uro |BK|:|KC|=
=2:3. Bepmuna B coenunena ¢ Toukoit L, nexairel Ha CTOPOHE
CD, rakoit, uro |CL|: |LD|=5: 3. B kakom oTHOImEHIN TOUKa, M
nepecedenns: npamMbix DK u BL nenut orpesku DK u BL?

1.47. Ha 6okoBbix cToponax AB u BC paBHOGEIpEHHOTO Tpe-
yronbauka A BC pacmonox)enbl cooTBeTcTBeHHO Toukn M u N Tak,
uaro |[AM|: |BM|=m:1, |CN|:|BN|=n:1. IIpavas M N uepe-
cekaeT BbIcoTy BD Tpeyrosbauka B Touke O. Haittn orHOMIEHME
|DO| : |BO|.

1.48. 1) Jloka3arh, 9TO Cpe/HsS JUHNS TPAIIEIUH TapaJIjiesb-
Ha OCHOBAHUSAM, a JJIMHA CPeJHel JIMHUYM PpaBHA TOJYyCyMMe JJINH
OCHOBaHWI (Teopema O CpejiHell JIMHUY TPATEIWn ).

2) Toukn E u F gaBnsrorcsa cepenmuamu cropon AB u CD
verbipexyroabanka ABCD (Ha IUIOCKOCTH WJIH B MPOCTPAHCTBE).
Hokazars, uro ecnu |[EF|= (|BC|+|AD|)/2, ro ABCD — tpa-
nenus (Teopema, obpaTHas TeOpeMe O CPeJIHel JMHUM TPATICINN ).

1.49. Ha croponax AB, BC u C' A tpeyrompuuka ABC B3sThbI
coorBercrBerHo Touku M, N, P tak, uro |AM|=|AB|/n, |BN| =
=|BC|/n, |CP|=|CA|/n. Ilnomans Tpeyronsuuka ABC pasha
S. Haittu maomaap TpeyroabHUKA, MOJIYUEHHOTO NPU Tepecete-
uun npsaMbix AN, BP u CM. BbiBecTn 0TCIOfla, 9TO M€IUAHBI
TPEYTOIbHUKA TEPECEKAIOTCS B OIHOM TOUKE.

1.50. /IokazaTb, 9TO YeThIpe OTPE3Ka, COCIUHSIONINE BEPIIU-
HBI TeTpa’dapa ¢ TOUYKAMU IlepecedeHns MeTuaH IIPOTUBOIIOIOXKHBIX
rpaHell, MepeceKaloTCd B OJTHOM TOYKE U JIEJIATCS B ITOM TOUKE B
oTHOIIEHUN J: 1, cYnTag OT BEPIINHEI.

1.51. /Ioxasarh, UTO TPU OTPE3Ka, COEJUHSIONINE CEPEINHBI
CKPEIUBAOIINXCS pedep TeTpasdipa, MepecekatoTcs B OJHON TOUKe
U JeJIATCA B 3TON TOYKE IOIOJIaM.

1.52. Ha guaronanax AB; u C' A1 GOKOBBIX TpaHeil Tpeyroib-
Hoit mpusmbl ABC A1 B1C1 pacroiozKeHbl COOTBETCTBEHHO TOYKH
E u F tak, uro npambie EF u BC) napammensubl. Haiitu oTHO-
mwenue |[EF|:|BC|.

1.53. Ha gmaronanun BC} 60KOBO# rpaHu TPEyroabHON MPU3-
Mbl ABC A1 B1C1 B3sita Touka M, a Ha mmaronamu C Ay apyroit
6okoBoit rpann — Touka IN. [Ipsmaa M N napaJeibHa MIOCKOCTH
ABB1 Ay. Haiitu orsomenne |CN|:|CA4|, ecmu |BM|:|BCq| =
=1:3.
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§ 2. CkajisipHoe npou3sBej/ieHNE BEKTOPOB
2.1. Haiitu crajisipHOE TTPOU3BEIeHE BEKTOPOB a u b, ecn:

1) |la|]=3, |b|=1, Z(a,b)=45°%

9) la|=6, |[b|=7, <(ab)=120°

3) |la|=4, |b|=2, Z(a,b)=090°

4) la|=5, |b|=1, awub conanpasieHsr,

5) la|=2, |b|=3, awub npoTHBONOIOKHO HATPABJIEHHI.

2.2. Borunciuts Boipakenue |a|? —v/3(a,b) 4 5|b|?, ecim:

1) la|=2, |b| =1, Z(a,b) = 30°;

2) |la| =3, |b| =2, Z(a,b) = 150°.

2.3. HaiiTu ckajsgpHOe pOu3BeJeHIe BEKTOPOB a u b, 3a1aH-
HBIX CBOUMU KOOPJIMHATAMIU:

1) 3(4, _1)7 b(_l’ _7)7

2) a(2,1), b(1,-3);

3) a(1,2), b(—4,2).

2.4. HaiiTu yroa MeXy BeKTOpaMu a U b, 3aTaHHBIMU CBOU-
MU KOOPJAUHATAMU:

1) a(1,2), b(2,4);
a(1,2), b(4,2);
(1,2), b(=2,1);
(1, —1) b(—4,2);
(2,-1), b(—4,2).

2.5. Haiitu paccrosinue Mexay Touykamu A u B, 3aTaHHBIMEI
CBOMIMU KOODIHHATAME:

1) A(—1,2), B(57 10)7

2) A(37 _2)7 B(373)7

3) A(1,2), B(1,2).

2.6. HaiiTu ckaaspHOe IpOu3BeJeHIe BEKTOPOB a u b, 3a1aH-
HBIX CBOMMU KOODJUHATAMU:

1) a(3,2,-5), b(10,1,2);

2) a(1,0,3), b(—4,15,1);

3) a(2,1,5), b(7,-9,—1).

2.7. HaiiTu yroa MeXy BEKTOpaMu a u b, 3aTaHHBIMU CBOU-
MU KOODJIUHATAMU:

1) (1 -1,1), b 5,1,1);

2) a

2)
3)
4)
5)
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2.8. HaiitTu paccrosinue Mexay Touykamu A u B, 3a1aHHBIMEI
CBOUMY KOOPJIMHATAMMU:

1) A(4,-2,3), B(4,5,2);

2) A(-3,1,—1), B(—1,1,—1);

3) A(3,-3,-7), B(1,—4,-5).

2.9. Janer tpu Bektopa: a(—1,2), b(5,1), c(4,—2). Beruuc-
JIATh:

1) b(aa C) - C(aa b)a

2) |af? — (b,c);

3) |b|? + (b,a+ 3c).

2.10. Janer tpu Bekrtopa: a(l,—1,1), b(5,1,1), ¢(0,3,—2).
Boraucants:

1) b(aa C) - c(a, b),

2) |a]* +c> - (a,b) - (b, c);

3) (a,c)-(a,b) —|al*(b,c).

2.11. [Jokaszath, uro BeKTOpPHI a u b(a,c) — c(a,b) B3anmuo
MePIeH INKYISPHBI.

2.12. BepHo jau, yro s a00bIX BEKTOPOB a, b, ¢, d BbIIoII-
HsieTcsa cootHomenne (a,b)-(c,d) = (a,c)- (b,d)?

2.13. Jlanb! Tpu BeKTOpa a, b, ¢ Takue, uro |a| = |b| = |c| =1,
a+ b+ c = o. Beruncnuts (a,b) + (b,c) + (c,a).

2.14. B rpeyronsuuke ABC manbt gaunbl cropon. Hatitu cka-
nsipuoe npoussenenne (AC, BC), ecmm:

1) |[AB| =5, |BC| =3, |AC| = 4

2) |AB| =7, |BC| = 4, [AC| =5

3) |AB| =3, |BC|=2, |AC|=3.

_ 2.15. Jlan Tpeyrombunk ABC. Beipasuth uepes b = ABuc=
= AC":
1) mauny cropoust BC,
2) nyuuy memmanst AM;
3) mIom@aas TPEYroabHIUKA.
2.16. B Tpeyrombunke ABC mposenena Boicota AH. Hait-
™1 KoopAuHaThl BekTopa AH B 6a3uce, 06pa3oBaHHOM BEKTOPAMH

AB u AC.

2.17. JJokazaTh, 4TO AJisl TMPOM3BOJBHOTO TMPSIMOYTOJBHUKA,
ABCD u njist nponsBoibHOit Touku M (nexkarreit nian He jrexkanieit
B ILUIOCKOCTH HPSIMOYTOJBHUKA) UMEIOT MECTO PaBEHCTBA!

1) (MA,MC)=(MB,MD);

2) IMAP?+|MC|?>=|MB|*+ |MD|*.
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2.18. B rpanenun ABC D orHomenne ajaus ocHoBauuit |AD] :
: |BC| paBHo 3. Boipasuts uepes b = ABuc=AC:

1) JJIMHBI CTOPOH M YTJIbI TPATICIIH;

2) mauHy orpeska SM, rme S — TouKa mepecedeHusi HOKOBBIX
cTopoH Tpanernuu, M — ToUKa mepecedeHus JUATrOHAJIEH.

2.19 (p). Jnuubl 6a3uCHBIX BEKTOPOB €] M €y obrmeil gekap-
TOBOI CHCTEMBI KOODJWHAT Ha TLIOCKOCTH PABHBI COOTBETCTBEHHO
V2 1 1, a yron Mex iy HEME paBeH 45°. BeIYUCIATL [JIMHBI JHa-
roHaJjell M yribl TMapaJjuieJIorpaMMa, MOCTPOECHHOTO Ha BEKTOPAX,
MMEIOIUX B 9TOM ba3mnce KoopauHatel (2, 2) u (—1, 4).

2.20. JIgmHbl 0a3UCHBIX BEKTOPOB €1 M €y O0DIell JeKkapTo-
BOI CHCTEeMbI KOODJIMHAT HA TIOCKOCTU PaBHBI COOTBETCTBEHHO 4
u 2, a yroa Mexy 6asucHbIME BekTOpamu pasen 120°. OrHocu-
TeJILHO 3TO CUCTEMbI KOOPAWHAT 33 aHBI BEPIINHBI TPEYTOIbHUKA,
A(-2,2), B(—2,-1), C(—1,0). HaiiTu 1jMHBbI CTOPOH ¥ YTJIbI TPE-
YTOJIbHUKA.

2.21. JInvHbI 0a3UCHBIX BEKTOPOB €1, €2, €3 PaBHBI COOT-
BETCTBEHHO 3, V/2, 4, a YINIbI MeKIy HUMH paBHBI Z(eq,e3) =
= Z(eg,e3) =45°, Z(e1,e3) =60°. Bbrancanth NIMHBI CTOPOH U
YTJIBI MapaJuIeorpaMMa, TMOCTPOEHHOTO Ha BEKTOPAX, MMEIOIINX
B 9TOM basuce koopauHats! (1, —3, 0) u (—1, 2, 1).

2.22. JlivHabl 0A3WCHBIX BEKTOPOB €1, €2, €3 PAaBHBI COOT-
BercTBeHHO 1, 1, 2; yrubl Mexjay HuMH paBHbI Z(ep,ez) = 90°,
Z(e1,e3) = Z(ez,e3) = 60°. BprumeanTs mIomanb  mapajiiiesao-
rpaMMa, MOCTpoeHHoro Ha BekTopax a(—1,0,2) u b(2,—1,1).

2.23. U3 oxnoii Toukn ormoxkenbl Tpu BekTopa a (0, —3, 4),
b(4, 1, —8) u c. Bekrop ¢ nmeer mauHy 1 n JeauT momosaM yrod
Mex1y a u b. Berancants KoOpAMHATHI BEKTOPA C.

2.24 (p). Jausr gBa BeKTOpa a u b, npnvem a # o. Beipasuts
qepe3 a U b OpTOroHAMBHYIO MPOEKIMIO BEKTOPa b Ha MpAMYyIo,
HATNPABJIEHNE KOTOPOU OMpPEIeIsieTCs] BEKTOPOM a.

2.25. Haiitu cymMMy OpPTOTOHAJbHBIX MPOEKIN BEKTOpa a Ha
CTOPOHBI TPABUIBLHOTO TPEYTOJBHUKA.

2.26. [Jan sexkrop a(l,1). Haiftu opToroHaJbHYIO MPOEKIUIO
BeKTOpa b Ha NMpsMyI0, HAIIpaBIeHNEe KOTOPOH OIMpPeIesIsieTcsl BeK-
TOPOM &, U OPTOTOHAJBHYIO COCTABJSIONIYIO BekTOpa b oTHOCH-
TeJIbHO ITOMN TPSAMOii, ecin BeKTOp b mMeeT KOOpAWHATHI:

1) (1,-3);  2) (L,-1);  3)(3,3); 4)(-2,-2).
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2.27. Jau Bektop a(l,—1,2). Haiitn opToroHasbHy0 mpoek-
U0 BEKTOpa b Ha mMpsMyro, HAIPaBJICHNE KOTOPOH OMPEIeISIeTCS
BEKTOPOM @, W OPTOTOHAJBHYIO COCTABJISIIONLYIO BEKTOpa b OTHO-
CUTEJBHO 3TOW TIPSAMON, ecjii BEKTOP b nMeeT KOOPAMHATHI:

1) (2a_2a4); 2) (1a1v2); 3) (430a_2)‘

2.28. JJambr nBa BekTopa a(3,—1) m b(—1,1). Haiftu Bek-
TOp X, Y/OBJETBODSIONWI CHCTEMe ypaBHeHuit (x,a)= 13,
(x,b) =-3.

2.29. JTaner BexTopsr a(v/3,—3) u b(1, —1). Haittu Bce BexTO-
PHI X, o6pasyromue yroa m/3 ¢ BeKkTopoM a u Takue, 4to (b,x) = 1.

2.30. Jamer tpu Bextopa a(4,1,5), b(0,5,2) u c(—6,2,3).
Haiitu BeKTOp X, y/I0BJIETBOPSAIONMIL CHCTEME ypaBHEHNiT (X,a) =
=18, (x,b)=1, (x,c) =1.

2.31. Jlaubl HEHYJIEBOM BEKTOP a M CKaJdAp p. Bbipasuth de-
pes3 a u p Kakoit-HuOy b BEKTOP X, YIAOBIETBOPAIONINN ypaBHEHUIO
(x,a) =p.

2.32. O6BbACHUTD TEOMETPUUECKII CMBICII BCEX PEIIeHNi BeK-
TOPHOTO ypPaBHEHUs (X,a)=p, a TaK¥Ke e€ro YaCTHOTO PeIleHNs,
KOJIZIMHEAPHOTO BEKTOPY a:

1) ma mrockoCTH;

2) B mpPOCTpAHCTBe.

2.33. OOBSICHUTH TEOMETPUIECKUH CMBICIT:

1) pemreHnsi cucreMbl BEKTOPHBIX ypaBHEHHN (X,a) = p,
(x,b) = g Ha IOCKOCTH (BEKTOPHI & U b HEKOJITMHEAPHBI );

2) pemieHWsl CHCTEMBI BEKTODHBIX ypaBHeHHil (X,a)=p,
(x,b)=4¢q, (x,c)=s, B mpocrpancTBe (BeKTOpHI a, b, ¢ HekOMII-
JIAHADHBI).

2.34 (p). Jausr gsa Bextopa a(l,—1,1) u b(5,1,1). Beruauc-
JINTH KOOPJMHATHI BEKTOPA C, KOTOPBIil uMeer inHy 1 m OpTOro-
HaJieH BekTopaM a u b. CKolbKo perneHnit nMeet 3aga9a?

2.35. danbr qBa BexTopa a (1,—1,1) u b (5,1,1). Bexrop ¢
nMeeT JIuHy 1, OpTOrOHAJEH BEKTOPY a U 00pa3yer ¢ BeKTOpoM b
yros arccos (1/2/27). Beraucants koopanHaThl BekTOpa, ¢. CKOTb-
KO peIlleHnli UMeeT 3a1a9a7

2.36. B paBHOOEIPEHHOM TPEyTOJbLHUKE MEIUAHbBI, TPOBEIEH-
Hble K OOKOBBIM CTOPOHAM, B3aMMHO MepIeHInKyIsapHbl. Haittn
YTJIbI TPEYTONbHUKA.

2.37. B napamnenorpamme ABC D Toukn K u L — cepeauHbl
cropor BC u CD. Haittu |AD|, ecmn |AK| =6, |AL| =3, a yrox
KAL=m/3.
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2.38. JsiuHBI CTOPOH TPEYTOJbHUKA CBIA3aHBI COOTHOIIIEHNEM
a® + b2 = 5¢%. JlokazaTh, 9TO JBE MeIUAHBI TPEYTOILHIKA TIEPIICH-
JUKYJISIDHBI.

2.39. JIivHBI COCETHUX CTOPOH MapaJIIEIOrPAMMa OTHOCITCS
KaK 1M : M, a YIroJd MEeXJy STUMU CTOPOHAMHU paBeH a. Haiitu yroma
MeXKJy AUArOHAJIAMH HapaJsiejiorpaMMa.

2.40. B BBIIyKJIOM YeTHIPEXYTOJIBHUKE CyMMa KB3/IPaTOB JBYX
TIPOTHUBOIOJIOXKHBIX CTOPOH paBHA CyMMe KBaJIpaTOB ABYX APYTHUX
TIPOTHUBOIONIOXKHBIX cTOpoH. Hafitn yrosm Mexny nuaroHassaMu de-
TBIPEXYTOIbHUKA.

2.41. B npamoyroibHO# Tpamenun JUaroHAJN B3aUMHO TIEp-
[EHIMKYJISPHBI, & OTHOIIEHNE JINH OCHOBaHWi pasHO m :n (m >
> n). Haiitn:

1) orHOIIEHNE MyIMH GOKOBBIX CTOPOH;

2) OTHOIIEHME JTNH THATOHAJIEIH;

3) BeJIMYMHY OCTPOTO YIJIa TPAIEIIUH.

2.42. Jloka3aTh, 9TO €CJIU B TPEYTOJBHUKE PABHBI JIJIMHBI IBYX
MeJMaH, JJIUHBI IBYX BBICOT WU JJINHBI JIBYX OUCCEKTPUC, TO STOT
TPEYTOJbHUK PABHOOEIPEHHBIH.

2.43. Ilycte M — TouKa TiepeceveHns MeJIUaH TPEYTOJbHU-
ka ABC. [okasaTb, 4YTO |AM|2 + |BM|2 + |C’M|2 = (|AB|2 +
+ |BC|* +|AC|?)/3.

2.44. Inunbt pebep AAy, AB um AD mnapajmenenumnesna
ABCDAB1C1D; paBHBI COOTBETCTBEHHO a, b, c. Benmuuuunr yr-
qoB Mesky Humu £ BAD, /A1 AD u / A1 AB paBHBI COOTBETCTBEH-
HO «, (3, v. Haittu muuuy muaronamu ACH.

2.45. Jlan mpousBosbHbIl TeTpadnap ABCD. Jloka3aTs: ecin
nepneHaInKyaapHbl pebpa AB u CD u pedbpa AC u BD, To pebpa
BC un AD Tak»Xe TepHIeH UKy ISIPHBI.

2.46. [ausr gBa orpeska AB u C'D (Boobiie TOBOpsi, B PO~
crpancTse). Jloka3aTh, YTO OTPE3KW IEPIEHJAUKYJISIPHBI, €CIH
|AC|? 4 |BD|? = |AD|?> 4+ |BC|?*. Bepuo nu obpaTHOEe yTBepe-
Hue?

2.47. B npasuisHOM Terpadape ABCD touku M u P — ce-
pemuabt pebep AD u C D coorBercTBeHHO, TOUKH N 1 () — IEHTPBI

rpaueit BCD u ABC' coorsercTtBenHo. HaiiTn yrom mexmy mpsi-
MmbiMu M N u PQ.

2.48. JInuna pebpa xkyba ABCDA1B1C1 D1 pasHa a. Touka
P — cepemuna pebpa C'C1, Touka Q — mentp rparun AA; B1B. Or-
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pe3ok M N ¢ konnamu Ha ipsiMbix AD u A1 By iepecekaeT IpsiMy o
PQ n neprienaukynsipen eit. Haiitu niaway 9TOTO OTpe3Ka.

2.49. B mpaswibaOM TeTpaynpe ABCD touku E u F aB-
astoresa cepeamHamu pebep AD um BC coorBercTBenno. Ha pe-
6pe CD B3gara touka N, Ha orpeske KF — rmouka M Tak, 9TO
LMNC =45°, ZNME = arccos (2/3). B kakoM OTHOIIEHHN TOU-
ku M u N pensit orpesku EF u CD?

2.50. B nmpasusbHoit mectuyronbuoit mupamuge SABCDEF
(S — BepmmHa) JyIMHA CTOPOHBI OCHOBaHUs paBHa 2. Bepmmabr K
u M pomba KLMF nexat Ha pebpax AB u SD coOTBeTCTBEHHO,
u |[KM| =3, a orpesok KL nepecekaer pebpo SB. Haiitu o6bem
TMUPaMUIHI.

§ 3. BekTOpHOE U cMeIlIaHHOE ITPOU3BEEHUSI BEKTOPOB

3.1. HaiiTu BeKTOpHOE MTPOM3BE/ICHIE BEKTOPOB a U b, 3a1aH-
HBIX CBOMMH KOOPJIMHATAMMU:

1) a(3, —1, 2), b(2, =3, —5);

2) a(2, -1, 1), b(—4, 2, —2);

3) 3(6, ]-a 0)’ b(3: _2a O)

3.2. YupocTuTh BBIPAYKEHUS:

1) [a+b, a—bj;

2) [a—b+c/2, —a+2b—5c|.

3.3. [lokazaTb, 4TO BEKTOPHOE MPOU3BEACHUE HE M3MEHUTCH,
€C/Ii K OJTHOMY M3 COMHOXKWTeJiell mpubaBuTh BEKTOP, KOJIIMHEAp-
HBI APYTOMY COMHOZKUTEJIIO.

3.4. Bekropsl a u b #He kKomuHeapHbl. [Ipn Kakux 3HAUYEHUIX
CKAJISIPa A KOJTMHEAPHBI BeKTOpHI Aa+ b u 3a+ Ab?

3.5. BekTopn! €1, es, €3 00pa3yoT:

1) oproHOPMUPOBAHHBI MpaBbIil 6a3uc;

2) OpTOHOPMUPOBAHHBII JIEBbIi 6a3uc;

3) OpTOroHAJbHBIN TPaBbIil Ha3wuc.

BripasuTh BeKTOpHBIE IPOU3BE/ICHNUS €1, €2], [€2, €3], [e3, e1] ue-
pe3 BEKTODHI €1, €2, €3.

3.6. UssectHo, uro a = [b, c|, b=][c, a], ¢ = [a, b]. Haiitu
JIIMHBI BEKTOPOB &, b, ¢ 1 yIIbl MeXK 1y HUMU.

3.7. Pemurs 3amaqm: 1) 2.34; 2) 2.35, 10MOTHATENIBHO TIOTPE-
0oBaB, 4TOOBI OpPMEHTAIMS TPOWKH BEKTOPOB a, b, ¢ coBmamaja
C OpHeHTaIell OPTOHOPMUPOBAHHOTO 0a3mMca, B KOTOPOM 33IaHbI
KOODJIMHATHI BEKTOPOB.
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3.8. Ha Bekropax a(2,3,1) u b(—1,1,2), oTyi0KeHHBIX U3 0/~
HOI TOYKHM, TIOCTPOEH TpeyroabHuK. HaiiTn:

1) mIoma/Ib TOrO TPEYrObHUKA;

2) JUIMHBI TPEX €ro BBICOT.

3.9 (p). JauHb! 6a3nucHBIX BEKTOPOB €1 U €2 00Imeil JeKapTo-
BOH CHCTEMbI KOODJINHAT Ha MJIOCKOCTH PABHBI COOTBETCTBEHHO 3 1
2, a yron mex 1y HuMu paset 30°. B 9Toii cucTeme KOOpIUHAT JaHbBI
KOOPJIMHATHI TPEX MOCJIEI0BATENbHBIX BEPIINH MapaJsiieorpaMmma:
(1,3), (1,0) u (—1,2). Haittu momaap napaJesorpaMmma.

3.10. Ioka3aTh, UYTO ILIOIMIAJL BBIMTYKJIOTO YETHIPEXYTOJbHU-
ka ABCD papHa TOJOBWHE JJIMHBI BEKTOPHOTO TPOW3BEICHUS
[AC,BD]|.

3.11. /JokazaTh, 9TO CyMMa BEKTOPOB, MEPIIEHINKYIAPHBIX K
TpaHIM IPOU3BOJBHOTO TETPAIAPA, PABHBIX IO JJIMHE TIJIONIAISIM
9TUX TPaHell W HAIIPABJEHHBIX B CTOPOHY BEPIIUH, TPOTUBOJIEKA-
IIUX STUM TPAHSAM, paBHA HYJIIO.

3.12. JTokazaTh, 9TO JJis TPeX HEKOJUIMHEAPHBIX BEKTOPOB a,
b, ¢ paBencrsa [a,b] = [b,c] = [c, a] BbIIONHAIOTCST TOTAA U TOJIBLKO
Torma, Korja a+b+c¢c=o.

3.13. Jloka3aThb TOXKIECTBA:

st - 3 B0
2) [a,[b,c]] =b(a,c) —c(a,b);
3) (ablfe.d) = | (o) (9|

3.14. Jlaub! o, B, 7y — IIOCKME YTIIBI TPEXTPAHHOTO yruia. Hait-
TH €ro JIByIPaHHbBIE YTJIbI.

3.15. Jlanbr gaBa BekTOpa a u b takume, uro a # 0, (a,b) =0.
Bripazuth uepe3 a u b kako#i-HUOYIbL BEKTOP X, Y/IOBJIETBOPSIIO-
muit ypaBHeHuo [x,al = b.

3.16. OOBACHUTL TEOMETPUYECKNIT CMBIC] BCEX PEIeHUil BeK-
TOPHOTO ypaBHeHHsl [X,a] =b, a TakxkKe e€ro 4acTHOrO peIleHus,
KOJUIMHEAPHOTO BeKTopy [a,b].

3.17. U3 ogHoit TOUKH OTJIOXKEHBI IeThIpEe BEKTOpa a, b, c, d.
BekTop d nmeer gauHy 1 m o6pasyer ¢ HEKOMILJIAHAPHBIMY BEKTO-
pamu a, b, c:

1) paBHBIE OCTpBIE YIJIbI;  2) pPaBHbIE TYIbIE YIJIbL.
Bripasuts BekTop d 4yepe3 BeKTOpPHI A, b, C.
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3.18. 113 oxHOl TOYKM OTJIOXKEHBI deThIpe BeKTopa a(—1,1,
—1), b(-1,1,1), ¢(5,—1,—1) u d. Bekrop d umeer gmuy 1 u 06-
pasyeT ¢ BeKTOpaMu a, b, ¢ paBHBIE OCTpBIE YIJIbl. BBIYHCINTH
KOOpJWHATHI BeKTOpa d.

3.19. HaiiTn cMmemmanHoe Mpou3BeIeHe BEKTOPOB a, b, ¢, 3a-
JAHHBIX CBOMMU KOODAMHATAMIUI:
1) (1v -1 1) b(7,37_5)a C( 272, 2)
) a(3.5,1), b(4,0,-1), (2,1,1),
3) (2 1,0 ) (374a_1) ( 3a1)
) a(1,2,3), b(5,-2,1), (2,1,2)

3.20. IIpoBepuTh, KOMIJIAHAPHBI JIU BEKTOPHI, 33JAHHBIE CBO-
UMY KOOPAWHATAMHU B MIPOU3BOJIHLHOM Oaswce:

1) a(2,3,5), b(7,1,-1), ¢(3,—5,—11);

2) a(2,0,1), b(5,3,-3), c(3,3,10).

3.21. Bekrops! a, b, ¢ mekommianapusl. [Ipu kKakmx 3HaveHu-
AX CKaJsgpa A KOMILIaHapHBI BeKTOpbI a+ 2b 4+ Ac, 4a+ bb + 6c,
7a+8b + \%c?

3.22. Tpu HeKOMIJITAaHAPHBIX BEKTOpa a, b, ¢ OT/IOXKeHBI u3
onHoM Touku. Haiiru:

1) o6beM TpeyronbHO NPIU3MbI, OCHOBAHIE KOTOPOU TIOCTPOE-
HO Ha BeKTOpax a u b, a 6okoBoe pebpo COBMAJAET ¢ BEKTOPOM C;

2) obbeM TeTpasdmpa, MOCTPOEHHOTO Ha BEKTOpax a, b, c.

3.23. anwr Toukn A(2, 1, —1), B(3, 0, 2), C(5, 1, 1), D(0,
—1, 3), aBasomuecs BepmuHamMu Terpasdapa. Haiirm:

1) obbem TeTpasdapa;

2) yIMHY BBICOTHI TeTpa’pa, OMyIneHHOoN 13 BepunHbl C.

)

3.24. JInvubl 6a3UCHBIX BEKTOPOB €1, €2, €3 B IIPOCTPAHCTBE
PaBHBI COOTBETCTBEHHO 1, 2, /2, a yIJIbI MeXKAy HEME DaBHbIL:
Z(e1, e) =120°, Z(eq, e3) =45°, Z(ez, e3) = 135°. Beruuciaurs
00beM mapaJsIeselnnne1a, MOCTPOCHHOIO Ha BEKTOPAX, MMEOIIIX
B 9TOM Gasuce koopaunats! (—1,0,2), (1,1,3), (2,—1,1).

3.25. /lambl HEKOJIMHEAPHBIE BEKTOPHI &, b 1 CKaJsp p.

1) Haiitu kakoii-HuGyap BEKTOP X, Y/IOBJETBOPSIOMNN ypaB-
HeHnio (x,a,b)=p

2) O6BSICHUTH TEOMETPUIECKHUIT CMBICII BCEX PEIIeHNnil ypaBHe-
Hus (X,a,b) = p, a TakIKe €ro 9YacTHOTO PEIIeHNs, OPTOrOHAIBHOTO
K BeKTOpaM a, b.

3.26. Jloka3aThb TOXKIECTBA:
1) (a,b,c)? +|[[a,b],c][* = [[a,b]]*-|c|;
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2) [[a,b],[c,d]] = c(a,b,d) —d(a,b,c);

3) d(a,b,c)=a(b,c,d) + b(c,a,d)+c(a,b,d);

4) ([a,b],[b,c],[c,a]) = (a, bi)0)2;

5) (a,b,c)[x,y] = (a,x) (
(a,y) (

3.27. JlokasaTh, UYTO MPOEKIINs BEKTOpa b Ha MpsMyo, mep-
TIeHIMKYJTAPHYIO BEKTOPY a, paBHa [a, [b,al]/|a|?.

3.28. lokazaThb, UTO:

1) ecom BekTOpHI [a,b], [b, ], [c,a] KoMIIAHADHBI, TO BEKTOPHI
a, b, ¢ KoMIITAHADHBI,

2) ecsm BexTopHI [a,b], [b,c], [¢,a] KoMIIaHADHbI, TO OHE KOJI-
JITHEAPHBI.

3.29 (p). [Be Tpoiikn BeKTOPOB a1, a2, ag u by, by, bz Ha3bI-
BalOTCsl B3aUMHBIMHE, ecant (a;,bj) = 0 mpu 4 # j, (a;,b;) = 1.

1) Jloka3aTb, 94TO /JIs CyIIeCTBOBaHus Tpoiiku by, by, bs, B3a-
UMHOM K a1, a2, a3, HEOOXOINMO U TOCTATOYHO, YTOOBI BEKTOPHI a7,
ag, a3 OBLIN HEKOMILJIAHAPHHI,

2) BBIPA3UTh B 9TOM CjIydae BEKTOPHI by, by, b3 uepes BekTo-
pbI a1, a2, a3.

3) Jokazarh, 9TO €Cii BEKTOPHI a1, Az, ag 00pa3yor 6a3uc, To
BEKTOPBI B3aUMHOM TPOWKM 00pa3yroT 6a3uc TO Ke OpUEeHTAIINN
(basuc, B3auMHBI K 6a3ucy aj, ag, as).

3.30. Isia Tpoiiku BekTOpOB a1(3,0,1), az(—1,1,2), ag(1,2,1)
HaliTu B3auMHYIO TPOHKy (cM. 3amady 3.29).

3.31. Pemmth crucreMy BEKTOPHBIX yPaBHEHUN B IMIPOCTpPaH-
cree: (x,a) =p, (x,b) =¢q, (x,c) =s (Bexrops! a, b, ¢ HeKOMILIA-
HapHbI). [eoMeTprudeckass MHTEPIPETAINs DEIICHNsT JAeTCsS B 3a-
nade 2.33.

3.32. Touxka M nexut Ha pebpe BBy kyba ABCDAB1C1D1,
npudem |BM|:|MBq|=2:1. Jnauna pebpa Kyba pasua a. Haii-
T paccTostare Mexkay mpsmbivu C Dy u M D.

3.33. [okazaTh, 9TO TJIOMQ/Ab TPEYTOJHHUKA, COCTABIEHHOTO
u3 MeauaH Tpeyroibanka ABC, paBHa 3/4 muomaan TpeyroabHE-
ka ABC.

3.34. B tpeyronpuuke ABC uepes Touky H na ctopone AC
TIPOBeJIEHA TIPsIMas TAapaJlIeIbHO cTopore BC' 1o mepecevyeHus co
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cropono#t AB B Touke M. Ilmomans Tpeyronsunka BHM B 4,5
pasa MeHbIne TOmaA Tpeyroiabuuka ABC. Haiitu oTHOIeHME
|AM]|:|MB|.

3.35. /lmaronanu paBHOOEJPEHHON Tpalenuu B3auMHO Iep-
MEeHIUKYISpHBL. HaliTi mioma s Tpamennn, ecjiu JJINHA BBICOTHI
ee paBHa h.

3.36. Ilmomans Tpanenuun ABCD pasaa S, OTHOIIEHNE AJIUH
ocuosanuit |AD|: |BC|=3:1. Orpesok M N mapaJuiesicH CTOpOHe
CD wu nepecekaer cropory AB. Ilpu stom |AM|:|BN|=3:2,
|MN|:|CD|=1:3; orpe3ok AM napasener orpesky BN. Haii-
TV TWIOMAAL Tpeyroabunka BNC.

3.37. Touka M — cepemmna 6okoBOrO pebpa AA; mapase-
genunena ABCDA1B1C1D,. Ilpsvbie BD, M D1 u A1C nonap-
HO MePIeHANKYJIAPHBL. VI3BecTHBI JmHBI OTpe3koB: |BD|=2aq,
|A1C| = 4a, |BC| = 3a/2. Haitti ajmuHy BBICOTBI TapaJIIe IENIHIIE TA.

3.38. lokazaTth, uTO Js100as MJIOCKOCTb, MPOXOJSIIas depe3
CepeINHBI JBYX CKPEIIMBAOININXCS pebep MPOU3BONBHOIO TeTpa-
9Apa, JEJIUT ITOT TETPAIP HA JBE OJNHAKOBBIE ITO 00BEMY JTACTH.

3.39. B npasusibaoM Terpasape ABCD mpoBeneHBI ABa ce-
yeHus, mapajuienbubie pebpam AC u BD. Haittn gnumy pebpa
TeTPadIpa, eCaN IIOMAAN cedeHnil paBHbI S n S, a PACCTOAHIE
MEXK/y CEKYIUMHU TIJIOCKOCTSIMHU PABHO d.

3.40. Ioka3aTh, UTO BCE UeThIpE T'PAHU MPOU3BOIHLHOTO TET-
pasipa pPaBHOBEJUKHU TOTJA U TOJBKO TOIJA, KOTJa OHU KOHI'DY-
SHTHBI.

§ 4. 3ameHna 6a3uca U cuCTeMbI KOOPJAMHAT

4.1. Ha mutockoctu faHbl aBa Gasuca €1, eg u €}, €. Bekropsr
BTOpOro 6asnca MMeEIT B mepBoM 6asuce KoopamHathl (—1,3) u
(2,—7) COOTBETCTBEHHO.

1) Haiitu KoopanHATBI BEKTOPa B IEPBOM Oa3uce, eI N3BeCT-
HBI €r0 KOOP/JJMHATHI (), (y BO BTOpOM Gaswmce.

2) HaiiTi KOOpAMHATHI BEKTOPA BO BTOPOM 0Oa3mce, e W3-
BECTHBI €r0 KOOPJMHATHI (v], (¢ B TIEPBOM DHasuce.

3) HaiiTn KOOpHATHI BEKTOPOB €1, €2 BO BTOPOM Oa3suce.

4.2. B npocrpaHcTBe AaHbI ABa 6as3uca ei, €z, €3 u €}, e, ef.
BekTopsl BTOpOro 6asnmca MMEIOT B MEPBOM 0a3uce KOODIAMHATHI
(1,1,1), (—-1,-2,-3), (1,3,6) cooTBETCTBEHHO.

1) HaiiTi KoOpAMHATHI BEKTOPA B IEPBOM Has3uce, €CIT N3BECT-
HBI €0 KOOPJUHATHI ), (th, (s BO BTOpOM Gasuce.
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2) Haiitu KoOpaMHATBI BEKTOPa BO BTOPOM 0asmnce, e€Cam n3-
BECTHBI €ro KOOpAMHATHI (v, (2, 3 B TIEPBOM basmce.

3) Haiitn KoOpAMHATEI BEKTOPOB €1, €2, €3 BO BTOPOM bHaswce.

4.3. Ha mrockocTn maHbI ABe cucTeMbl KoopauHaT O, €1, €y
u O', €}, e},. Hauaso BTOpoil cucTeMbl KOOPMHAT UMeET B MEepBOil
cucreme KoopauHathl (—1,3), a GasucHbIe BEKTOPBI BTOPOii crcTe-
MBI IMEIOT B 6asuce mepBoii cucTeMbl KoopauHathl (2,3) u (1,1)
COOTBETCTBEHHO.

1) Haiitu KOOpAMHATHI TOYKN B [EPBOIl CUCTEME, €CJIN M3BECT-
HBI ee KOOpJIuHATHI Z', Y BO BTOpOIl cucTeMe KOOpAUHAT.

2) HaiiTn KOOpJWHATBHI TOYKH BO BTOPOW CHCTEME, €CIIU W3-
BECTHBI €e KOOPJMHATHI T, Y B MEpPBOil CHCTeMe KOOpIUHAT.

3) Haiitu koopauuaaTsl Toukun O BO BTOPOW CHCTEMe W KOOD-
JIMHATHI BEKTOPOB €1, €2 B 0a3nce BTOPON CUCTEMBI KOOD/IMHAT.

4.4. B mpocTpaHCcTBe JaHBI Be cucTeMbl KoopauHat O, €1, ea,
ez u O, €], e}, e}. Hauano BTOpoit cucTeMbl KOOPAUHAT UMEET B
neproii cucreme koopauHaTh (1,1,2), a 6a3ucHBIE BEKTOPBI BTOPOit
CHCTEMbI KOOPAWHAT UMEIOT B 6a3uce MepBoil CHCTeMbI KOOPITHATHI
(4,2,1), (5,3,2), (3,2,1) cOOTBETCTBEHHO.

1) Haiitu KoopAnHATHI TOYKN B MEPBOil CHCTEME KOODJMHAT,
ecJIM M3BECTHBI ee KoopauHaTh x', y', 2/ Bo BTOpPOIi cucTeme.

2) HaiiTn KOOpJWHATBI TOYKH BO BTOPOW CHCTEME, €CIIU W3-
BECTHBI €€ KOOPJIWHATHI T, Y, 2 B IEpBOil cUCcTeMe.

3) Haiitu xoopaunaTel Touku O BO BTOPOii cucTeMe KOODU-
HAT U KOOPJIMHATHI BEKTOPOB €1, €2, €3 B 6a3uce BTOPOil CUCTEMBI.

4.5. KoopauHaThl T, Yy KaxKJ0# TOYKM IJIOCKOCTH B CHCTE-
Me koopauHaT O, €1, €y BBIpAXKAIOTCA depe3 KoopamHaTwl x', i
sTolt ke Toukn B cucreme O, €], € dbopmynavu x =2z’ —y' +5,
y=3z"+y +2.

1) Beipasurs koopauHAThI ', ' wepes KOOpaMHATHI T, Y.

2) Haiitu koopauaaTs Hadasa O un 6a3MCHBIX BEKTOPOB €1, €2
epBOM CUCTEMBbI KOOPAUHAT BO BTOPOU CUCTEME.

3) Haiitn xoopaurarer Hadama O’ n 6a3uCHBIX BEKTOPOB €,
€/, BTOpOii crcTeMbl KOODIMHAT B MIEPBOH CHCTEME.

4.6. KoopauHaTel Z, y, 2z KaKJ0# TOYKM MPOCTPAHCTBA B CH-
creme KoopauHaT O, €1, €y, €3 BHIPAKAIOTCH Yepe3 KOOPAUHATHI
z', ', 2 sroit ke Toukm B cucreme O, €}, €, e dopmynamu
=2 +y +2 -1, y=—a'+2'+3, z=—2' -y - 2.

1) Beipasuth koopauHatht ', ', 2’ "uepes KoopauHaThI T, Y, 2.

2) Haittu koopauHaThl Havasta O 1 6a3UCHBIX BEKTOPOB €1, €2,
€3 IIepBOil cucTeMbl KOOPAUHAT BO BTOPOil cucTeme.
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3) Haiitn xoopmuaaThl Havama O’ n Ga3WCHBIX BEKTOPOB €,
€}, €5 BTOpOIil cuCTEeMBI B IIEPBOii cucTeMe.

4.7. Haiitu xoopauHaThl BeKTOpa B Gasmce e€1(2,3), e2(3,4)

Ha IIJIOCKOCTH, €CJIN M3BECTHbBI €0 KOODJAMHATBI Oéll, 0/2 B Gasuce

ell(]-?_l), el2(2’_3)'

4.8. Hafitu koopauuaTthl BekTOpa B Oasuce e1(1,3,2),
ex(—1,1,0), e3(2,—1,1) B IpOCTPAHCTBE, €CIN U3BECTHBI €r0 KO-
OpAMHATEL (), 0, oy B Gasuce €|(—1,0,2), e5(1,1,1), e5(4,3,—1).

4.9. Haiitu KoopuHaThl TOUKH B cucreMe Koopuaar O(2,—1),
ei(1,5), ea(—1,4) Ha MIOCKOCTH, €CJAM U3BECTHBI €€ KOODUHATHI
x', y' B cucreme koopaunar 0'(3,2), €] (1,—1), €,(4,2).

4.10. Haiitn koopauHaTs! TOUKE B cucreme koopausHat O(1,3,
3), e1(3,3,1), e2(3,5,2), e3(1,2,1) B mpocTpaHCTBe, €CIM U3BECT-
HBI ee KoopauHatel z', ', 2’ B cucreme koopmmmar O'(—1,0,2),
€i(1,-2,1), €4(4,2,1), e5(2,—1,3).

4.11 (p). B mapamnenorpamme ABCD Touxka E nexuT Ha
muaroHanu BD, npudem |BE|: |ED|=1:2. Haiitu xoopauHaThI
TOYKU TJIOCKOCTU B CI/ICTeMe koopauHaT A, AB AD, ), €CIT U3BECT-
HBI ee KoopauHaThl =, y' B cucreme KoopauHaT ), EC’ ED.

4.12. B mapamnenorpamme ABCD touka E mexur Ha cTO-
poue BC, a Touka F — Ha ctopone AB, npuuem |BE|:|BC|=
=1:4, |BF|:|AF|=2:5. Haiitn KOOpANHATHI TOYKH ILIOCKOCTH
B CI/ICTeMe koopauHar C| CE, C’D €CJIM M3BECTHBI €€ KOODIMHATHI
z', y' B cucreme Koopaunar E, EF ED.

4.13. B tpeyrombauke ABC Touka D jexwut Ha cropone BC,
a Touka E nmexur Ha mpomomxkenun croponbl AC 3a Touxky C,
npuiaem |[BD|: |DC|=1:2, |AC|: |CE|=3: 1. Haiitn xoopuHa-
THI TOYKHU TIJIOCKOCTH B CI/ICTeMe KoopauHaT A, AB AC’ , €CTTI U3~
BECTHBI ee KoopAauHaThl o', y' B cucreme KoopauHaT D, DA DE.

4.14. B tpeyronpuuke ABC Touka D JeXXUT Ha CTOPOHE
AC, a touka E — ma orpeske BD, mpuuem |AD|:|AC|=1:3,
|BE|:|ED|=2:3. HaiiTu KOOpJAMHATBI TOYKH IUIOCKOCTH B CH-
CTeMe KOODAMHAT A, AB, AD, D, _ecnu_n3BeCTHBI ee KOOPIMHATHI T,
y' B cucreme koopaunat C, C’B CE.

4.15. Jlan npasuibubiit mectuyrombink ABCDEF. Haiitn
KOOD/IMHATBI TOUKH TIOCKOCTH B CHCTEME KOOD/UTHAT A, AB, AF,
€CIM M3BECTHBI ee KOOpAWMHATHI x', Yy B cucTeMe KOOpIuHAT C,

—_— —

B, CF.
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4.16. B tpaneruu ABC'D mnaroHaiu mepeceKaioTcst B TOY-
ke E, a pmuasl ocuosannii BC n AD ortHOcaTCa Kak 2 : 3. Hait-
TH_KOOD/IUHATBHI TOYKM TJIOCKOCTH B CI/ICTeMe KoopauHaT A, AB
AD €CJII M3BECTHEI €€ KOOpAUHATHL &', y' B cucreme KoopauHar E,

EA, EB.

4.17. B tpaneruu ABC'D nnuubl ocuoBanuit BC u AD or-
HOCATCS Kak 3:4, Touka F sBasercs cepeamHoit ocHoBauusa AD,
a TPOJIOIKEHUS 6OKOBBIX CTOPOH TIepeceKaroTcs B TOUKe F'. Ham—
TH_KOODJMHATBhI TOUKM TJIOCKOCTH B CI/ICTeMe KoopauHaT F, EB
EC’ €CJTH M3BECTHBI €€ KOODJMHATHI x', y' B cucreme KoopamHAT

F,FB, FC.

4.18. B ocuopanun npusmbl ABC D A1 B1C1 Dy nexur pomb ¢
ocTpbiM yryioM A, pasubiM 60°. Touka K Je:KUT Ha TPOIOIKEHUH
pebpa AB 3a touxky B, mpuaem yron ADK npswoit. Hatiti koop-
JUHATH TOTKM NPOCTDAHCTEA B CHCTEME KOODIUHAT A, AB, AD,
AA7, ec m3BeCTHBI ee koopauHath ', ', 2’ B cucTeme KoopauHAT
K, KA KD, KCj.

4.19. B tpeyronwuoit npusme ABC A1 B1Ch Touka M — Touka
nepecevenns Meanan rpann Ay BiCh. Halitn KoOpamHATBEI TOYKHI
MIPOCTPAHCTBA B CHCTEME Koop;u/IHaT A, AB AC, ABy, ecmu u3-
BecTHBI ee_Koopaunathl x', 3, 2’ B cucreme xoopaunar Ay, A1B,
A,C, A/ M.

4.20. B rerpasape ABCD touka M — TOYKa TepecedeHwust
menunan rparn BC'D. HaiiTu KOOpAMHATBI TOYKU MPOCTPAHCTBA B
CI/ICTeMe Koop;u/IHaT A, AB, AC’ AD €CJIN U3BECTHBI €€ KOOP M-
Hatel o', y', 2’ B cucreme KoopaUHAT M, MB, MC, MA.

4.21. B npasunbHoili mectuyronbHoit mupamuae SABCDEF
¢ BepmmHOit S Touka M sABjseTcs MeHTpoM ocHoBanus. Haiitu xo-
OPIMHATHI TOYKH TTPOCTPAHCTBA B CI/ICTeMe Koop,m/IHaT A, AB, AF,
AS, ecru m3BecTHEI ee KoopauHATH &', 3, 2’ B cucTeMe KoopamHaT

S, SC, SD, SM.

4.22. Jan nmapamnenenunen ABCDAB{C1D;. Haiitu xoop-
AUHATH TOSKH HPOCTPAICTBa B CHCTEME KOODIMHAT A, AC, AB;,
AAT, ec m3BeCTHBI ee koopauHath ', ', 2' B cucTeme KoopauHAT
Dy, D1D, D:Cy, D1B.

4.23. KoopanHaTh!l &, Yy KaxKA0H TOYKU TJIOCKOCTH B TIEPBOit
cucTeMe KOOPJWHAT BHIPAsKAIOTCA depe3 KoopamHaThl o', iy aToit
JKe TOYKM BO BTOPOH CHCTeMe KOOPAUHAT COOTHOIMEHUSIMU X =
= a2’ +a12y’ + a0, y = a217’ + agey’ + azg. Ilepsasg cuctema Ko-
OpJIMHAT SABJISIETCS MPAMOYTONbHOM. IIpn KakoM HeoOXOmauMOM u
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JIOCTATOYHOM YCJIOBUM BTOpas CUCTEMA TAKIKE SIBJISETCS TPSIMO-
YTONBHOMN?

4.24. KoopauHaTel T, Y, z KaXKIAOW TOUKM MPOCTPAHCTBA B
HepBoil cucTeMe KOOPAWHAT BBIPArKaloTCs depe3 KOOPAWHATHI X,
1y, 2’ 9T0it e TOYKU BO BTOPOil cHCTeMe KOOPIMHAT COOTHOIIEHN-
MU

z =anz’' + a2y’ + a3z’ + aqo,
y = a1z’ + a2y’ + azsz’ + ao,
z = a312' + azey’ + azzz’ + aso.

1) Ilycts mepBasi cucreMa KOODAWHAT SIBJISIETCS TIPSIMOYTOJb-
wvoit. Ilpn kakoM HEOOXOAMMOM MW JOCTATOYHOM YCJIOBUU BTODPAs
CHCTEeMa TaKKe SIBJISIETCST TIPSIMOYTOJIBHOMN?

2) Ilpu KakOM HEOOXOIVMOM M JOCTATOYHOM YCJIOBHM OPHEH-
Tanys 6a3UCOB MEPBOH M BTOPOI CUCTEM OAMHAKOBA?!

4.25. Ha maocKoCTH JaHbI JIBE TIPAMOYTOIBHBIE CUCTEMBI KO-
opaunar O, e, ex u O', €/, €,,. Hauaso Bropoii cucrembr Koop -
HAT MMeeT B IIepBO CHcTeMe KOODAMHATHI T(, Yo, & BEKTODHI €]
¥ €}, TIOJIyIaroTCsl U3 BEKTOPOB €] U €2 COOTBETCTBEHHO TIOBOPOTOM
Ha OJIMH 1 TOT YKe YTOJ (¢ B HATIPABJICHUU KpaTdafilero moBopoTa
oT e K es.

1) Haiitu KoopAnHATHI TOYKN B HEPBOil CHCTEME KOODJIMHAT,
€CJIM U3BECTHBI ee KOOPAUHATHI X', 3y’ BO BTOPOIii cucreMme.

2) HaifTu KoOpAMHATHEI TOYKU BO BTOPOii CHCTeMe KOODP/MHAT,
eCJIi U3BECTHBI ee KOOPJAMHATHI T, Y B TIEPBOil CHCTeMe.

3) Haiitu koopmHaThl Touku O BO BTOPOii CHCTEME KOOD/IHAT.

4.26. Ha maocKoCTH JaHbI JIBE TIPAMOYTOIBHBIE CUCTEMBI KO-
opaunar O, ej, ex u O', €/, €. Hauaso Bropoii cucreMbl Koopiu-
HAT UMeeT B TIepBOil cucTeMe KOOPAWHATHI 1,3, a BEKTODHI €] u €
MOy 9alOTCA W3 BEKTOPOB €] W €2 COOTBETCTBEHHO TOBOPOTOM Ha
OJIVH U TOT K€ yTOJI { B HATPABJICHUW KPATYAHIIero IoBopoTa OT
e] K ey. HaiiTu koopauHATBI TOYKM B MEPBOIl crucTeMe KOOPIUHAT,
ecJIM M3BECTHBI €e KOOpAMHATHI X', y' BO BTOpOil cucTeme, canmTas
YTOJT (0 PABHBIM:

1) 60°  2) 135  3) 90°  4) 180°.

4.27. Ha mIocKOCTH JaHbI JIBE TIPAMOYTOIBHBIE CUCTEMBI KO-
opaunar O, e, e2 u O, €}, €,. Hauamo BTOpO#i CrcTeMbI KOOD-
JIMHAT WMeeT B TEpBOil cucTeMe KOOPAWHATHI Tg, Yo, & BEKTOPHI
€| u —e), monyuaroTcs U3 BEKTOPOB €] U €2 COOTBETCTBEHHO II0-
BOPOTOM Ha OJINH W TOT K€ YTOJ (¢ B HAITPABJIEHWN KpaTdaiflero
MOBOPOTA OT €] K €.
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1) HaiiTi KoopauHATBI TOYKH B MEPBOil CHCTeMe KOODAWHAT,
€CJT M3BECTHBI ee KOOPAWHATHI T, 3y’ BO BTOPOIi cucTeme.

2) HaiiTi KOOpMHATHI TOYKHU BO BTOPOIl CHCTEME KOODMHAT,
€CJIN U3BECTHBI €€ KOOPJAMHATHI T, Y B IIEPBOM CHUCTEME.

3) Haiitu koopauaaTs! Toukn O BO BTOPOIi CHCTEME KOODMHAT.

4.28. B npamoyromsHoM Tpeyronbanke A BC, 1IMHBI KATETOB
kotoporo pasubl |[AB| =3 u |BC| =4, touka D siBisieTcsi 0CHOBa-
HIEM BBICOTHI, TPOBEIEHHON U3 BEPIIHHLI TIPSMOTO yTiTa. BeKTophr
ey, e, €/, e, nveror ,IL.JII/IHy 1, npudeM eq COHaHpaB.JIeH c BA 1, e
COHATIPABJIEH C BC, €/ conampasien ¢ AC €/, COHaTIpaBJIeH ¢ DB.
HaiiTu KoOpauHATHI TOUKHU TJIOCKOCTH B CUCTEMe KOOpAuHAT B, eq,
€2, eCIM M3BECTHBI ee KoopAauHaThl &', y' B cucreme koopauHat D,
el, €.

4.29. B npocTpaHcTBe TaHbBI ABE MPAMOYTOIBHBIE CUCTEMBI KO-
opautar O, ei, ez, e3 u O', €, €}, e;. Hauano Bropoii cucrembr
KOOD/JMHAT UMeEET B TIepBOil cucTeMe KoopawHaThl —1,3,5. BekTop
€| obpasyer yrsbl, paBHble 60°, ¢ BeKTOpaMH €] W €2 W OCTDbIii
YIOJI C BEKTOPOM €3. BeKTop €, KOMIUIaHApEeH ¢ BEKTOPAaMU €] U
ey u obpa3dyeT ¢ BEKTOPOM € OCTphIit yroi. Tpoiiku e, ez, €3 u
e}, €), e} ogmHakoBO opmeHTHpOBaHbL. HaifTnm KOOpAMHATHI TOU-
KU TIPOCTPAHCTBA B MEPBOIi CHCTEMe KOODIMHAT, €CJIU U3BECTHBI €€
KoopauHaTH Z', Y/, 2/ BO BTOpOIt cucreme.

4.30. B npocTpaHCTBe TaHBI iBE IPSIMOYTOJIBHBIE CHCTEMBI KO-
opaunar O, eq, ez, e3 u O', €], €5, €5. Touku O u O’ pazmmusbL, a
KOHIIBI BEKTOPOB €; 1 €}, OTJIO’KEHHBIX COOTBETCTBEHHO U3 TOUeK O
u O', copnmagator (i = 1,2,3). HaiiTu KoOOpAUHATHI TOYKHU IPOCTPAH-
CTBA B IIePBOIl cUCTEMe KOOPAMHAT, €CJIN M3BECTHBI €€ KOOPAMHATHI
z', vy, 2 Bo BTOpOIt cucreme.



I'masa 2
ITIPAMAMYA U TIIJIOCKOCTB

B sToit rimaBe ypaBHEHUS TPSAMOM HA TJIOCKOCTH, IPSIMBIX U IIJIOCKO-
cTell B IPOCTPAHCTBE MCIIOJIB3YIOTCA B BEKTOPHOM M KOOPJAMHATHOM (hop-
me. OCHOBHBIE TIOHATHSA: HANPABAAOWUT 6EKMOP NPAMOT, HANPABAAIO-
ULUE BEKMOPBL NAOCKOCTIU, HOPMAALHVIT 8EKMODP NPAMOT HA NAOCKOCTIU,
HOPMAALHBIY BEKMOP NAOCKOCTIU, NYYOK NPAMBILT HA NAOCKOCTIU, NYYOK
U C8A3KA NAOCKOCMET, & TAKKE NAPAAAEABHOCTND, NEPNEROUKYAADPHOCTIVD,
Yeavl, paccmoarus u npoexyuu. Beromy, kpome 33mad 6.33 u 6.34, mox
MMPOEKIMell MOHNMAETCA OPTOTOHAJIbHAS TTPOEKIIHS.

§ 5. Ilpsimas Ha IJIOCKOCTH

Tlpamas JvHUA HA ITIOCKOCTH MOXKET OBITH 3a/aHa:
1) sexmopnvim ypasuenuem 6 napamempuueckoti gopme

r=ro+at (a#o), (1)
I7le & — HAIPABJILIONI BEKTOP NPAMOi, I'g — Paauyc-BeKTOp (PUKCH-
POBaHHOII TOYKH Ha IPAMON;
2) HOPMANOHBIM GEKTMOPHHM YPAGHEHUEM
(r—rg,n):(] (n7£0), (2)
rlie N1 — HOPMAJIbHBIN BEKTODP NPAMOIL;
3) obwum ypasnenuem B JEKAPTOBOI CHCTEME KOODIMHAT

Az +By+C=0 (A4 B*>#0). (3)
VYpasHeHue (2) MOXKHO 3aIUCATH B BHJE
(r,n)=D.

Ecau ypasaenne (1) 3amucars B 001iell 1eKapTOBOii CHCTEME KOOP/IMHAT,
TO TOJIyYNM IIapaMeTPUIECKHe yPABHEHHs MPAMON HA IJIOCKOCTH
r=xzo+at, y=yo+pt.
IIpu a # 0, 8 # 0 uckirouennem napamerpa t napaMeTpUIecKue ypaBHe-
HUS TPAMOM MPUBOJATCA K KAHOHUIECKOH hopme
T—To  Y—Yo
a B
IIpu o =0 KaHOHMYECKOE ypaBHEHUWE MPAMONl TPUHUMAET BU]
T =uxg, upu =0 — BUg Y= Yyo.
YpaBHeHue npsiMoii, IPOXOAIIEH Yepe3 JiBe Pa3JIndHble TOYKHU, MO-
KeT OBbITh 3aMMCAHO B BEKTOPHOU opme

r=ry;+(ro—ry)t
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U B KOODAMHATHON (popme

r — T _ Yy—uy

T2 =21 Y2~ U
31ech r1 B Ty — Pajyc-BEKTOPHI JAHHBIX TOYEK, & T1, Y1 U To, Yz — UX
JIEKAPTOBBI KOOPAWHATHI. IIpn 1 = Xy wim y; = yz ypaBHEHHE NPAMOI
MIPUHAMAET COOTBETCTBEHHO BUJL & = L1 WA Y = Y.

s maHHON NPAMON JINHAY €€ HAIPABJIAONNN 1 HOPMAJIbHBIN BEK-
TOPBI ONPEJIEJIEHbI ¢ TOYHOCTBHIO JI0 YMHOXKEHHS Ha HEHYJIeBOe YHUCJIO.
Hanpasisiomum BeKTOPOM IPsIMOH, 3aJaHHON o0mmM ypasHeHueM (3),
ABJISIETCS, HAIPUMEP, BEKTOP ¢ Koopauaatamu — B, A. Ecim cucrema ko-
OPJIMHAT MPSAMOYTOJNbHAS, TO HOPMAJIBHBIM BEKTOPOM TIPAMO (3) aBjs-
eTcs, HaIpuMep, BEKTOp ¢ KoopauHaTamu A, B.

Ecim mpsivas 3amana obmmwM ypasHeHWeM (3), TO Il KOODAMHAT
BCEX TOYEK, JIEXKAIUX 110 OJJHY CTOPOHY OT Hee («B IOJIOXKUTEIHHOI 110-
JIYILJIOCKOCTH» ), BbIIOJHEHO HepasencTso Az + By + C > 0, a qyig koop-
JUHAT BCEX TOYEK, JIEXKAIIUX 0 JAPYTYI0 CTOPOHY («B OTPUIATEIBHOM
HOJIY IUTOCKOCTH» ), — HepaseHCcTBO Az + By + C < 0.

Paccrosaue OT TOYKH C PajdyC-BEKTOPOM Iy JI0 TPAMOM, 3aaH-
HOIl BEKTOPHBIM ypasHeHueM (2), paBHo |(r; — rg,n)|/|n|. Paccrosiame or
rouku M(x1,y1) 10 IpaAMOii, 3a1aHHON ypaBHeHUEM (3) B IPAMOYIOJIb-
HOM cUCTeMe KOOD/IMHAT, PABHO

|Azy + By, +C|/V A% + B2,

Bekropnsbie ypaBHenus npsambix (5.1-5.5)

5.1. IIpu kakoM HEOOXOIUMOM W JOCTATOYHOM YCJIOBUU TIPSi-
Mble r =T] + a1t U r =r9 + ast:

1) mepecekarTCsa B €IMHCTBEHHON TOUKE;

2) mapaJutesIbHBI, HO He COBIIAJIAIOT;

3) coBmagaT?

5.2. HaiiTi yroa Mexk1y MpaMbIMH, 3aJaHHBIMA CBOMMH yPaB-
HEHUSAMN:

1) r=r)+ajt ur=rg+ast;

2) (r,nl) = D1 n (I‘,ng) = DQ.

5.3. /IBe mpsiMble 33jaHbI BEKTOPHBIME yPAaBHEHUAMH (I, n) =
=D ur =r(+ at, npuuem (a,n) # 0. Haiitu pagnyc-BeKTOp TOUKH
repeceveHns IPIMBIX.

5.4. Jlansl Touka My ¢ paguyc-BeKTOPOM Iy U npsaMas (r,n) =
= D. Haiitu pagmyc-BeKTOPHI:

1) mpoekimu Touku My Ha IPAMYIO;

2) Toukn M;, cuMMmerpuuHOW ¢ Mp OTHOCHTENBLHO JAHHOI
IPSAMOI.
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5.5. Haiitu paccrogame ot Toukn My(rp) mo mpsMoii, 3a1aH-
HOM ypaBHEHUEM:
1) (r,n)=D; 2)r=r;+at.

B zamauax 5.6—5.21 cucrema KoopaAuHAT O0Iasi JEKAPTOBa

5.6. Yka3aTh X0Ts OBl OJMH HATIPABIAIONINI BEKTOP TIPSIMOIf,
KOTOpAas:

1) umeer yriosoit koabdunment k;

2) samana obumM ypasHennem Az + By + C = 0.

5.7. 1) Bamucars ypaBHeHue npsmoii € =2+ 3t, y =3+ 2t B
suge Az + By+C =0.

2) Banmcarb ypasHeHue npamoit 3z — 4y + 4 = 0 B mapameTpu-
9eCKOM M KAHOHUYIECKOH (hopMax.

3) Haiiru yrsosoit koaddurment npsmvoit © = 2+ 3t, y = 3 + 2t.

5.8. CocTaBuTh ypaBHEHHUE MPIMO, TIPOXOAAIIEH Yepe3 TOUKY
A(—3,4) u napaJjuteIbHOMN TIPSIMOI:

1) z—2y+5=0;
z—1 y+2

2 5=

3) z=2;

4) y= -1

5) x = 3-|—ty 4-Tt.

5.9. CocTaBuTh ypaBHEHHE MPSMOMN, MPOXOJAIIEN Tepe3 nBe
JAaHHBbIE TOYUKH:

1) A(-3,1) u B(1,2)

2) A(0,2) 1 B(~1,0);

3) A(2,1) u B(2, 5)

) A(1,-3) u B(3,-3).

5.10. YcTaHOBUTH, NEPECEKAIOTCs, MapaaebHbl WX COBIA-
JAIOT TIPSIMble JAHHONW Taphl; €CJIM IPSIMble IEPECEKAIOTCs, HAUTH
KOOD/IMHATHI TOYKU UX TePECEUCHUST:

1)z—3y—2=0u2z+y—1=0;

)z+3y—1=0mu2—2zx—6y=0;

3) —z—y—3=0u3zx+3y+1=0;

yr=142t,y=1—tuaz=2—-t,y=2+t.

5.11. Ilpu kakux a npsmele ar —4y =6 u x —ay = 3:
1) mepecekaroTcs;  2) mapaJsIebHBL,  3) COBIAIAIOT?!

5.12. Ilpu kakux a Tpu npamble axr+y=1, x—y=a,
T + Yy = a® IMeIoT OBIIYI0 TOUKY?
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5.13. Tourka M nexur Ha mpsmoit Az + By + C = 0; BekTOp
M M7 mmeer koopauHaThl A, B. JIokazarh, 4To Touka My JexRuT
B TIOJIOXKUTEIBHON ITOYIIJIOCKOCTH OTHOCHUTEIBLHO TPSIMOM C ypaB-
wennem Ax + By +C = 0.

5.14. Touxa M (3,2) siBasieTCsI IEHTPOM MapaJliiesIorpaMMa, a
€T0 CTOPOHBI JIEXKAT HA HEKOTOPBIX YETBhIPeX MPAMbIX. Ha Kazk1oit
U3 9TUX TPSIMBIX PACTOIOXKeHa oxHa u3 Touek: P(2,1), Q(4,—1),
R(-2,0), S(1,5). HaiiTi ypaBHEHUST IIPSIMBIX.

5.15. lanbr nBe Bepummabl TpeyronbHuka (3,—1) u (1,4) u
Touka mepecedenns ero memuad (0,2). Haiiru koopaunaThr Tpe-
Theil BepIIMHBI TPEYTOMBHIKA W COCTABUTH yPABHEHUS €0 CTOPOH.

5.16. CocTaBuTh ypaBHEHHUE MIPSAMON, TPOXOISIIEH Yepe3 TOU-
Ky A(1,2) Tak, 9T0 OTPE30K ITOH MPAMON, 3aKIIOUEHHBIH MeXKIy
npambivu 3z +y+2=0wu dx+y —1=0, B Toure A menaurcs mo-
TI0JIaM.

5.17. /IBe MeuaHbl TPEYTOJBHUKA JIEXKAT HA MPIAMBIX & + Y =
=3 u2x+3y=1, arouka A(l,1) aBasgeTcs BEPUIMHOI TPEYTOIb-
Huka. COCTABUTH YpaBHEHUsI CTOPOH TPEYTOJBHUKA.

5.18. Toukn K(1,-2), L(3,4) u M (5,0) sBAsOTCS COOTBET-
cTBeHHO cepenuaaMu ctopoH AD, AB u BC 4eThIpexyrojibHUKA
ABCD, nnaronanu koroporo nepecekatorcst B rouke O(2,2). Haii-
TH KOOPJMHATHI BEPIIUH YeThIPEXYTOIbHHUKA.

5.19. CocraBuTh ypaBHEHHUST IPSIMBIX, TIPOXOIAINIIX YEPe3 TOU-
Ky A(—1,5) n paBHOYJa/IeHHBIX OT ABYyX Todek B(3,7) u C(1,—1).

5.20. (p). CocraBuTh ypaBHEHHs NPSIMBIX, PABHOY/IAJIEHHBIX
or tpex touek A(3,—1), B(9,1) u C(-5,5).

5.21. Yepes Bepmmny C nmapasaesorpammva ABC D mposene-
Ha [psiMasi, epeceKatolas mpoaoKernst cropon AB u AD coor-
BeTCcTBeHHO B Toukax K n L takux, uro |AK|/|AB| =5|AL|/|AD|.
Haiitu oTHOIIEHNME TIOMIAAN TapasIeIorpaMMa K TIJIOMAIN Tpe-
yronbauka AK L.

B 3agavax 5.22—-5.62 cucrema KOOpAMHAT MPSAMOYTOJIbHAS

5.22. Yka3aTh XOTsd Obl OJMH HOPMAJIbHBII BEKTODP MPSIMOIi,
KOTOpAast:

1) nmeer yriosoit koabdunuent k;

2) samana obumM ypasHenunem Az + By + C = 0.

5.23. CocTaBuTh ypaBHEHUE TPSIMOii, TPOXOIAIIei Yepes Tou-
Ky A(—3,4) u nepneHIUKYISPHOI MPIMOIi:
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1) z—2y+5=0;
rz—1 y+2
T
3) xz=2;
4) y=-1;
5) x = 3+t y=4-Tt.
5.24. Touka A(3,—2) sBiseTCs BEPIIMHOI KBAIpaTa, a TOUKA

M (1,1) — Toukoii nmepecedenus ero auaronasueii. CocraButh ypas-
HEHUsI CTOPOH KBaJIpaTa.

5.25. Jlimaa croponsr poMmba ¢ ocTtpbiM yriiom 60° paBaa 2.
Jwnaronamm pomba mepecekatorcst B Touke M (1,2), mpuuem 606
masl JUArOHAJb TapaiebHa ocu abcermee. CoCTaBUTh ypaBHEHUS
cTOpoH pomba.

5.26. Ha npamoit 5z —y —4 = 0 HaifiTu TOYKY, paBHOY/IAJIEH-
uyto ot Touek A(1,0) m B(—2,1).
5.27. Haiitu paccrosiuue ot toukn A(l,—2) mo npsamoii, 3a-
JIAHHOMN CBOMM YyDaBHEHHEM:
1) 22 —3y+5=0;
2) 4o — 3y —15= 0
3) 4z = 3y;
4) 4z — 3y— 10 =0;
5) x
6) y

5.28. HaI/ITI/I pacCTogHUEe MeXKIAy NapajeJbHBIMI IIPAMBIMA
Ax+By+C1=0u Ax+ By+C2=0

5.29. CocTaBuTh ypaBHEHUSI TPSMBIX, MAPAJIICIBHBIX TIPsI-
Moit —2x+y+5=0 u orcrosmux or Touku A(l,—2) mHa pac-

crosgHue v/ 20.

5.30. Touka A smexkur Ha mpsimoit 2z — 3y +4 = 0. Paccrog-
HUe OT TOUKH A 1o mpsamoit 3y = 4x pasuo 2. HaliTu KoOpAWHATEI
TOUYKH A.

5.31. Touka A jexxuT Ha TpsMoit x +y = 8, mpudeMm A pas-
HOoynaseHa oT To4uku B(2,8) m or npamoit  — 3y + 2 = 0. Haiitu
KOOPJMHATHI TOYKU A.

5.32. HaiiTu KoopamHATHI BCeX TOYEK, PABHOYIAJEHHBIX OT
roukn A(—1,1) m npameix y = —z my =x + 1.

5.33. HaitTt MHO>KeCTBO TOYEK TIJIOCKOCTH, OTHOIIEHUE Pac-
CTOAHWI OT KOTOPBIX JIO JBYX TIEPECEKAIOMMXCI PSAMBIX
A1z + B1y+ C1 =0 u Aszx + Bay + Co = 0 ecTh OCTOSTHHAST BEJIN-
qnna k > 0.
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5.34 (p). Jaust rouka A(1,2) n npavas 3z —y + 9 = 0. Haiitn
KOOP/IMHATHI:

1) mpoekiun TouKM A Ha IPIMYIO;

2) Touku B, cuMMeTpUYIHON ¢ A OTHOCHTETHHO TIPAMOIi.

5.35. CocTaBuTh ypaBHEHUE MPSMON, CAMMETPUIHON TPsIMOit
3x —y+ 5 =0 orHOCHUTENBHO TIPAMOT * +y = 1.

5.36. /lanb! ypaBHEHUS CTOPOH TpeyrombHuKa: & + 2y + 1 =0,
2c —y—2=0,2z+y+ 2 =0. CoctaBuTb ypaBHEHIE BBICOTHI, OITY-
IIEHHOII Ha TPEeTBhIO CTOPOHY.

5.37. Touka H(—3,2) siBAseTCS TOYKON TE€PECEUEHUST BBICOT
TPEYTOJbHUKA, JBE CTOPOHBI KOTOPOTO JIEXKAT HA IPAMBIX § = 22 U
y = —x + 3. CocTaBuTh ypaBHEHHE TPEThEH CTOPOHBI.

5.38. JlaHbl KOOPIMHATHI ABYX BepIuiuH Tpeyroabauka A(1,3),
B(2,5) u Toukn nepecedenus ero Buicor H (1,4). Haiitn koopauna-
THI TPETheil BEPIINHBI TPEYTOJbHUKA U COCTABUTH YPABHEHUS €I0
CTOPOH.

5.39. Touxa A(1,2) sBisieTcst cepeUHOl OIHOTO U3 OCHOBA-
HUI [IPIMOYTOJNBbHON Tpamernun, a touka B(3,—1) — cepemunoit
cpenmeii juHWN. BokoBas cTOpOHa, MEpHEHIUKYJSPHAsS OCHOBA-

.+l y-—2
HUSIM, JIEXKUT Ha NOpsaMoii —— = “——. CocTaBUTb ypaBHEHUs

4
OCTaJIBHBIX CTOPOH TPAaICIIUuU.

5.40. Touxka A(—1,4) — Bepumnua pomba ABCD, nnaronann
KOTOpOro mepecekatorcst B Touke M (2,3). Touka P(3,1) jmexur Ha
cropore AB. CocTaBuTh ypaBHEHNUS CTOPOH poMOa.

5.41. CocTaBuTh ypaBHEHUsI CTOPOH TIPSIMOYTOJIBHOTO TPEYTO-
napHuKa, ecan C(—3,4) — Bepmmna mpsmoro yria, M(1,2) — ce-
peJMHA TUIOTEHY3bI, a Touka H (3,3) jeXuT Ha runoTeHyse.

5.42. B tpeyrombuuke ABC touknm M;(2,3), M2(0,7) u
Ms5(—2,5) — cepequnbt cropon BC, CA n AB. CocraButh ypas-
umenne npsimoit AB. Haiitu yrom mexay meaunanavmu AM| u BMo,.

5.43. B mapamnemorpamme ABCD Bepumnbl A u C' umeror
koopauaathl (1,2) u (7,10) coorBercrBenno, H (3,0) — ocHOBaHMe
BBICOTHI, OmyIeHHoi u3 B Ha cropony AD. CocraBuTh ypaBHEHME
npamoit AD. Haittu yron mexay npsmbimua AD u AB.

5.44. B napastenorpamyme ABCD roukn K(—1,2), L(3,4) u
M (5,6) — cepequnbl ctopon coorserctBenro AB, BC' u CD. Co-
cTaBuTh ypaBHeHue mpamoii BC. Haiitn yrom mexmay TpaAMbIME

AL n AM.
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5.45. B tpaneniun ABCD c¢ ocuosauuamu AD u BC' cro-
porna C'D meprneHauKyiaspHa ocHoBaHuaAM, TOYkn A m C ummeroT
KoOpAnMHATHI cooTBeTcTBeHHO (5,2) 1 (—2,3), a npomomkenus 60-
KOBBIX CTOPOH mnepecekatorcss B Touke P(—3,6). CocraBurh ypas-
wenne mpamoit AD. Hatitm yron mexnay npameivu AD n AB.

5.46. Touxkn K(1,3) u L(—1,1) sBasorcst cepejuHAME OCHO-
BaHmii paBHOGeIPeHHOl Tpamennu, a Touku P(3,0) u Q(—3,5) se-
JKaT Ha ee OOKOBBIX cTopoHaX. COCTaBUTH ypaBHEHMsI CTOPOH Tpa-
TIeTNN.

5.47. Haiitnn yros MeKIy MpPsIMBIMH:

1)2z+y—1=0ny—x=2;
2)3:—41/1233 y—1=0;
y—1 z-1 y+2
8) = 1_ —43M i, 8
T — y— r—4 y
4 2 "2 T p
5)x—3t y=—14+2tuxr=1-2t, y=—-5+t.

5.48. CocTaBuTh ypaBHEHUS TPSAMBIX, MTPOXOISINAX Yepe3
rouky A(3,1) m obpasyromux ¢ npsmoit 3z =y +2 yrusl B 45°.

5.49. Touxka A(2,0) aBasieTca BEPIIMHON MTPABUIBHOIO Tpe-
YroJIbHUKA, a IIPOTHUBOJICXKAIAdA €l CTOpOHA JIeXKAT Ha IIPAMOM
z+y—1=0. CoctaBuThb ypaBHEHUS IBYX JPYTUX CTOPOH.

5.50. OcHoBaHMe paBHOOEIPEHHOIO TPEYTOJBHUKA JICYKUT Ha
npsaMoit © + 2y =2, a omHa u3 GOKOBBIX CTOPOH — Ha MPSMOii
y+2x = 1. CocTaBuTh ypaBHEHUE APYroi GOKOBO# CTOPOHBI Tpe-
YIOJAbHUKA, 3HAS, YTO €€ PACCTOSTHUE OT TOYKHU MEPECeUCHUs JaH-
HBEIX TIPAMBIX pasHO 1/4/5.

5.51. PaccmaTpuBaeTcsa TOT yroj MeXIy NpsiMbiMu y = T + 1
ny = Tz + 1, BHyTpH KOoTOporo jexut Touka A(1,3). Haiitu koop-
JWHATHI TOUYKH B, jlekalreil BHYTPH 3TOTO yIyia W YJAJIEHHOH OT
JIAHHEIX TIPSIMBIX COOTBETCTBEHHO HA PACCTOSHIS 4v/2 1 /2.

5.52. CocTaBuTh ypaBHEHNUsI CTOPOH YIJIa C BEPIIMHOM B TOUKe
B. B yron Bomcana OKpy»KHOCTB paguyca R ¢ neHTpoM B Touke A:

1) A(_1’3)’ B(_4’ 1)7 R=2;

2) A(1,-2), B(-2,-1), R=3.

5.53 (p). CocraBurh ypaBHEHHE OWCCEKTPHUCHI TOTO YIJIA
MeXKIy NpaMbIMu & — 7y =1 u x +y = —7, BHYTPH KOTOPOTO JIe-
x&uT Touka A(1,1).

5.54. CoctaBuTh ypaBHEHNE OUCCEKTPUCHI OCTPOTO YIJIa MEXK-
Oy npaMmeivMun & — Ty =1ln x4y = —T7.
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5.55. CocraBuTh ypaBHEHUsT OUCCEKTPUC BHYTPEHHUX YIJIOB
TPEYTOAbHUKA, CTOPOHBI KOTOPOTO 33JIaHbl YpaBHeHUAMHU 3y = 4x,
4y = 3z, Sz + 12y = 10.

5.56. Bepumnamu TpeyrosbHuKa apasiorces Toukn A(20,15),
B(-16,0), C(—8,—6). Haiitu mauHBl pajmycoB W KOOPAMHATHI
[EHTPOB BIIMCAHHON M OIMCAHHON OKPYXKHOCTEl.

5.57. JlaHbl KOOpAMHATHI JABYX BEPIIUH TpeyroabHuka A(2,—1),
B(1,5) u Toukn nepecedenus ero buccekrpuc L(3,0). CocraBurs
YPaBHEHUS CTOPOH TPEYTOJbHUKA.

5.58. Toukn A(1,2) u B(—3,0) — Bepmmubl paBHOOEIDEH-
Horo tpeyronbauka ABC, yriel A m B TpuM OCHOBaHWM paBHBI
arccos (1/+/5). Haiitn koopauraTs Bepimanbt C, 3HAsT, ITO OHA Jie-
JKHUT TI0 Ty K€ CTOPOHY OT mpsiMoit AB, urto u Touka M(2,3).

5.59. Cropora AB tpeyronbunka ABC 3amana ypaBHEHUEM
r—y+1=0, cropoua BC — ypasaeanem 2z — 3y +5 =0, cTo-
pona AC — ypaBuennem 3x — 4y + 2 = 0. CocraBurh ypaBHEHHE
npsIMOit, ipoxosieil Yepes BepiuHy C' Tak, 9TO TOYKA IE€pecede-
HUS 9TOM TPsiMoii co cTopoHoit AB ynamena ot cropoubt AC Ha
paccrosiane 1/5.

5.60. CocTtaBUTb ypaBHEHHS TIPSIMBIX, OOPA3yIOIMIMX yTOJ
arccos (1/+/5) ¢ mpamoit x +2y —1=0, n yIAJTCHHBIX OT TOYKH
A(1,1) Ha paccrostane 1.

5.61. Haiitu paguyc 1 KOOPIUHATHI IIEHTPA OKPY2KHOCTH, TIPO-
xopsmeit gepes Touky A(—1,3) u xacaromeiica npsmbix 7x +y = 0
nr—y+8=0.

5.62. I'unorenysa TpPsAMOYTOJBHOTO TPEYTOJbHUKA JIEXKUT HA
npsamoii 2z +y — 2 = 0, a rouka C'(3,—1) sBasieTcs BepUIMHOI Mps-
Moro yriaa. ILnomanp Tpeyrosbuuka pasaa 9/4. CocraButh ypas-
HEHUS TIPSAMBIX, Ha KOTOPBIX JIEXKAT KATETHI.

3amena cucreMsl KoopauHat (5.63-5.67)

5.63. Jausr ase cucrembl koopaunat O, e, ex u O, €, €.
Hawago BTOpOi#i cucTeMbl KOOPAUHAT UMEET B MEPBOil cUCTEME KO-
OPJMHATHI G109, A20, & OA3UCHBIE BEKTOPHI BTOPOIl CHCTEMBI HMEIOT
B 6a3mce MEPBOM CUCTEMBI KOODJAUHATHI 411, G2] U 12, (22 COOT-
BeTCTBeHHO. B mepBoii cucTeMe KOOpAWHAT TpsiMasl 3aJaHa YpPaB-
neaneM Ax + By + C = 0. CocTaBuTh ypaBHEHHUE 3TOM MPAMOil BO
BTOPOI cHUCTeMe.
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5.64. Ha muockocrn mamer tpu Toukm A(2,3), B(1,4),
C(-1,2) n mpamas = —5y+7=0. CocraBuTh ypaBHeHHE 3STOii
paAMOil B HOBOIT cucTeme kKoopauaar A, AB, AC.

5.65. Ilpamble 3y =x+2 u 3z + 2y — 5= 0 gBiadaoTca cooT-
BerctBenHo ocamu O'z’ u O'y’ HOBOIT cuCTEMBI KOOPJMHAT, & TOYKa
A(—1,2) umeer B HOBOI1 cucreme KoopauaaTs! (1,1).

1) HaiiTn KOOpIMHATHI TOYKU B UCXOHOI CHCTEME KOOD/IMHAT,
€CJTM M3BECTHBI e KOOPIWHATHI ', y B HOBOM cHCTeMe.

2) CocraBuTh B HOBOIT CHCTEME KOOD/MHAT ypaBHEHHUE IMIPSIMOH,
KOTOpasi B MCXOJIHOI CHCTeMe 3aaeTca ypaBHerneM 5 — 4y + 7 = 0.

5.66. B mpamoyrombHOil cucteme koopauHatr O, €1, ey mpsi-
Masl 3aJaHa ypaBHeHHEM /3 + 2y — 6 = 0. Hauamo HOBO# mps-
MOYTOJIbHOI CHCTeMBI KoopAumHAT HaxoauTcsa B Touke O'(—2,3), a
GasnCHBIE BEKTOPHI €] 1 €l IOy IaloTcst U3 BEKTOPOB €] U €2 COOT-
BETCTBEHHO MOBOPOTOM Ha yros 30° B HATPaBJIEHUN KPATUIAUIIIETO
OBOPOTA OT €] K €2. COCTaBUTh ypaBHEHUE JAHHON TMPAMOI B CH-
creme koopauaar O, €], €.

5.67. JIBe B3aMMHO TEePIEHINKYIIPHbIE TIPIMbIE, 33 IaHHBIE B
IPSIMOYTOJIBHOM CHCTeMe KOOpAMHAT ypaBHeHusaMu 2 —y + 1 =0
ux+2y—7=0, apasorca coorserctienHo ocavu O’z u O'y' wo-
BOIl IPSIMOYTOJILHOM CHCTEMBI KOOpAMHAT, a Touka A(2,0) nmeer B
HOBOMl CHCTEMe TTOJIOYKUTETbHbIE KOOPINHATHI.

1) Haiitu KoOpAMHATEHI TOUKH B UCXO/IHOM CHCTEME KOOD/IMHAT,
€cJIM U3BECTHBI €e KOOPIUHATH X', iy’ B HOBOI cucTeMe.

2) CocraBuTh B HOBOii cuCTeMe KOOPANHAT yPaBHEHHE TIPSMOii,
KOTOpas B UCXOJTHOM cucTeMe 3amaeTcsa ypapaenneM 4 +y — 1 = 0.

§ 6. IlnockocTh U IpsAAMasg B IPOCTPAHCTBE

ILnockocTh MOXKeT OBITH 3aJaHA:
1) eexmopHbIM NAPAMEMPUECKUM YPAGHEHUEM

r=ro+au+bv ([a,b]#o0), (1)
rjae a, b — HaIpaB/AIOMIUE BEKTOPBI IJIOCKOCTH, Iy — PaJLyC-BEKTOD

(UKCUPOBAHHON TOYKHM IIJIOCKOCTH;
2) HOPMAADHBIM BEKMOPHBIM YPAGHEHUEM

(r—ro,n)=0 (n#o), (2)
IJIe N — HOPMAaJbHBIN BEKTOP IJIOCKOCTH;
3) obujum ypasHeruem B IEKAPTOBOI CUCTEME KOODJUHAT

Az+By+Cz+D=0 (A?+B*>+C?+#0). (3)

VYpasrerue (2) MOXKHO 3anucaTh B BUIE
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(r,n) =D,
a ypasrenue (1) — B Buze
(r—rg,a,b)=0. (4)
Ecmm ypasrerme (1) sammucats B 061ieli 1eKkapToBOii cHCTEME KOODIMHAT,
TO TIOJYyYUM ITAPAMETPUYECKUE YPABHEHUS MJIOCKOCTH

r=x0+oru+av, y=yo+LP1u+ P20, 2z=zo+71U+Y20.
VYpasrenue (4) B KoopauHATHOH (hOpME PABHOCHIBHO yPABHEHWIO

T—=To Y—Yo 2~ 20
oy B n | =0
o) Ba 72
VYpaBHEHUE IIJIOCKOCTH, IPOXOIAIIEil dYepe3 TPU TOYKM, He JIeXKalue Ha
OJTHOM TIPSAMOM, MOYKHO 3aIUCATh B BEKTOPHON (hopme

(r—ro, r1 —1r9, T2 —10) =0
U B KOOPJAMHATHOM dopme

T—To Y—Y 2—20

T1—To Y1 —Yo 21— 20 |=0.

T2 —To Y2 —Yo 22— 20
3nech i, Yi, 25, © =0,1,2, — 1€KaAPTOBBI KOOPAMHATHI JTAHHBIX TOYEK, a
r; — COOTBETCTBYIOIIE PAYC-BEKTOPHI.

Bcesikuit Bekrop a(w,/3,7), KOMILIAHADHBIHA [UIOCKOCTH, 33 JaHHON B
obmmielt eKapTOBOl CUCTeMe KOODAWHAT ypaBHEHWEM (3), yI0BIETBOPSIET
ypaBuenuio Aa + BB + Cvy = 0. Eciau cucrema KOOPAUHAT MPAMOYTOJIb-
Hasl, TO HOPMAJIbHBIM BEKTOPOM ILIOCKOCTH (3) sABJIsETCS, HANPUMED,
BeKTOp ¢ KoopauHatamu A, B, C.

Ecan nutockocTh 3aiaHa ypasHeHueM (3), TO Juis KOOPJMHAT BCEX
TOYEK, JIEKAIYX [0 OJJHY CTOPOHY OT Hee ( «B IOJIOKATEIBHOM IIOJLyIPO-
CTPAHCTBE» ), BBINOJIHSAETCA HepaseHCTBO Ax + By+ Cz+ D > 0, a mia
KOODJIMHAT BCEX TOYEK, JIEXKAIUX TI0 JIPYTYI0 CTOPOHY («B OTPHUIATEIb-
HOM TIOJIyTIPOCTPAHCTBE» ), — HepasercTso Ax + By + Cz+ D < 0.

Paccrosiame oT TOYKM € PajUyC-BEKTOPOM Iy 10 IJIOCKOCTH, 3a-
JAHHON ypaBHeHHeM (2), paBHO |(r; —ro,n)|/|n|. Paccrogaue or Touxkn
M (z1,y1,%1) X0 IUIOCKOCTH, 33JAHHOI B IPSAMOYTOJBHON CHCTEME KOOp-
JuHAT ypasHeHueM (3), paBHO

|Aa:1+By1 +021 +D|/\/ A2+B2+02‘

IIpavas svHES B IPOCTPAHCTBE MOXKET OBITH 3aJaHa:
1) BEKTOPHBIM MapaMeTPUYECKUM YPABHEHUEM

r=ro+at (a#o), (5)
e a — HAIPABJILAOIUNE BEKTOP HPAMOIi, Iy — PagUyC-BeKTOP (puKCcHU-
POBAHHOII TOYKU NPAMOIL;
2) BEKTOPHBIMU yDPABHEHUAMU

[r—rg,a]=0 (a##o0)
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wim
[r,a]=b (a#o0, (a,b)=0),
PaBHOCHJIBHBIMU ypaBHEHUIO (5).

Ecan ypasrenue (5) 3anucarh B o0meil JekapTOBOi cucreMe KOOp-
JUHAT, TO MOJYYNM MapaMeTPUIeCKNe YPABHEHUA MPAMON JIMHUN:
r=zo+at, y=yo+pLt, z=z+t
Uckmrouennem nmapaMerpa t mapaMeTpuiecKue YpPaBHEHUS MPUBOILATCI
K KaHOHUYECKO# popme
T—To Y~ Y 22— %0
o B Y
Ecmu v = 0, To KaHOHWYeCKNe YpaBHEHUS MPUHUMAIOT BUT,
Yo% _ Y~ Y%
a B
AHaJIOTMYHO 3aNUCHIBAIOTCA ypaBHeHUs npamoit, ecian o = 0 uyu 5 = 0.
Ecmu 8 =7 =0, To kaHOHWYeCKMEe ypaBHEHUs IPAMON JIMHUA UMEIOT BU/T
Y =1Yo, 2= 20. AHAJOTUYHO 3aNMUCHIBAIOTCS KAHOHUYIECKUE ypPaBHEHUS,
ecny gpyrasd napa KOMIIOHEHT HAIIPABJIAIONIETO BEKTOPA HyJeBas.
YpaBHeHUE TPSAMO, MPOXOJAIE dYepe3 JBe Pa3IudHble TOYKH,
MOXKHO 33JaTh B BEKTOPHOI (popme

r=ry;+(ro—ry)t

y R =2Z20-

U B KOOPJAMHATHOM dopme

r—Tr1 Y-y _ 22— 2
T2 =1 Y2— U 22 — 21
3mech r1,re  — PaJUyC-BEKTOPHl JAHHBIX TOYEK, a (&1,Y1,21),

(z2,Y2,%2) — UX JEKAPTOBBI KOOPAMHATHL. Eciu 1 = &3, TO ypaBHEHUS

y—un z— 21
= . Ecnm xe 21 = 22

Y2—y1 22—z
U Y1 = Y2, TO yPABHEHUA NPAMOM 3aNMITyTCA B BUJE T = T1, Y = Y1. AHa-
JIOTUYHO PAaCCMATPUBAIOTCA JIPYTHE CIydar COBIAJEHUS O/THOM MJIM JBYX
KOOpJUHAT TOYeK.

IIpamyro MOXKHO 337aTh M KaK JIMHUIO [I€PECEYEHNs ABYX HermapaJi-
JIEJIbHBIX IJIOCKOCTEH C IIOMOIIBIO UX YPaBHEHUIA.

pAMOI IPUHUMAIOT BUI T = 1,

BekTopHble ypaBHeHUs NPSIMBIX U IJIOCKOcTel (6.1-6.12)

6.1. 3anmcaTh ypaBHEHHE:

1) wrockocTw r = rg + au + bv B Buzge (r,n) = D;

2) mpsiMoit r = rg + at B Buze [r,a] =b;

3) mpsimoii [r,a] = b B Buze r = r( + at;

4) npsamoit (r,n;) = D;, i = 1,2, B Buge [r,a] = b;

5) mpsmoii (r,n;) = D;, i=1,2, B BUze r = ry + at.

6.2. HaiiTn HEOOX0OMMOE M JIOCTATOYHOE YCJIOBHE, TIPU KOTO-
pom mirockoctu (r,ng) = Dp u (r,ny) = Dy:
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1) mepecekarTCs O TPSAMOif;
2) mapaJuIesIbHBI, HO He COBIAJIAOT;
3) COBIAJAIOT.

6.3. HaiiTun HeoOX0aMMOe M TOCTATOYHOE YCJIOBHE, TIPU KOTO-
poM mpsiMble T =T1 + a1t u r =ro 4 ast:

1) mepecekaroTcs (T.e. IMEIOT €IMHCTBEHHYIO ODIIYIO TOUKY);

2) CKpeIMBaIOTCS;

3) mapaJutesbHBI, HO He COBIIAIAIOT;

4) coOBIAIAIOT.

6.4. Jlaner npsivast r =1+ at u mwiockoctsh (r,n) = D. [Ipu
KaKOM HEeOOXOJMMOM U JIOCTATOYHOM YCJIOBUH:

1) oHuM mepecekaroTCs (MMEIOT eIMHCTBEHHYIO OBIIYIO0 TOUKY);

2) oHH mapaJulesibHbI (He UMEIOT OOIIIX TOUeK);

3) mpsiMas JIEXKUT B IIJIOCKOCTH?

6.5. HaiiTu paamyc-BeKTOp TOYKH TIEPECEUCHIUS:

1) mpsimoii r = rp + at ¢ mockocteio (r, n) = D (eciu (a, n) #
#0);

2) mpsimoii [r, a] = b ¢ maockocTeio (r, n) = D (ecsn (a, n) #
#0).

6.6. Touka My ompemensercs paamyc-BekTopom rg. Cocta-
BUTh YPABHEHUS:

1) mpstmoit, mpoxogimeit depe3s TouKy My mepHeHAnKyJISPHO
mwiockoctu (r,n) = D;

2) mWI0CKOCTH, TIPOXOJdAIIeil uepe3 TouKy My mepreHuKysap-
HO IIpAMOit r =11 + at.

6.7. CocTaBUTh BEKTOPHOE YpPABHEHUE ILIOCKOCTH, ITPOXOIs-
et depes NpsAMyIo I =rg+at u Touky Mj(ry), He JeKalLyo Ha
3TOM IIPAMOI.

6.8. Jaubr Touka My(rp) u mwiockocts (r,n) = D. Haittu pa-
Iy C-BEKTOP:

1) mpoexnun Touku My Ha IIIOCKOCTb;

2) Touku My, cummverpudaHoit ¢ My OTHOCUTEIBHO MIIOCKOCTH.

6.9. Jlaner Touka My(rg) u npamas r = r; + at. Haiitn pagn-
yC-BEKTOP:

1) mpoekiuu Touku My Ha IPAMYIO;

2) Touku M, cummerpudHOit ¢ My OTHOCHTEIBHO MPSIMO.

6.10. CocTaBUTH YpaBHEHUS:

1) mpoekIiy npsAMOii I = rg + at, He IePIEHANKYJIAPHOI TI0C-
koctu (r,n) = D, Ha 9Ty IJIOCKOCTb;
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2) mpsiMOif, mepeceKaroieil IPAMYIo I' = Iy + at Mo IPIMbIM
YIJIOM W TIpoxojgineii depe3 Touky Mo(rp), He JexkKalnyio Ha JaH-
HOM mpsiMoii (IepreHuKynspa, omymeHHoro u3 rouku My(rg) Ha
OpAMYIo I =1y + at);

3) mpsAMoii, mmepecekaromell JBe CKPEIUBAIOIINECS TIPAMbIE
r =r; +ajt ur =ry+ ast u npoxoxsmeit gepes Touky My(rp), He
JIeXKAIILYI0 HU Ha OJHOW M3 3TUX MPSAMBIX;

4) mpsMoii, IepeceKaromell JBe CKPEIMBAIOIINeCs [IPSMble
r=rj;+ajt ur =ro+ ast 10oa IPAMBIMHA yIJIaMUA (o6mero IepIIeH-
JIUKYJIApa K STUM [PAMBIM ).

6.11. Haiitu paccrosiuue:

1) or Touku My(rg) mo mrockoctu (r,n) = D;

2) MEXKIY ABYMS apaJlyIeIbHBIMU IIJIOCKOCTAMU I' = I + au +
4+ bv ur=r2+au+ bv;

3) MexIy IBYMS MapaJiieJbHBIMU IIOCKocTaME (r,n) = Di u
(I', Il) =D 2;

4) or Toukn My(rg) g0 npsmoii r = ry + at;

5) or Toukn My(rg) g0 npsimoit [r,a] = b;

6) MeXIy ABYyMsl MApPAJUIEIbHBIME TIPAMBIME T' =T+ at u
r =ro+ at;

7) MeXJIy IByMsl NapaJiyleJIbHBIMU TPSAMBIME [r,a]=b; u
[I', a] = b27

8) MeXKIy ABYyMsI CKDPEIUBAIONIIMMACS IPAMBIMUA I' = r] + a1t u
r =rg + ast;

9) MeXKIy ABYyMsl CKPEIIUBAIOIINMUCS IPAMBIMA [r,a1] = by u
[r,as] = bs.

6.12. /lanbr npsMas r =rg+ at u wiockoctsh (r,n) =D, He
mapaJutebable Mexkay coboit. Touxka M jekuT Ha TpAMON U
yJajaeHa OT TJIOCKOCTH Ha paccrosHume p. Haiitm pajgmyc-BeKTOp
Touku M.

B 3amauax 6.13—6.44 cucrema KoopauHAT OOIasi JeKapToBa

6.13. Touka M nexwur B mrockoctu Az + By+Cz+ D =0,
BekTop M M; nmeer koopaunatst (A, B,C). lokasaTh, 9T0 TOUYKA
My 7meXXUT B TOJOXKHUTEIbHOM TOJYIPOCTPAHCTBE OTHOCUTETHHO
JAHHOU TJIOCKOCTH.

6.14. 1) 3Bnas mnapaMeTpHYeCKHe YPaBHEHHUs IJIOCKOCTH:
r=14u—v,y=2+u+2v, z=—1—u+ 2v, cocTaBuTh ee obIIEE
ypaBHEHUE.

2) 3nas obiee ypaBHeHHe miockoctn 2z — 3y + z+ 1 =0, co-
CTABUTH €€ MTapaMeTpUYecKrue ypaBHEHUsI.
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6.15. /lokazaTh, 9TO HANPABJSIONNN BEKTODP a TPSAMOii, 3a-
JIaHHOM B BUJE TIepecedeHns AByX miockocteit A1x + Biy + Ciz +
+D1 =0, Asx + Boy + Caz + Dy = 0, MOXKXHO HAXOAUTH TIO TPABU-
JIy «BEKTOPHOTO IIPOU3BEICHUS»

By ¢4 C1 Ay A1 By
By Cy Cy Ay |®27 | 4y By |®

HE TOJIBKO B TPSIMOYTOJIBHON MPaBoif, HO W B OOIIeH JAeKapTOBOIt
cucTeMe KOODAUHAT.

e+

6.16. 1) 3amucarh ypasHeHus mpsmoit © =2+ 3t, y=3—t,
z =1+t B BUse TlepeceveHNs IBYX IIJIOCKOCTEN M B KAHOHMIECKOI
dopwme.

2) Banmcarb ypasHeHns npamoit £ —y +2z+4 =0, -2z +y +
+z+ 3 =0 B mapaMeTpUIECKON U KAHOHUIECKON (hopMme.

6.17. CocTaBuTh ypaBHEHHE TLJIOCKOCTH, TPOXOAAIIEH depes
rouky A (1, —1, 2) u mapaIeabHOll IIOCKOCTH:
1) z—3y+22+1=0; 2)x=5; 3)y=4; 4)z=3;
5)z=4—u+v, y=2+u+2v, z=—-14+Tu+ 3v.
6.18. CocraBuTh ypaBHEHUS TPSIMOi, TPOXOJISINEH depe3 TOU-
Ky A(1,3,1) n mapasmrenbHO# TpsAMOit:
r+y—2+2=0,2z+3y+2=0;
z+1 y—-2 2z2+2
3 4 217

6.19. CocTaBuTh ypaBHEHUs IPAMOI, TpOXosiieil depe3 1Be
JaHHBIE TOYKH:
1) A(1,3,—1) u B(4,2,1);
2) A(3,2,5) u B(4,1,5);
3) A(-1,1,2) u B(5,1,2).

6.20. CocTaBuTh ypaBHEHHE ILJIOCKOCTH, TPOXOJAIINEH depes
TPH JAHHbIE TOUKH (€CJAM ITU TOYKU ONPEAESIIOT TIOCKOCTB ):

1) A(2,1,3) B(-1,2,5), C(3,0 1)
2) A(1,-1,3), B(2,3,4), C(-
3) A(3,0, 0), B(0,~1,0), C(
) A(271, )7 (2,07 )) (
5) A(1,1,2), B(2,3,3), C(-1, 3,0)-

6.21. Jlaubl ABE MJIOCKOCTU. YCTAHOBUTH, ABJSIOTCS JU OHHU
TIEPECEKAIONINMHUCS, TaPAJIebHBIMI WM COBHagatommmMu. Ecan
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IJIOCKOCTH TIEPECEKAIOTCS, COCTABUTH KAHOHUYECKHE yPaBHEHUS
JINHUN TIepecedeHnsd. 1II0CKOCTH 3a0aHbl ypaBHEHUSMM:

1)3z+y—2+1=0ubr+3y+2+2=0;

2)z4+y—224+1=0u6z—3x—3y—3=0;

3) —z4+y+z=lnzx—y—z=2;

4) z=3+u+v, y=2—u+v, z=3u—2v u Tr=5-—u,
y=3+v, z=u+2v.

36.22. IIpu xakux a mmockoctn £+ ay+z—1=0wu ax+ 9y +

-I—%z +3=0:

1) mepecekaroTcss;  2) mapaJuleSbHBI,  3) COBIAAAIOT?

6.23. IIpoBepuTh, JIEKNT JIU JaHHAA IpAMas B IJIOCKOCTH T —
— 3y + 2z + 1 = 0, napaJjutesbHa 3TO# MIOCKOCTH WU TIEPECEKAET ee
B €IMHCTBEHHOH TOYKE; B TOCIEJHEM CJIydae HANTH KOOPAMHATHI
TOYKH mepecedeHus. IIpsavas 3aJaHa ypaBHEeHUSMME:

1) z—1 y-1 =z-1

5 4 17

2) z=243t,y=T+t, z=1+t;

) x—y+22=0,z2+y—32+2=0;

4) 3z —2y—1=0,7y—32—4=0;

5) z=2,y=5+t, z=4+3t.

a -1

1) mepecekaeT IJIOCKOCTD 3a’x + ay + z —4a = 0;

2) mapaJutesibHa 3TOM IIOCKOCTH;

3) JIeXKUT B 9TOi MIOCKOCTU !

6.25. /lanbl JBe TIpsiMble. YCTAHOBUTDH, IMEPECEKAIOTCS OHH,
CKPEIUBAIOTCS, TAPAJIJIEbHBI HJIM COBIAIAIOT. FKcn mpsiMble Te-
PECEKAIOTCS MJIA TTapaJIJIeIbHBI, COCTABUTh yPaBHEHUE TIJIOCKOCTH,
B KOTOPOIi OHU JiesKaT. Fcam mpsMble mepecekaroTcst, HailTh Tak:ke
KOODJIMHATHI TOYKM WX TMepecedenus. [Ipsvbie 3aaHbI ypaBHEHU-
SIMU:

)z+2z—1=0, 3z+y—2+13=0 u z—2y+3=0,
y+2z—8=0;

2)z=3+t, y=—142t, z2=4 n z4+y—2=0, 2z—y+
+22=0;

3) x=2+44t, y=—6t, z2=—-1-8 u x=7—6t, y=2+9¢,
z=12¢;

4) x=9t,y=>5t, z=-3+tu2x—-3y—32—-9=0,
T—2y+2+4+3=0;

5) z=142t,y=T+t, 2=3+4tnur=6+3t, y=—1—2¢,
z=-2+t.

y _ z2—2

6.24. Ilpn kaxux a npamasa % =
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-1 -1 —(a—2)?
6.26. Ilpn xakWx @ UpsAMBIE z =Y = il Gl u
a a

1) mepecekaroTCst;  2) CKPEIIMBAIOTCH;  3) IapaJsllesIbHBI,

4) copnagaror?

6.27. UccnenoBaTh B3aMMHOE PACIIONOKEHHE TPeX IJIOCKOC-
Teif; €CaM CyHMIECTBYIOT TOYKH, OJHOBPEMEHHO MNPHUHAJIEKAIINE
TPeM IIJIOCKOCTSIM, HAHTH KOOPAMHATBI 9TUX TouekK. [lmockocTn 3a-
JTAHBI yPABHEHUSAMMU:

1) 224+3y—42—1=0, —z+5y—2—3=0, 3z— 10y +7z=
=0;

) z4+y—2241=0, —z—y+22+1=0, 2z+2y—42=0;

) x+2y—2—-1=0, —2x—4y+22+2=0, 4+4z—4z—
— 8y =0;

4) bx —2y+4=0, 3x+2—-5=0, 8z —2y+z2+7=0;

5) bz —2y+4=0, 3z4+2—-5=0, 8¢—2y+z—1=0.

6.28. CoctaBuTh ypaBHEHHE ILJIOCKOCTH, TPOXOJISINEil [uepe3
rouky A(1,3,0) m mnapasienbHOil mpsaMbIM z 4y —z+3 =0,
20 —y+5z+1=0unu —zxz+y=1,0z+y—2z+2=0.

6.29. CocTaBuTh ypaBHEHHUE TLJIOCKOCTH:
z—1 y+2 2-1

1) IpOXoAdIIei Yepe3 IpAMYIo 3 1 7 U mapaJ-
JIeJbHON MpaMOit - y—1 = Z+1'
p 5 4 3

2) mpoxomgimeit yepes mpsMyoo £ =3 +t, y =2+ 5, 2 =—1+
+ 3t n mapaJsutesibHOM npaMoit x =4 —2t, y=—-8+t, z=>5+42t.

6.30. CocTaBuTh ypaBHEHHE ILJIOCKOCTH, TPOXOJAIINEH depes
rouky A(—1,1,2) u npsamyto, 3aJaHHYIO yPaBHEHUSIMI:

1) x=1+5t, y=—-1+t, z=2t

2) z+5y—T724+41=0, 3x—y+22+3=0.

6.31. CocTaBuTh ypaBHEHHE ILJIOCKOCTH, TPOXOAAIINEH depes
z—1 y+2 2-1 " x—Q_g_

5 3 1 5 3

JIB€ TIapaJlIeIbHBIE TPSIMbIE
z+3

1
6.32. /loka3aThb, UTO ABE JAHHBIE MIPSAMBbIE TIEPECEKAIOTCS W CO-
CTaBUTH ypPaBHEHUE CO/IEpIKAIlell UX IIJIOCKOCTH:
1) z+1 _ y—2 _ z—5 . z+5 _ y+8 _ z—4
-2 1 4 2 3 -1’
) z=143t, y=—1+4+4t, z=2+5tuzx=1—t, y=—-1+
+2t, z=2+4t.
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6.33. [Ipamast mpoekTUpyeTcsT Ha TIOCKOCTh Qyz mapaJiieshb-
HO ocu Ox. CocTaBuTh ypaBHEHU TIPOEKIINHN, €CIIN MpsAMast 3aaHa
ypaBHEHUSIMU:

1)x=1+2t, y=3t, z=1-1t

2)z4+y+2z—1=0, z4+2y—32+2=0.

6.34. Ilpamas npoeKTHpyeTCcsa Ha MIIOCKOCTh & + 2y — 32+ 2 =
= 0 mapaJenbao BekTopy 1(2, 1, —1). CoctaBuTh ypaBHEHUS PO~
eKIIUHU, €CJIU TIpsAMast 3a/1aHa yPaBHEHUSIMM:

1) z=1+2t, y=3t, z=—-6—1;

)z+y+z—1=0, y—32+4=0.

6.35. Tpu rpanm mnapaJjuresenumnea JeKAT B ILIOCKOCTSX
r—32418=0, 2z —4y+52—-21=0, 6z+y+2z—30=0, a on-
Ha u3 ero BepmmH A mmeer xoopamHaTel (—1, 3, 1). CocraBuTsh
ypaBHEHUsI OCTAJIbHBIX TPaHeil mapaJsulesienunena U ero AuaroHa-
JIU, TIPOXOJIAIIEi Yepe3 BepIuHy A.

6.36. Touku A(1, 0, 3) u B(—1, 2, 1) aBnsatorcs BeplUIMHAMA
rerpasapa ABCD, touka K(—1, 5, 2) — cepeaunoii pebpa BC,
a Touka M (0, 1, 4) — Toukoit nepecedenns: Meanan rparu BCD.
CocraBuTh ypaBHEHUs IIJIOCKOCTE, B KOTOPBIX JIeXKAT TPAHU TET-
paspa.

6.37. CocTaBuTh ypaBHEHUs MTPAMOI, TPOXOISAIIE Yepe3 Tou-
ky O (0, 0, 0) u mepecekaromeii aBe JAHHBIE MPIMbIC:

)z—y+2+2=0, —2y+32—8=0uy—2+1=0, z+
+y—224+4=0;

) zx=142t, y=2+4+3t, z=—-tumax =4, y=5-5, z=
=342t

6.38. CocraBuTh ypaBHEHUS TPSIMOi, TPOXOJISIIEH Yepe3 TOU-
ky A(—1, 1, —1) u nepecekaroireit 1Be JaHHbIE IPSMBIE:

)z—y+2+2=0, —2y+32—-8=0uny—2=0, x+y—
—224+4=0;

g -l_¥-2_z o _y+5_z-3

2 3 -1 4 -5 2
6.39. CocraBuTh ypaBHEHHS TPAMOIi, Tepecekaromedi a1se mpsi-

Mblex+3_y—_5_il/lx_lo_w_il/lﬂa aJ'IJ'IeJ'II;HOﬁHH
2 3 1 5 4 1 P P
Moﬁx+2_y—1_z—3
8 7 1

6.40. CocTaBuTh ypaBHEHHS TJIOCKOCTEM, MPOXOISIINX Yepe3
z—1 y—1 z+4+2
IPAMYIO = =

5
A(1, 2, 5) u B(3,0,—1).

N PaBHOYJAJEHHBIX OT TOYEK
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6.41. CocTaBuUTh ypaBHEHUsI MJIOCKOCTEl, MPOXOJSIIINX depes
rouky A(1, 0, 4) n paBHOymaJeHHBIX OT Tpex To4dek B (2, 1, 6),
C(=2,3,2)uD(8,1,0).

6.42. CocTaBuTh ypaBHEHUST TIJIOCKOCTEH, PABHOYTAJIEHHBIX OT
gersipex Touek A (1, —1,3), B(3,3,5), C(1,7,3)u D (5,1, 5).

6.43. Ilmockocts m comepzxut touku A, B, C, S u nepecekaer
roopauaaTHbIe ocu Oz, Oy, Oz B Toukax P, ), R, a KoopAuHATHbBIE
niockoctu Oy, Oxz, Oyz — 1o npsameM U1, l2, 3. B mmockoctn m
BBIOpaHa cuctema koopauuatr A, AB, AC. U3BecTHO, 9TO TOUYKA S
B 9TOl CHCTeMe KOOPIMHAT MMeeT KOOpAMHATHI (3, 4), a Toukn A,
B, C' B ucxomHO# MPOCTPAHCTBEHHON CUCTEME KOOPIUHAT UMEIOT
COOTBETCTBEHHO KOOPIUHATHI:

a’) (17 2a 1)7 (_17 3a 2)a (1a 4a O)a

6) (27 ]" 1)7 (2’ 37 0)7 (]'7 1’ 2);

B) (17 -1, 0)7 (17 0, _1)7 (Oa L, 1)

1) Haittu koopmuuarsl Touexk P, @), R, S u cocraButh ypas-
HEHMS NPAMBIX l1, I, I3 B MCXOIHOI MPOCTPaHCTBEHHON CHCTeMe
KOOD/IMHAT.

2) Haiitn koopauHaThl ToueK P, @, R 1 cOCTABUTH ypaBHEHUs
npambIx [, l2, I3 B cucreme Koopauuat A, A_E, AC.

6.44 (p). Yepes BEPIIIHY Cq TTApaJLIETICTTIITE A
ABCDA,B{C1 Dy npoBefieHa TIJIOCKOCTD, TIEPECEKAIOIIAs TTPOIOJI-
xenust pebep AB, AD u AA; coorBercTBeHHO B Toukax By, Do
|ABo| = | ADs| = 3|AA0| Haittu orHOIIIEHIE 06B-
|AB|  |AD|  "|AA|
eMa TapaJiiesienumnesa K oobemy terpasapa ABgDyAy.

u Ay Takux, 94TO

B 3agavax 6.45-6.92 cucrema KoopAMHAT NPAMOYTOJIbHAS

6.45. HaiiTn HOpMaJIbHBIN BEKTOP MJIOCKOCTH:

1) Az+By+Cz+D =0;

2) x =wp+au+av, y=yo+biu+b, z=2z)+ciu+ cou.

6.46. CocTaBuTb ypaBHEHUS TPSIMOi, TPOXOJISINEH Yepe3 TOU-
Ky A(1, —1, 2) u nepHeHUKYIAPHON MIOCKOCTH:

1) z—3y+22+1=0; 2)z=5  3)y=4, 4)z2=3;

5) z=4—u+v, y=2+u+2v, z=—-14Tu+ 3v.

6.47. CocTtaBuTh ypaBHEHHE IIJIOCKOCTH, MPOXOJISINEl 1uepe3
rouky A (1, 3, 1) u mepneHIUKYIAPHON IPIMOIL:

1) :c+,71;—z+2220, 223:+3y+z— 1=0;

T+ Yy — z+

2) == Yr=2 y=3
4) z=0, 2=0; bH)y=-1, z=2.
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6.48. CocTaBuTh ypaBHEHHE TLJIOCKOCTH, TPOXOAAIEH depes
Touky A(2,1, —1) W UePHEHAUKYIAPHOH JBYM ILIOCKOCTSIM:
z—y+524+1=0u2zx+4+y=23.

6.49. CoctaBuTh ypaBHEHHE TLJIOCKOCTH, MEPIEHIUKYJISIPHOM
I0CKOCTH & + 3y — 2 + 2 = 0 u mpoxoadreil depe3 IpaMyIo:

1) z—1 y—-1 2z2—-1

2 3 4

2)2x—y+2=0, z4+2y+2z—-3=0.

6.50. B myuke, ompemensieMOM ILIOCKOCTAMU T + 2y — 3z +
+5=0 nm 4z —y+32+5=0, HalilTM ABe TEPNEHIUKYIIPHBIE
APYT APYTY IIOCKOCTH, OJTHA W3 KOTOPBIX MPOXOAUT Yepe3 TOUKY
M(1, 3, 1).

6.51. Touka A seXUT Ha TPAMO = % = %, npu-
4gem A pasHoymasneHa ot touek B (3, 0, —2) u C' (-1, 1, 5). Haiitn
KOOPJAMHATHI TOUKHU A.

6.52. Haiitu paccrogune ot Toukn A(3,1,—1) mo miockocTu:
) z—y—524+2=0; 2)z—2y+2z—2=0;

3) x—2y+22+7=0; 4) x—2y+2z=0;

)37 2y+2z+1—0 6) z =1,

Ny 8) z=0.

6.53. HaI/ITI/I PACCTOSTHIE MEXKY TMAapaJIIeIbHBIMU TIOCKOCTSAMU:
1) 6 —3y+22+45=0 u 6z—3y+2z2—9=0;
2)2c+2y—2+3=0 nu 20+2y—2z+18=0;
3)3z+4z+1=0 u 6x+8z—1=0.

6.54. 1) CocraBuTh ypaBHEHHsI IUIOCKOCTEH, MapaJslIeIbHbIX
mrockocTl 6 — 3y + 22+ 5 =0 m oTCTOAIINX OT Hee HA PACCTO-
dHUE 3.

2) CocraBuTb ypaBHEHHs ILJIOCKOCTE(l, MapaJiIeSbHbIX ILI0C-
Koctd T4 3y — z+ /11 =0 U OTCTOSAIMX OT Hee Ha PACCTOSIHIE 3.

3) CocTaBuTh ypaBHEHUsI IIJIOCKOCTEl, TaPAIeIbHBIX TIIIOCKO-
cru 2z + 2y — 2+ 3 = 0 u orcrosmux ot Toukn A(1,2,—1) Ha pac-
cTogHUE 3.

4) CocTaBUTh ypaBHEHHs IIJIOCKOCTE(, TaPAIIEIbHBIX IIIIOCKO-
ctu 3x + 4z + 1 = 0 1 OTCTOAIINX OT HavYaJIa KOOPANHAT Ha PACCTO-

auue 3.

-1 1
6.55. Touka A jexuT Ha TPAMOIF z 5 = % = Zi_ . Paccrog-

Hite oT TOUKH A 10 mwiockocTn & + 1y + z 4+ 3 = 0 pasro /3. Haiitu
KOOPAMHATHI TOUKU A.
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r—1 y—3 z+4
= 3 = s , Ipu-

4gem A pasHoymasena ot Toukn B(0,1,1) u or miockocTu 2z —y +
+ 2241 =0. Haiitu KOOp,ILI/IHaTI)I TouKH A.

6.56. Touka A nexxuT Ha TPAMOi

6.57. Touxn A(1,-1,2) u B(3,0,4) spnsaorca BepmmHaMu
Ky0a ABCDA1B1C1D1 BeKTop AD MEPIEHUKYJIAPEH IPAMOi
x=0, y—2z=0, a opuenTaiua Tpoiiku BekTopos AB, AD, AA;
COBTIAJIACT C OpHEeHTaIuell TPOHKM OGA3HCHBIX BEKTOPOB CHCTEMBI
KOODJIMHAT, TIPUYeM CyMMa KoopaumHaT BekTopa AA; oTpumaress-
Ha. CocTaBUTb ypaBHEHUs TpaHell Kyba.

6.58. Toukn A(—3,0,0) u B(3,0,0) sBisirorcst BepUIMHAMU
npaBmibHOrO Terpadapa ABC D, Beprmuuaa C ymajeHa OT KOOp-
nuHATHOH mockocTn Oxy Ha paccTosHmE 34/2, MpHYeM BCe KO-
opmuHathl Toukn C HeoTpunaTenbhbl. OpueHTaIUs TPOHKH BeK-
TOpPOB AB, AC AD cosmazaer ¢ OpHeHTaIell TPOWKN Ga3UCHBIX
BEKTOPOB CUCTEeMbI KoopauHat. CoCTaBUThL ypaBHEHUsT TpaHeH TeT-
pa’apa.

6.59. /lana rouxa A(3,—1,1). Haiirn:

1) KoopAMHATHI TPOEKIWH TOYKN A Ha KOODIAMHATHBIE ILJIOC-
KOCTH W KOOPJWHATHI TOYEK, CHMMETPUIHBIX A OTHOCHTETHLHO KO-
OPAMHATHBIX TIJIOCKOCTEIH;

2) KOOpIMHATHI TPOEKIUA TOYKH A Ha TIOCKOCTH =+ 2y +
+ 2246 =0 u KOOpAMHATHI TOYKHU, CUMMETPUIHON ¢ A OTHOCH-
TEJIbHO ITOH MJIOCKOCTH;

3) KOOpAMHATHI MPOEKIMN TOUYKH A Ha IIOCKOCTh 2 + 3y +
+ 62440 =0 u KOOpPAMHATHI TOYKH, CHUMMETpUYHON A OTHOCH-
TEIbHO 3TON IIJIOCKOCTH.

6.60. CocTaBuTh ypaBHEHUs MPSIMOl, CHMMETPUYHON TPSIMOit
z—2 y+1 =z2-2
31 4

6.61. CocTaBuTh ypaBHEHUS MTPOEKITHH HA TIJIOCKOCTH T + by —
— 2z — 25 =0 creayomnmx MpaMBIX:

1) z+1 _Yy_z- 1 )

OTHOCHUTEJILHO TJIOCKOCTH 5T — Yy + 2 — 4 = 0.

w

1—0 3r—y+2z4+2=0;
z—1

-1

6.62. Haittn yrom MexKIy MJIOCKOCTAMMU:
1) z+4y—2+1=0unz+y—2z—3=0;
) z4+2y—z=1lnzx—y=3,

3) z+2y—2z=0mu z=2>5;

Y+ 2z
1

cnuc l\’m
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) z+2y—2—1=0u3z—5y—72=0

5) 24+3y—24+1=0n z=1-u, y=2-3u—v, z=7+
+ u+v;

6) 2—3y+2:+1=0mu6z—9y+3z+5=0.

6.63. Haittn yrom MexKIy MpsIMBIMH:
1) 2z+y—2+1=0, 2+3y+2+2=0umz+3y—z2+2=0,
z+y+z—1=0;

z—1 y—-2 243 x+1 _Y_ 2—10
S T T ik ahl S
3)x=5-2t, y=6+4t, z=8tuz 1+t, y=—2t z=
=3 —4t.

6.64. Hatitu yrom mexay miockocTbio 4o +4y —724+1=0mu
IPAMOI:

)z+y+2+1=0, 2z4+y+32+2=0;
:c—l y+2 z

2) 9 __67
2 y—l z+3
3) Y _7;
:c—l y+1 z+3
4) ) 1

6.65. COCTaBI/ITb YPaBHEHUS NPAMOM, IPOXOALAIEH depe3 TO4-
Ky A(1, 3, 2) mapamiensHo miockoctn Oxy u obpasyroleii:

1) yrom 45° ¢ mpsivoit =y, z = 0;

2) yron arcsin(1/4/10) ¢ miockocTbio = —y = 1.

6.66. CocTaBuTb ypaBHEHUE HJIOCKOCTI/I IPOXOAAIIet depes

rouky A(—1,2,1) mapajuiesbHO TpsIMOi 5 =-3=-z1 obpazyio-
et yroa 60° ¢ npamoit x =y, z = 0.

6.67. CocTaBuTh ypaBHEHHE IIJIOCKOCTH, MIPOXOAAINell [uepes
npamyo £+ 5y+2=0, z—2z+4+4=0 u obpasytormeit yroa 45° ¢
mnockocTeio ¢ — 4y — 8241 =0.

6.68. lokasaTh, 9TO ABe JAHHBIE MPAMBIE MEPECEKAIOTCH, W
COCTaBUTh ypaBHEHUS OMCCEKTPUC OCTPOTO M TYMOTO YTJIOB MEXKITY
HUMU:

1) z=4—4t, y=1+4t, z2=-5+Ttux=-3+¢t, y=—1+
4ot 2= —442t

2)z=4+t, y=1—-t, z2=5+4tnzr=-3-3t, y=8+3t,
z=1;

3)zx=14+2t, y=243t, z=11-6tuz=1+¢t, y=3+t¢,
z="7—1t.
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6.69. BokoBbIe CTOPOHBI PABHOOEIPEHHOTO TPEYTOJIHHUKA MMe-
10T oburyo Bepmunay A (3, 4, 5), n1Be Apyrue BEPIIMHBL JICXKAT HA
ocax Oz n Oy, a TIOCKOCTh TPEYTOJbHIKA TapasiienbHa ocu Oz.
Haittu yrsibl TpEyTOMBHUKA, U COCTABUTH YPABHEHUE €10 TIJIOCKOCTH.

6.70. Janwr Touka A (2, —1, 0) u npsmas [. BerancanTs pac-
CTOSHHME OT TOUYKM A 10 TpsiMoii I; HANTH KOOPAWHATHI MPOEKIHN
Toukn A Ha | m KoopauHATBHI TOUKM B, cuMmmerpuunoii ¢ A or-
HOCHUTEJIbHO [; COCTABUTH YPABHEHUs MPSIMOil, TPOXOISAIIEH depe3
TOUKy A ¥ Tepecekaiomell JaHHYIO MPSMYIO MO/ TPSIMBIM YTJIOM
(«omycTuTh nepneHaUKyIsap» n3 Touku A Ha l). [Ipsamas | 3agana

YPABHEHUSIMHU:

1) =7 y—-1 2-3

3. 4 27

2)x=142t, y=2-2t, z=-3+1t;

3)2z+y—2+1=0, x+y+2+2=0.

6.71. Touka A nexwur Ha mpamoit xt —y —3 =0, 2y+2z=0.
Paccrostane ot Touku A 10 mpsMoit @ =y = z pasro /6. Haiiru
KOOPJMHATHI TOYKU A.

6.72. Haittu paccTosiHre MKy MPSIMBIMU:
r—4 y+1 =z—-1 x-5 Y z
1) = = 71 = =
6 —2 -6 —-12 4
2) x=342t,y=10—-3t, z2=3+4t mx=1+4+3t, y=1—2t,
z =1+ 3t;
) x+y+z—1=0, 2+3y—2+2=0 u 2+3y+2+2=0,
rz+2y—2+1=0.

6.73. Hamer npambie 11 u lo. CocTaBUTh ypaBHEHHsT UX OOIIIe-
IO TIePIeHIUKYIsIpa (T.e. IPAMOii, mepecekatomeii [; u lo mos npsi-
MBIM YTJIOM); HAWTH TOYKH MEPECEUCHHsT O0IIEro MePHEeHNKYIIAPa
C JAHHBIMU TPSMBIMU; BBIYUCIUTD paccTosgane Mexay [y u lo. [Ips-
MBbI€ 33JaHbI YPABHEHUSIMIU:

1)z=5+¢t y=3—t, 2z=134+t m x=6+t, y=1+2t,
z=10—1t;

2) 22+7y—13=0, 3y—22—1=0 u x+y—8=0, 2x+
+y—2=0;

z—6 y—1 2z—-10 x+4 y—-3 =z-4

S T R wl e Sl S B

6.74. Toukn A(-1, -3,1), B(5, 3, 8), C (-1, —=3,5), D(2,
1, —4) aBasaoTCA BepIIMHAME TeTpadapa. Haiirm:

1) myMHY BBICOTBI TETPadApa, OMYINEHHOW u3 BepumHbl D Ha

rpaub ABC
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2) muuHY BBICOTHI OcHOBaHUs ABC|, OmyIneHHOI N3 BePIIMHBI
C na cropony AB;

3) paccrosiane Mex Iy cKpermpBatonmmucs peopamu AD n BC,

4) yron mexy ckpemmuBatoummucs peobpamu AD u BC,

5) yron mexay pebpom AD u rpansio ABC.

6.75. JInuna pebpa xkyba ABCDA,B1C1 D pasna 1. Haiiru:

1) paccrostame ot Beprmabl A 10 tockoctn B1C Dy

2) paccrosiHre MexkIy AmaroHasbilo Kyba AC| m cKpermmBaio-
meiicss ¢ Hell quaroHajblo 6okoBoit rpanu C Dy

3) oTHOIIEHHsI, B KOTOPBIX TOYKH IEPECEUCHHs ODIIEro mep-

meHAuKyaApa K npambiM ACY mw C D1 ¢ 3TUMH TPAMBIME J€IAT
orpesku ACy, u CDq.

6.76. Tpu rpanu ABCD, ABB1A1 u ADD{ A, napainee-
munena ABCDA1B1C1D1 nexaT COOTBETCTBEHHO B ILIOCKOCTSX
2r+3y+42+8=0, ©+3y—6=0, z+5=0; Bepruna C] ume-
et KoopaunHatel 6, —5, 1. Haiitu:

1) paccrostame ot Beprmabl A1 710 maockoctu By BD;

2) paccrosinue oT BepumHbl D 10 npsimoit AB;

) paccrosiume mexxy npsambivu AC u A1 Ch;
) paccrosiume mexk iy npsvbivu AA; u BC;
) yron mexy upsmbiva AC' u C1Dy;
) yron mexy miockoctavMu BDDy u ACCh;
7) yron mexay npamoit C Ay u wiockoctsio DCCY .

3
4
5
6

6.77. Haiitn HEOOXOIMMBIE U JIOCTATOYHBIE YCJIOBUS JJIS TO-
ro, 9TOOBI TOT U3 YEThIPEX JBYTPAHHBIX YIJIOB, 00Pa30BaAHHBIX JBY-
Msl TEPECEeKAIONUMUCA HE MEePIeHIUKYIAPHBIMEA TIJIOCKOCTSIMA
Az + B1y+Ciz+ Dy =0 u Asx + Boy + Caz + Dy = 0, KOTOPBIif
comepxkut Touky Mo(zo,Y0,20), ObLI:

1) ocTpbiM;  2) TYymBIM.

6.78 (p). Jausr gBe miaockoctu = +42y+2z2=0 u Tz +4y+
+4z = 0. TpeTbst TJIOCKOCTH 1M TPOXOAUT YepPe3 HAYAIO KOOPIH-
HaT O Tak, YTO KOHEI] €¢ HOPMAJIBHOIO BEKTOPA, OTJIOKEHHOTO M3
touku O, JIEXKUT B TYNOM JBYTDAHHOM YIJie, OOpPa30BAHHOM JIaH-
HBIMH TJIOCKOCTSMU. KKOCHHYCBI OCTPBIX IByTPAHHBIX YIJIOB MEXKJLY
M W JAHHBIMHU IUIOCKOCTAMHU paBHb 2/15 n 4/45 cooTBeTCTBEHHO.
CocTaBuTh ypaBHEHHE TLIOCKOCTH 7M.

6.79. PaccmaTpuBaeTcss TOT ABYTPAHHBIN YO MEXKIY TLIOC-
KocTaMu T —2y+2+3=0 u x+y+2z=1, BHyTpH KOTOPOTO
nexnur Touka A(—1,0,0). Jokaszarb, UTO MHOYXKECTBOM TOYEK,
JIeXKAIIUX BHYTPU ITOIO yIJIa U YJAJEHHBIX OT JAHHBIX IJIOCKO-
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CTelt COOTBETCTBEHHO Ha paccTosHus /6 1 2¢/6, sBisieTcst psiMast.
CocTaBUTb ypaBHEHUST STON MPIMOii.

6.80. CocTaBuTh ypaBHEHHE OUCCEKTOPHON MJIOCKOCTH TOTO
JBYT'PAHHOTO YTJIa MEXKy IJIOCKocTaMu £ — 2z — 5 =0 u 3z + 5y +
+4z = 0, BHyTpH KOTOpOTO JIeKuT TouKa A(1,1,1).

6.81. CoctaBuTh ypaBHEHIE ODUCCEKTOPHON TIJIOCKOCTH OCTPO-
IO ABYTPAHHOTO YIJIa MEXKIY INIOCKOCTIMH & —2—H =0 u 3z +
+ b5y +4z=0.

6.82. I'pann TeTpasapa 3aJaHbl ypaBHEHUAMU T + 2y — 22 +
+3=0, 4o —4y+72—-9=0, 8z+4y+2—-3=0, y—2z=0. Co-
CTABUTDH yPABHEHUSI:

1) GHCCEKTOPHOM MJIOCKOCTH BHYTPEHHErO JIBYTPAHHOIO YIJIa
MeXK/1y TIEPBBIMHU JIBYMsI TPAHSIMU;

2) mpsIMoii, JTeXKareil BO BHYTPEHHEM TPEXTPAHHOM yTJIe MeXK-
Iy TIEPBBIMU TPEMs T'PAHAMU, BCE TOUYKH KOTOPOI PaBHOYIAJJIEHBI
OT 3TUX TPeX IPaHei.

6.83. Bepumaamn Tterpasapa spiastorcas Toukn A (1, 2, 3),
B(-2,8,9),C(5,0,7), D(3,4,2). Haiitu paguycsl 1 KOOpANHA-
ThI TIEHTPOB BITMCAHHON W OMHMCAaHHON cdep.

6.84. Haittu pagumyc u KOOpAUHATHI TIEHTPA Chepbl, TPOXOIs-
meit gepe3 Touxky A(0,1,0) u xacarommeiicss miockocreit x +y = 0,
r—y=0, x+y+42=0.

6.85. Haittn xoopauuarsl nentpa O u paguyc r cdephl, Ka-
carommefica minockocrelt Sz —y+z2—17=0mx+y—2+11=0m
npoxoasimeit yepe3 roukn A(—7,—1,—1) u B(1,1,1).

6.86. Haittu xoopauaaTs! neatpa O u paguyc r cdepbl, Kaca-
foTIeics MIOCKOCTH & + by + z — 33 = 0 u mpoxoasIet depe3 Tod-
ku A(2,3,-2), B(—2,3,4) u C(0,—1,2).

6.87. Bepmmuaamn TpeyronbHuKa sisgtorcs Toukn A(1,2,3),
B(1,5,-1), C(5,3,—5). Haiitn paguycsl u KOOpJUHATHI IIEHTPOB
BIUCAHHON U ONMCAHHON OKPYKHOCTEN.

6.88. Jlokazarb, uTO Tpu TIOCKOCTH & —2y+2z+3 =0,
20+ 2y+2z—6=0, bx + 14y — 2z — 21 = 0 He UMeOT OOMMUX TO-
YeK, HO TPHU MpsiMble, 0OPA30BaHHBIE MPU TEPECEUCHUN KaXKIOM
mapel ITUX IUIOCKOCTEH, MapaJlyIesbHBI, T.€. IJIOCKOCTH 00pa3yioT
npu3smy. Haiitu pagmyc u ypaBHEHHST OCH IPSIMON KPyroBoOii Iu-
JINHJIPUYECKON TTOBEPXHOCTH:

1) BmmcaHHOI B 9Ty mpu3My; 2) ONHCAHHON OKOJIO Hee.

6.89. B npaBumsbHOI 1deThIpexyronbHoit mupamune SMN PQ
(S — Bepmmna) Touku H u F' — cepeaunnl pebep MN u NP co-
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orBercTBeHHO. Touka E jieskut Ha orpeske SH, npudem |SH| =3,
|SE| =9/4. Paccrosmme ot touku S o mpamoit EF pasno /5.
Haiitn 06beMm mupaMub.

6.90. B ocmosanun mnpsamoit mpusmbl ABCDA1B1C1 Dy ne-
xut pomb6 ABCD c yrmom ZA = 60°. JInuHa cTOPOHBI OCHOBAHUS
NpU3MBI PaBHA @, IJmHA GOKOBOro pebpa pasma v/3a. Touxa E
SIBJISIETCST OPTOTOHAJBHOM TpoeKImeit Bepumabl '] HA TIOCKOCTD
AB1 D1, atouka F' — oproronanbHoil mpoekiueii Toukn E Ha mroc-
koctb AA1D1D. Halitn o6bem mupamunst ADEF.

6.91. B npasmibnoit npusme ABCA1B1C1 mimHa 60KOBOrO
pebpa pasaa 3. Touka M — cepenuna pebpa AC, Touka N jexkut
Ha pebpe B1C1, a Touka P npunasexur rpanun AA; BB u ynase-
ua ot ockoctn ABC na paccrosiaue 1. 3secTHO, uTo yrom B 30°
obpasyror Kaxaas u3 npaMeix PM u PN ¢ mmockoctbio AA; B1 B
u npamas PN ¢ mrockocteio BB C1C. Haittn 06beM TpU3MBbI.

6.92. B mpasuibnoit mpusme ABCA;B1C] ajmHa CTOPOHBI
OCHOBaHUs paBHa 2a, jymHa 60KOBOro pebpa pasHa a. Yepes Bep-
muHy A TpoBeeHa TIOCKOCTh MEPHEHIUKYJIIpHO Tpamoit ABy,
yepe3 BEPIIMHY B — IIOCKOCTh MePIeHNKYIApHO npsaMoit BC| u
ugepes3 BepinuHy C' — MIOCKOCTH TEPHEHAnKYIsIpHO psmoit C'Ay.
Haiitn 06'beM MHOTOTpAHHUKA, OTPAHUIEHHOTO STUMHU TPEMST TLIOC-
KOCTSIMH U TLTocKocTbio A1 B1CY.

Samena cucrembl KoopauHat (6.93-6.97)

6.93. aubr ase cucrembl koopaunat O, eq, eg, e3 u O') e,
eh, e5. Hauasio BTopoif cucTeMbl KOOPANHAT UMEET B IEPBOi CHCTe-
Me KOOPAMHATHI 410, G20, 30, & OA3MCHBIE BEKTOPHI BTOPOi CHCTe-
MBI UMEIOT B 6a3uce mepBoil cuCTeMbl KOOPAMHATHL (a11,021,031),
(a12,a22,a32), (a13,a23,a33) coorBeTcTBeHHO. B mepBoii cucreme Ko-
OpIMHAT TLTOCKOCTb 3ajaHa ypasHenuemM Az + By+ Cz+ D =0.
CocTaBUTh ypaBHEHHE ITOMH TIOCKOCTH BO BTOPOH CHCTEME.

6.94. B mpocrpanctBe gambl uerbipe Toukm A(1,2,1),
B(-1,3,0), C(2,5,3), D(—2,3,4) u mnockoctb 2z +y — 32+ 2 =0.
CocTaBuTh ypaBHEHHE 3TOi IJIOCKOCTH B HOBOW CHCTEME KOOD/IW-

HaT A, A_B—, A_(i AD.

6.95. Ilmockoctn ¢ — 2y +32—6=0,2x+y—2=0,4c+ 2z —
—5=0 aBaaioTca cooTseTcTBeHHO MIocKoctamu O'y'z', O'Z'2!,
O'z'y’ mosoii cucrembr KoopauHaT, a Touka A(2,0,1) nmeer B HOBOI
cucteMe KoopauHatTel 1,1, 1.
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1) HaiiTn KOOpIMHATHI TOYKU B UCXOHOM CHCTEMe KOOD/IMHAT,
€CJTM M3BECTHBI ee KOOpauHaTH ', y', 2/ B HOBOIT cucTeMme.

2) CocraBuTh B HOBOIl CHCTeMe KOODIMHAT KAHOHUIECKHE
YPaBHEHUS IIPAMOI, KOTOpad B UCXOOAHOI CUCTeMe 3a1aeTCda ypaB-
z—1 y+1 2z2-2

1 -4 -1

6.96. B mpsimoyrosbHO# cucteme koopaumaaT O, €1, €3, €3
IJIOCKOCTH 3aJaHa ypasHeHHeM 3 + 5y + v/2z + /2 = 0. Hawamo
HOBOH TPSAMOYTOJBHON CHCTEMBI KOOPJAMHAT HAXOIUTCA B TOYKE
0'(1,1,—1), 6a3ucHblil BEKTOP €f IPOTHBOIOJOKEH BEKTOPY €3,
a Ga3UCHBIC BEKTOPHI €] U € MOJy9aloTCsl U3 BEKTOPOB €] U €2
COOTBETCTBEHHO TMOBOPOTOM B COAEpXKAIEl €] M €2 MJIOCKOCTH Ha
yron 45° B HaIlpaBJIeHUM KpaTyaiIliero IMoBOPOTa OT €] K €3.

1) HaiiTu KOOpAMHATHI TOYKH B UCXOHON CHCTEMe KOODANHAT,
€cJIM W3BECTHBI ee KoOpauHaTh x', ', 2/ B HOBOII cucTeMe.

2) CocraBuTh ypaBHEHUE JIAHHOMN TJIOCKOCTH B HOBOH CHCTEME
KOOP/IMHAT.

HCHUAMN

6.97. Tpu MmwIOCKOCTH, 3aJaHHBIE B TPSAMOYTOIBHON CHUCTE-
Me KOOpAWHAT ypaBHeHUAMN T 42y —2z+3 =0, 2x+y+22 =0,
2x —2y —z+3=0 (mpoBepUTH, YTO OHMU TMOMAPHO IMEPHEHIUKY-
JIIPHBI), SBJSAIOTCS COOTBETCTBeHHO myockoctamu O'y'z', O'2'x!
O'z'y’ HOBOIT NPAMOYTONBHON CHCTEMBI KOODJMHAT, a TOYKa
A(—1,0,0) umeeT B HOBOI CHCTEME TOJIOKUTENBHBIE KOODJINHATHL.

1) Haiitu KoOpAMHATHI TOUYKHM B UCXOIHOM CHCTEME KOOD/IMHAT,
eCIi M3BECTHBI ee KOOpauHaTH! ', ', 2/ B HOBOIt cucTeMe.

2) CocraBuTh B HOBOH CHCTEME KOODAWHAT KAHOHMYECKUE
YPABHEHUS TPIMBIX, 33 TAHHBIX B UCXOTHON CUCTEME YPABHEHUSIMHU
z—1 y—-1 =2-3

2 1 1
KOOP/IMHAT YTOJI U PACCTOSTHUE MEXK Y STUMHU MPAMBIMU; YO IUThCS
B COBTIQJICHUU PE3YJIHTATOB.

u x =Yy =z. Bpraucanth B 06enx cuUCTEMax



I'masa 3
KPUBBIE BTOPOTI'O ITIOPAJIKA

B 370l riiaBe HCHIONB3YIOTCHA CJIELYIOIIUE OCHOBHBIC NMOHATH: A~
2e0PAUNECKAA KPUBAA, KPUBAA BTNOPO20 NOPAOKA, OKPYICHOCTID, IAMUNC,
2unepboaa, napabora, LEeHmMp, EPULUNG, 0CH, NOAYOCH, HOKYC, OUPEKMPU-
ca, oKCUEHmMpPUCUMEM, TOPOa, ACUMNMOMA, KACAMEALHAA, HOP-
MAAD, KGHOHUMECKOE YpasHEeHue KPusoti 6mopozo nopadka, UeHMpaiv-
HAA KPUBAS 8MOPO20 NOPAJKA.

Cucrema KOODJIMHAT, €CIM HE OrOBOPEHO IPOTHBHOE, MNPIAMO-
yTOJIbHAS.

Anzebpauneckoti Kpu6oti Ha MJIOCKOCTH HA3BIBAETCH MHOXKECTBO BCEX
TOYEK IJIOCKOCTH, KOODAMHATHI (T,Yy) KOTOPHIX B HEKOTOPOH EKApPTO-
BOIl CHCTeMe KOODAMHAT YAOBJIETBODAIOT ypasHeHmo ®(z,y)=0, rme
®(x,y) — MHOTOWIEH OT IepeMeHHbIX Z, y. Crenens MHOrowreHa P(x,y)
(MakcuMabHAs CTereHb k + | omHOUIeHOB ayz’y!, Bxonamux B ®(z,y))
HA3BIBAETCA NOPAJKOM KPUBOIL. IIOpAI0K KPUBOi He U3MEHAETC A TIPH 3a-
MEHE CHCTEMbI KOOD/IUHAT.

Obwee ypasnerue xkpusoti 6mMopo2o NopaAdKa UMEET BUJL,

Az® +2Bxy+Cy?> + 2Dz + 2By + F =0 (A2+B2+C%#0). (1)

Buipaskerne Az?+2Bry+ Cy? mHaswpBaeTcs KBaJpPaTHIHOH YaCTBIO,
2Dx + 2Fy — suueiiHolt 4acThio, F' — CBOOOJHBIM YIJIEHOM ypaBHe-
Hus (1).

171 BCAKOI KPUBOR BTOPOrO MOPSAIKA CYIIECTBYET IIPAMOYIOJbHAL
cucTeMa KOOD/IMHAT, HAa3bIBaeMasd KAHOHUYECKOTU, B KOTOPOIl ypaBHEeHUE
KpuBOii nMeeT KaHOHMYeCcKuil BU (cM. Tabumiy 1 Ha c.59).

VYpasHeHue okpyxHOcTH paguyca R ¢ uerrpom B Touke C(zo,yo)
IMeeT BHJL

(z —20)* + (y — y0)* = R*. (2)
Quumnnc (puc. 1) uMeeT KAHOHMYECKOE yPaBHEHUE
22 o2
atE=1 ®3)

rae a > b > 0; 6osbIasg MOIYOCh JIIUIICA PABHA @, & MaJjad paBHa b. Bep-
IIMHAMY JIIAICA Ha3biBaioTcd Touky (£a,0), (0,4b). Poxycamu mmn-
ca HasbBatorcs Toukn Fi(c,0) u Fa(—c,0), tne c=+va? —b%. llpu a =b
JLIMIIC €CTh OKPY?KHOCTh. ILI0mabh 9acTH ILIOCKOCTH, OTPAHHUYEHHOM
JLIUIICOM, paBHA Tab.
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T'unepGona (puc. 2) uMeeT KAHOHMYECKOE yDaBHEHUE
2 2
T Y
==L (4)
a b
rae a >0, b>0; neficrBuresibHAs MOJyOCh PAaBHA @, MHUMAas MOJIyOCh
pasra b. Bepmmaamu runepGosbl HasbiBaooTes To9kn (+a,0). Pokycamm

Yy
b
M(z,y)
T2 r1
x
-2 Fz(—C,O) 0 Fl(C,O) a a
€ g
Puc. 1
AY
b
o A M(z,y)
71 z
] i
Fz(—C,O) —g 0 g a Fl(C,O)
Puc. 2

runep6onbl HasbBawoTcd Touku Fi(c,0) u Fy(—c,0), tae ¢ =+va? + b2
2

b T
Acumnroramu runepbosibl gBisOTCH npsiMbie y = +—x. I'unepbona — —
a

a2
2 2 2
Yy . z Yy
e —1 maswIBaeTcd conpasicennoli K rumepbosie prini i 1, oHa
a
UMeeT Te »Ke aCUMIITOTHI, HO €e BETBHU PaCIIOJIOXKeHbI B IPYTOil ape Bep-
TUKAJbHBIX YIJIOB MEXK/J1y aCUMITOTaMH.

IMapa6osa (puc. 3) uMeeT KAHOHMYECKOE YPABHEHUE

y® = 2pz, (5)
rae p > 0. Yuciio p Ha3bIBAIOT Napamempom napaboav.. Bepmmaoit mapa-
GoJIBI sIBJIETCA HAYAJI0 KoopauHAT, ¢hokycom — touka F (p/2, 0).

OKCIEHTPUCUTET JUIMIICA MJIK IUIEPOOIIbI PABEH € = ¢/a; AJisd SJLIUII-
ca 0 < e < 1, g runiepboibl € > 1. DxcreHTprcHTeT Napabosbl paseH 1.
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Paccrosane or touku M (z,y), npuHaexameil KpuBoil BTOpOro
nopsika, 10 (pOKyca KPUBOH Ha3bIBAeTCH (DOKAJIBLHBIM PAjJUyCcOM TOY-
ku M. Hus sanunca (3) u runep6oust (4)

|IMFi|=la—ez|, |[MFs|=]|a+ex| AY
DoxasbHbI paguyc Toukm M (z,y), mpm-

Hajexammeil napabone (5), paser x + p/2. / M(z,y)

IIpamble © = +a /e HA3BIBAIOTCA AUPEKTPU-
camu sumnca (3) u runepGornsr (4), (cm.
puc. 1 u 2). Tupekrpucoii mapaboast (5) Ha- —
3bIBaeTCs mpsMas T = —p/2, (cm. puc. 3).
OTHOmeHNe paccTOsHUS OT JIOOOH TOYKM
3JLIUIICA, TANIEPOOIIBI NIu napabossr 10 ¢o-
KyCa K €€ PACCTOSHUIO JI0 COOTBETCTBYOLIEH
JUPEKTPHUCHI PABHO €. XOPbI, TPOXOIATINE Puc. 3
4yepe3 (POKyC KpUBOIl BTOPOrO MOPSAIKA, HA3BIBAIOTCA €€ (hOKAJIbHBIMU
XOpJaMu.

ITycts Touka M (zg,yo) IeKAT HA KPUBOIT BTOpOro mopsiaka. Kaca-
TeJbHAA K KPUBON B 3TON TOYKE ONPEIENeTCs yPABHEHNEM

N |3
0|
Y
N3
=}
S—
8

P 2 2
TZo | YYo 2 oy
2 1 nanga sanmunca = + == 1
TZo  YYo 22 g2

2 1 pna runepbosisl S E 1;

yyo = p(x +x0) s mapabomsr  y? = 2px
U ypaBHEHHEM
Azzo + B(zyo + zoy) + Cyyo + D(xz +x0) + E(y +yo) + F =0

JUIsl KpUBOii, 3a7aHHO0M o6muM ypasaerueM (1).

ITycrs KpuBasi BTOPOro mopsjka 3ajaHa ypasHeruem ®(z,y) =0.
Touka O(zo,yo) Ha3biBaerca ee uyewmpom, ecam (P(zg+a,yo+8) =
= ®(zg — a,yo — ) s so6bix wmnces o u B. Touka O(xo,yo) — UEHTP
KPHMBOH TOTJa U TOJLKO TOT/A, KOTJA €€ KOODAMHATHI YIOBJIETBOPHAIOT
CHCTEMe yPaBHCHUI

Axog+ Byo+ D =0, (6)
Bxzyg+Cyo+ E =0.

Ecin siuaus Broporo nopsiika CoOIepKHUT XOTH Obl OJHY TOYKY, TO KaK-
OBl ee TeHTP — IEHTP CUMMETPHUU, U KaXKJIbIil [IEHTP CUMMETPHUHU €CTh
[EHTP; OJHAKO IIEHTD ONpeJejieH U JJId JIMHUMN, ABJIAIOMIMXCHA IIyCTHIM
MHOZKECTBOM.

KpuBag Ha3zbIBaeTCs IEHTPAJIBHOMN, €CIM OHA UMEET €IUHCTBEHHbIN
neHTp. lleHTpanbHBIMU ABJISIOTCH KPUBBIE MIEPBBIX ISATH TUIIOB B TabJI. 1.
g HUX IeHTp — HavYaJI0 KAHOHUYECKO# cucTeMbl KoopauHaT. KpuBas
ABJIAETCA IIEHTPAJBHON B TOM M TOJIBKO TOM CJIy4dae, KOT/1a

A B
5=| 42 4o




T'a. 8. Kpusvie emopozo nopadka 59

T ab6auma 1

Haszpaname Kanonndeckoe ypaBHeHHE
2 2
x
Duuric ——|—y—=1, az2b>0
a? b
. 2 2
«MunwmbIit mne» (mycroe MHOXKe- | T 2V o1 a#0, b£0
CTBO) a2 b2 7 ’
«ITapa MHHMBIX TEPECEKAIOIUXCS z? n y? -0
IpAMBIX» (TOYKA) a2 ' p2
2 2
T
T'unepbosra — = y_2 =1
a b
2 2
€z Y
ITapa mepecekaromuxcsa mpaMbIX Pl i 0
a
ITapabona y?=2pzx, p>0
[Tapa mapasnieabHBIX IPAMBIX y?=a% a#0
«[Tapa MHUMBIX APAJIIETBHBIX TP~ 2= g2, a0
MBIX»> (IIyCTOE MHOXKECTBO) vy = ’
ITapa coBmaBmIuX MpsMBIX y?=0

Bcero nmeercs j1eBATh TUIIOB KAHOHMYECKUX YPABHEHUN KPHUBBIX
BTOPOr'0 MopsiiKa. B Tabsmie 1 mepeduciieHpl 3TH ypaBHEHUS BMeCTE C
Ha3BaHUSIMU COOTBETCTBYIOIIMX TUIOB KPUBBIX.

Pemmenne 3a1aun npuBeieHns ypaBHEHNS KPUBOI BTOPOrO MOPSIIKA
K KAHOHUYECKOMY BHJLY BKJIFOUAET OTHICKAHNE KAHOHUYECKOTO YPABHEHUS
KPUBOI 1 KAHOHMYECKOH cucreMbl KoopauHar. IIpuBejieHne K KaHOHUYE-
CKOMY BHIY IIO3BOJISIET BBIYUCIUTD IAPAMETPHI KPUBOIl M ONPEJIEUTD ee
PACHOJIOXKEHIE OTHOCUTEIHHO UCXOJHON CHCTEMBI KOODIMHAT.

ITpusenenne obmero ypasaerus (1) KpHBOH K KAHOHIYECKOMY BHLY
OCYIIECTBJIIETCS B HECKOJIBKO IaroB. OnuireM ux.

1. Eciin ucxoaas cucreMa KOOPJAMHAT HE MIPSMOYTOJIbHAA, epeiigeM
K KaKOU-HUOY/Ih IPAMOYTOIBHON cucTteMe KoopauHatT. Ilpu srom obmumit
Bu ypasHeHus (1) He mamenurcs. Jlajee camraeM CHCTEMY KOODIMHAT
NPAMOYTOJIbHOI.

2. Ecin B ypasaernu (1) xosadbduunent B # 0, To ciaeayer nepeii-
TH K TAKOH CHCTEeMe KOODJIMHAT, 9T0OBI B IPeoOpPa30BAHHOM ypPAaBHEHUN
koaddunuenT npu npousseseHun 'y’ ObLI paBHbBIM Hy/o. aa sTo-
r0 CUCTEMY KOODJIMHAT HAJIO0 MOBEPHYTh BOKPYI HAadajia KOODIWHAT HA
yroa ¢:

z=1xcosp—1y'sinp, y==z'sinp+1y cosp. (7)
3HadeHNe (p HAXOAUTCA U3 yPaBHEHUS
2Bcos2p + (C — A)sin2¢p =0 (8)
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win, nipu A % C,
2B
tg2p = ——.
829 =14 9)
VYpapHeHue (8) MOXKHO CBECTH K yPABHEHHIO
A-C
tg2g0+Ttggo—1=0. (10)

13 HeCKOIbKUX BO3MOXKHBIX 3HAYEHUI ¢ MOXKHO Gpath Jjiroboe. [Ipu A =
= C MOXHO HOJOXKUTH = /4. 3areM cieyeT BIYUCIUTD Sin @, COS(,
noscTaBuTh nx B opmysbl (7) n BRIMOMHATH B ypaBHeHWH (1) 3ameHy
KOOD/IMHAT.

3. Eciin B ypasaennu (1) y2Ke HET 4jI€Ha C NPOU3BEIEHAEM [IEDEMEH-
HBIX, CJIEJIyET, €CJIU BO3MOXKHO, JOOUTHCS MCYE3HOBEHUS JIMHEHHBIX dJle-
HOB. DTO JIOCTUIAeTCsd MEPEHOCOM HAavajla KOODAWHAT. A MMEHHO: eciiu
B YPaBHEHMH MMEIOTCH KBaJApaT KAKOW-IMOO IepEeMEHHOI M OJHOMMEH-
HBIIl JIUHEHHBIA 4YJjIeH, TO 3Ta Iapa JONOJHAETCH JO0 IOJHOI'0 KBajpaTta
U HAYAJIO KOOPIWHAT MEPEHOCUTCS BIOJIb OCH KOODJMHAT Tak, IYTOOBI B
npeoOpPa30BAHHOM YPABHEHHU JIMHEHHOIO YJIEHA yXKe He OBLIO.

IIpuwmenp.
2D D? D?
2 _ 2 _
D ? D2 12 D2
‘A(“z) AT

rne ' =x+ D/A.

4. Ecin ypasHenue (1) comep:KuT JMIIb TPH 4Yjl€HA: KBAJAPAT OJHOMN
[IEPEMEHHOM, IEPBYIO CTEMEHD JIPYTOi U CBOOOIHBIN YJjIeH, TO C IOMOIIBIO
IIepeHoCa Ha4yaJjla KOOPAWHAT BJIIOJIb OCH, COOTBETCTBYIOIIEH JIMHEHHOMY
YJIEHY, MOYKHO JOOUTHCA MCYE3HOBEHUSA CBOOOIHOIO HJICHA.

IIpuwmenp.

F
Az? +2Ey+ F = Az®> 4+ 2E (y—f—ﬁ) =0.

Bamena y + F/2E =y’ naer Az?+2Ey' =0.

Ilocsie BBIMOIHEHNS yKa3aHHBIX B mil. 1-4 jeficTBuil Mbl npujgemM K
YDaBHEHUIO, KOTOPOE OTJINYAETCH OT KAHOHUYECKOI'O Pa3Be YTO HYUCIIO-
BBIM MHOXKUTEJIEM, TIOPSIKOM KOOD/MHAT, EPEHOCOM YJIEHOB W3 OJHOMN
YaCcTU ypaBHEHUS B JIPYIYIO WM 3HAKOM KO3bdulimenTa npu JTHHEHHOM
qjieHe. Takoe ypaBHEHUE YI00HO HA3BIBATH «IIOYTH KAHOHUYECKUM». [l 151
[PUBEJEHNs YPABHEHUS K OKOHYATEILHOU KAHOHUYECKOI (hopme cireiy-
€T BBIIOJIHATH HEOOXOUMbIe TPe0OpPa30BaHusl YPABHEHUS M 3AMEHBI CH-
crembl KoopauHaT. IIpu 3TOM MOXKHO 060fiTHCH G€3 CMEHBI OPUEHTAIIUN
HCXOTHOM CHCTEMBI KOOpAUHAT. VI3MeHeHue MOpsIKa KOOPAMHAT JOCTH-
raeTcs AOIOJHUTEJbHBIM 1oBopoToM Ha 90°. UToOBI CMEHUTH 3HAK KO-
addunuenTa Ipu JUHERHOM YjIeHEe YPABHEHUS, MOXKHO JIONOJHUTEIHHO
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moBepHYTh cucreMmy koopmmaar Ha 180°. Ilpm sTOM, mourm kKaHOHMYeE-
ckoe ypasrenne Ax? +2Ey = 0 npeobpasyerca r? = (—2F/A)y, samena
r=—y', y =2 upusomur x y'? = (—2E/A)z’. Ecu E/A > 0, T0 TpeGy-
ercsa eme 3amena x' = —z”, y' = —y", mocse wero nonyvaerca KaHOHHYE-
ckoe ypasHenue napabosst Y2 = 2pz”’, rne p= E/A > 0.

1 OTBHICKAHUSA KAHOHHYECKON CHCTeMbl KOODAUHAT BBITHCHIBAEM
KasKIyIo u3 popMyJT epexo/ia, MOACTaBIAeM UX OJHA B JIPYTYIO U IIOJY-
4aeM OKOHYATEIHHOE BBIPAJKCHHME MCXOMHBIX KOODAUHAT 4€Pe3 KAHOHHU-
YecKue

z=o X +aY +ag, y=05X+06Y +Bo.

KosddurnuenTs: arux hopmMyst 1arT KOOPAUHATH HAYAJIa KAHOHUYIECKON
cucremsl koopmuHar O*(g,B9) m ee Gasucubix BekTOpoB Ej(a,f1),
E2 (a2, 32) OTHOCHTEIBHO UCXOMHON CHCTEMBI KOODJINHAT.

Ecnn cucrema ypasuennii (6) coBmectHa (B wacTHOCTH, ecim § =
= AC — B? #0 — ciy4ait neHTpaIbHOM KPHUBOii), TO YIIPOINEHUE yPaB-
HEHMsl KPMBOM yI00HO HAYMHATDH C MIEPEHOCA HAYAJIa KOOPAUHAT B IEHTD
KpHBOi: T =g+ ', y = yo +v'. Torna B npeoGpasoBaHHOM ypaBHEHUU
ko3bdunuenTs: npu ' u y' obpamatrcs B Hyab (cM. 3anaan 9.18, 9.20).
3aTeM cjieayeT BBIOJHUTH IIar 2.

B mepsoM npubjmMiKeHWM TUI KPUBOH BTOPOrO TOPSIKA MOYKHO
OIIPEJIESNTD JI0 YIPOIIECHUS €€ yPABHEHUS 110 3HAKY 0.

Kpusas 0THOCHTCS K JUIANITAYECKOMY THILY (SJIJIMIC, MHUMBIH 3J1-
JIUIIC, TAPa MHUMBIX [IEPECEKAIOIUXCA IIPAMBIX ) ipu § > 0; K runepbou-
4YeckoMy THIy (rumnepbosa, mapa MepeceKaromuxcs IpsaMbix) upu 6 < 0;
K mapabosnnueckoMy THIy (OCTajbHbIE THIBL B Tabu. 1) mpu § = 0.

VYpasrenue sroporo nopsaxa (1) B mogxoasmeil 1eKapTOBOii cucTe-
Me KOOPJMHAT IPUBOJAUTCS K OJHOMY M3 KAHOHWUYECKUX YDPABHEHMIA:

Da?+y?=1;2) 22 +y>=-1;3) 22 +4%2=0;4) 22—y’ =1,

5) 22 —y?=0;6) v’ =2;7) y? =1;8) y> =—1;9) y*> =0.

Takum obpazom, cymecTByOT 9 adPUHHBIX THUIOB KPUBBIX BTOPOTO I0-
pAIKa.

§ 7. l'eomeTpuyeckme cBOICTBA KPUBbIX BTOPOI'O MOPAJIKA
U UX KaHOHUYECKNe YpPaBHEHUHA

Oxkpy>xHocTtb (7.1-7.10)

7.1. HaiitTu paguyc M KOOPAMHATHI IEHTPA OKPYKHOCTH:

1) 22 +y? +4y=0;

2) 2% +y% 45z — by + 12 = 0;

3) 222 +2y? — 12z +y +3 =0;

4) T2 +Ty? — 22— Ty —1=0.

7.2. Ilpn xakoM HEOOXOIUMOM U JTOCTATOTHOM YCJIOBHH yPaB-
nerne Azx? + By? + 20z + 2Dy + E = 0 3a1aer okpyKHOCT? BhbI-
pasuTh Paanyc W KOODAMHATHI IIEHTPA OKPYKHOCTH Uepe3 K0dd-
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unMeHTH ypaBHEHUS.

7.3. CocTaBuTh ypaBHEHWE OKPYKHOCTH C MEHTPOM B TOUKE
M (2,2), xacatomeiics npamoit 3z +y — 18 = 0.

7.4. Haiitu HeOOXOMUMOE U TOCTATOUYHOE YCJIOBHE TOTO, UTOOBI
npamas Az + By +C =0:

1) He mMena OBUMX TOYEK C OKPYXKHOCTBIO (T —a)? +
+(y—b)*=R%

2) mMesia ¢ 9TOi OKPYKHOCTBIO JIBE ODIIIe TOYKH;

3) KacaJlachb 9TOH OKPYKHOCTH.

7.5. 1) CocraBuTh ypaBHEHHE KaCATeJbHOMN, MPOBEIEHHON K
oxpysxkuoctn (x — 1)2 4 (y +2)? = 25 B Touke M(—3,1).

2) CocraBuTb ypaBHEHHsI KaCATeJIbHBIX K OKPYKHOCTH
(x—1)% + (y+ 1)? = 9, mpoxomamux wepes Touxy M (1,4).

7.6. CocTaBUThL ypaBHEHHUST KACATEJbHBIX K OKPYKHOCTH
(x4 3)% + (y + 1)? = 4, mapamnensubIx npsamoit 5z — 12y + 1 = 0.

7.7. IlpoBepuTh, UTO ABe AAHHBIE OKPYXKHOCTH KAaCalOTCA, U
COCTABUTH ypaBHEHNe UX OOIIei KacaTeJIbHON, TPoXosieil depes
TOUKY KACAHUS:

) (z—1)2+(y—2)> =18, (x—5)>+ (y—6)> =2

2) (z+1)2+ (y—1)2=45, (z—1)*+ (y—5)>=5.

7.8. CocTaBuTh ypaBHEHUS OOIIIX KACATEJBHBIX K OKPYXKHO-
cram (z—2)2+ (y+1)2=9u (z—4)?+(y—-3)2=1.

7.9. Uepes TouKy A, J€XKAIIYIO0 BHE OKPYZKHOCTH, TPOBEIECHBI
mpsaMast, Kacamlasacsad OKPYXKHOCTH B Todke B, u emie ogHa mps-
Mag, TlepeceKarolas OKpyKHocTh B Toukax C' u D. Jloka3aTs, 910
|AB|? = |AD|-|AC|.

7.10. /IBe OKpPy2KHOCTH KacalTcs BHEITHHM obpasom. Uepes
TOYKY WX KACAHUsI MPOBEJEHA MpsAMasi, MEPECEKAONIAsT TEPBYIO
OKPY?KHOCTH €Ille B OHON TOuKe A, a BTOPYIO OKPYXKHOCTBH €IIe
B ofHO# Touke B. JlokazaTh, UTO KacaTeNbHbIE K OKPYXKHOCTAM B
Toukax A m B mapaJsiiesbHbL.

MHo>kecTBa TO4Y€K HA ILJIOCKOCTH, IPU U3yYEHUN
KOTOPBIX HCHOJIb3YIOTCH yPaBHEHUA KPUBBIX BTOPOrO
nopsigka (7.11-7.20)

7.11. JlokazaTb, 9TO MHOXKECTBOM TOodek M Takux, 4TO MJId
IByx ¢ukcupoBanHbix Touek A n B orHomenune |MA|/|M B| no-
CTOSTHHO U paBHO k > 0, aBjsieTcsa npamas juaus npu k= 1 u ok-
py2KHOCTB ipH k # 1. BbIpasuTh paauyc 310l OKpyKHOCTH Yepe3 k
u anuHy oTpeska AB.
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7.12. JlokazaTb, 9TO MHOXKECTBOM TO4Yek M Takux, 9TO mJId
JIByx ¢ukcupoBanHbix Touek A n B cymma |M A|+ |M B| mocro-
SIHHA U paBHA 2a, gBjsgeTcs ymic ¢ pokycamu A u B. Beipasuth
JUTHHBI TIOJTYOCEH 9TOrO JLIATICA Yepe3 a W JyinHy oTpeska ADB.

7.13. /loxasaTh, 9TO MHOXKECTBOM TOUYeK M Takmx, UTO JJIs
NByX (PUKCHPOBAHHBIX TOUueK A u B MOmynb pasHOCTH
|M A| — |M B| nocrosineH u paBeH 2a, siBisieTcs runepbosa ¢ Goxy-
camun A m B. Beipasurh nosyocu 3Toi runepbosibl Yepes a u IJIHHY
oTpeska AB.

7.14. Jloka3aTh, ITO MHOXKECTBOM TOUEK, PABHOYIAJIEHHBIX OT
dukcupoBanHOit TOYKN A ¥ (PUKCUPOBAHHON TPAMOIL [, ABIAETCS
mapabomna ¢ ¢porycom A m gupexTpucoit I.

7.15. OmpesenuTb MHOXKECTBA TOYEK, KOTOPBIE B TIPIMO-
YTOJIBHOM cUCTeMe KOODAWHAT 33JaI0TCs HEPABEHCTBAMM:
) 2?4+ (y+2)° <4

4]+ (-3

)
3) x2 + 2 +3x<0 y <0;

4) —1< 2?4y -2+ 2y < T;
)

\V)

$2
1< 5 +9°<9;
— 4z +9y? + 6y +1 < 0;
124+32+/(x+1)2+y? <6
(=12 +Va2+(y+1)? >4

V(=22 +y2— /(2 +2)2+ 4% <2;
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19) = <y? < 3a;

20) —2z — 2% < y? < —2u.

7.16. Kakne KpuBble HA TJIOCKOCTH 33AI0TCS CJIEIYIONINMHU
MapaMeTpPUIeCKUME Y PABHEHUSIMHU:

1) x = 3cost, y = 3sint, 0 < t < 27,

2) z=1+42cost, y =2+ 2sint, 0 < t < 27;

3) & =cost, y =sint, 0 <t <7?

7.17. JloxkazaTb, UTO MapaMeTpUIeCKue YpPaBHEHUS T = Xg +
+ acost, y =yo + bsint (a > 0, b > 0) 3aa10T UIAIC C HEHTPOM B
TouKe (Zo,Yo) U C TMOIYOCAME @ ¥ b.

7.18. /lokazaTb, UTO mapaMeTpUYeCcKHe YPaBHEHUS T = Xg +
+ acht, y =yo+ bsht, tme a > 0, b > 0, 3agar0T TPaBy BETBb T'H-
1epboJIBI ¢ IEHTPOM B TOUKE (X0, Yp) U ¢ osryocsamu a u b. Kax Hyx-
HO U3MEHUTDH ITH yPABHEHU, ITOOBI 33/1aTh 06€ BETBU THIEPOOITHI?

7.19. 1300pa3uTh MHOXKECTBO TOUYEK, KOTOPOE B MOJSPHBIX
KOOpAMHATAX 33JIA€TCsl YPAaBHEHUEM:

Hr=1, 2)r=
3 .
2—cosp’

1-— 2005(,0;

V7= ey

7.20. Ha mnockocru man orpe3ok AB (|AB| = a). Haiitu MHO-
JKECTBO TOUeK M Takux, 9To yrojl IpH BepinHe A B TpeyroJbHUKE
ABM BaBoe Gosbliie yryia mpu Bepiiuae M.

Quunc (7.21-7.34)

3) r=

7.21. Touka A nexut BHe syuntica ¢ pokycamu Fi, Fy, oTpes-
ku AFy, AF, nepecekaroT 3JUIUIC B ToUKax B, D coOOTBETCTBEHHO,
u C — Touka mepeceuenus orpe3koB F1 D, F»B. Jloka3aTh, 9TO B
4eThIpexyronbHuK ABC D MOXHO BIHCATh OKPYYKHOCTbD.

7.22. Haiitnn ajuHbI TOTyoCceil, SKCIEHTPUCUTET, KOOPIMHATHI
OKyCOB, COCTABUTH YPABHEHUS AUPEKTPUC IJIUATICA:

.1‘2 y2

x Y .
2) ﬁ+b—2=1,b>a>0,
3) 922 4 25y% = 225;
4) 4 +y? =1.

7.23. Jan snmunc 25x2 + 144y2 = 1. OupeneanTsb, JEXUT JIH
TouKa A Ha 3JUIHTICE, BHYTPHU WM BHE €rO:

1) A(1,1/6);  2) A(1/13,1/13);  3) A(1/6,—1/24).
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7.24. Borancauth  JinHY  (QOKAJBHONH  XOPABI  JIJIATICA

2

9 + 1 = 1, IepHeHANKYISIPHON OOIBITION OCH.

7.25. B manHO#l cucTemMe KOOPAMHAT SJIIUIC UMEET KaHOHIIE-
ckoe ypasHeHne. COCTABUTD 9TO ypaBHEHUE, €CJIIH:

1) paccTosiHme MeXKy BEPIIMHAMM, JIEXKAIUMH Ha OOJIBIION
ocu, paBHO 16, a paccrosguue mexay poxycamu pasuo 10;

2) xXop7a, COeAMHSIONAs ABE BEPIINHBI JUIAICA, UMEET JJIA-
Hy 5 1 HaKJIOHEHA K ero GOJbIIoH ocu moj yryom arcsin(3/5);

3) dbokycamn snmnca sisasitoress toukn (+£1,0), a Touka
(v/3,4/3/2) npunaaesxur snmmmncy;

4) doxycamn srutunca saBistorcs Touku (£2,0), a qupekTpu-
CcaMU FABJIAIOTCA psAMble T = £18;

5) paccTosiHMe OT TUPEKTPUCH J0 OimrKaiiiieii BepIIMHBI paB-
HO 4, a JI0 BepIIMHBI, Jexkateii Ha ocu Oy, paBHO &;

6) TpeyroJbHUK ¢ BeprimHaMu B (hOKyCaxX U B KOHIIE MAJION OCH
MPaBUJILHBIN, & AUAMETP OKPYKHOCTHU, MPOXOALIIeil depe3 HeHTP
U JIB€ BEPIIUHBI JJIUICA, PABEH 7

7) orpesok ocu Oz mexmay dokycom F| m majbHel Beprin-
ot A GombInoit ocu menuTcst BTOpbIM (hOKycoM Fh mormosaM, a
paccrostare oT Fy 10 mpsiMoii, MpoXoAdIei dyepe3 A W BEPIINHY
MaJIoit ocH, paBHO 1/ V1T,

8) JAMpeKTpUCAMU JUINICA SABJIAIOTCA NMpsiMble T = +4, a Je-
TBIPEXYTOJBHUK C BepIIMHaAMU B (POKycaX W KOHIIAX MAaJioi OCH —
KBaJIpaT,;

9) 9KCIEHTPUCUTET HJIATICA PABEH V7 /4, & 9eThIPeXyrOIbHIUK,
BEPIIMHAMHI KOTOPOTO SABJISIOTCS BEPIITHHBI JIJTUIICA, OMUCAH OKOJIO
OKPY2KHOCTHU paauyca 4,8.

7.26. BbrancauTh 9KCHEHTPUCUTET JIJIUIICA, €CIIH:

1) paccrosiame Mexay hbOKycaMn PaBHO CpeHeMY apudMeTH-
YeCKOMY OJIMH OCelf;

2) OTPEe30K MEXKIAy (POKYyCOM M JIaJbHEH BEPITUHONW OOBIION
oCH JeJTUTCA BTOPbIM (DOKYCOM B OTHOIIeHUH 2 : 1;

3) paccrosiaue ot oKyca 10 AanbHeil BepPIIUHBI GOMBIIOH OCH
B 1,5 pasza bosbliie pacCTOSHUS A0 BEPIIMHBI MAJION OCH;

4) orpe3ok Mexkay hOKycaMn BUJIEH U3 KOHIA MAJIOH OCH MOJ
MIPSAMBIM YTJIOM;

5) GosbIast OCh BHHA M3 KOHIA MaJIoil ocu moj yriaoM 120°;

6) orpe3ok Mexay (GOKycoM M JajibHeil BEpPIINHON OOJIBIION
OCH BUJEH M3 KOHIIA MAJION OCH IO HMPSMBIM yTJIOM;
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7) CTOPOHBI KBaJIpaTa, BIUCAHHOTO B SJUIUIIC, IIPOXOIAT Uepe3
doxycs amanmnca.

7.27. CocTaBuTh ypaBHEHHsI CTOPOH KBaJpaTa, BIUCAHHOTO B

2 2
X
smne — + 3;—2 =1, (a>b>0). Kakyro gacTh mIoma/m, orpaHu-
a
YeHHON 3JIJTMIICOM, COCTABJISET ILIONIAIb ITOTO KBaapaTa?’

7.28. HaiiTu MHOXKECTBO TOYEK, SBJAIOIINXCI CEPEINHAMU
2 2

XOPZ, SITHICE o + % =1, mapanneabHbIX nmpaMmoit x + 2y = 1.
7.29. Yepes Touky A(7/2,7/4) mposectn xopy smiumca T2 +

+ 4y? = 25, AensANUIyIOCH B TOM TOUYKE TIOTIOIAM.

7.30. Yepes touky M (0,3) mpoBecTH OPAMYIO, MEePECEKAIO-
myto e x2 + 4y? = 20 B aByx Touxkax A m B Tak, uro |MA| =
=2|MB|.

2

7.31. Ha snymrmce % + 4% = 1 HaiiTH TOYKM, U3 KOTOPBIX OT-
PE30K, COeTUMHSIONNN (DOKYCHI, BUJICH:

1) o mpsIMBIM YIJIOM;

2) mox yrsom 60°;

3) 1oa HAMGOJIBIIMM YTJIOM.

7.32. CocTaBUTh ypaBHEHUs CEMEHCTB JITUIICOB:

1) ¢ obmmmu dorycamu (+c,0);

2) ¢ obumMu gupekTpucaMu T = +d u o0IUM EHTPOM B Ha-
JaJie KOOP/IMHAT.

7.33. CocTaBuTb ypaBHEHUE JLIATICA, €CJIIH:

1) rouku Fi(5,1) u Fo(—1,1) asastorca dokycamu, a mpsmast
x =31/3 — oaHOl U3 IUPEKTPHC;

2) Touka F'(—6,2) aBnsercsa omHuM u3 (HOKYCOB, TOUKA
A(2,2) — KOHIIOM GONBIION OCH, IKCIEHTPUCUTET paBeH 2/3;

3) ocu vMICca MapasIeabHbl 0caM KoopauHat, Toukn A(4,0)
u B(0,4) npunajgexaT JIIHICY, & TOYKa B HAXOAUTCs Ha PaccTo-
sHIN 3v/2 0T 0mHOrO U3 (POKYCOB M HA PACCTOSHHE 6 OT COOTBET-
CTBYIOIIEH AUPEKTPHUCHI.

7.34. Ilyctb O — menTtp »smnca, a, b — ero momyocn, a A
u B — rmakwme Toukm aumnca, uto npambie OA u OB B3amMHO
TIEPIIEH TUKY I PHBI.

1) Jokazarb, 9TO BejmYIMHA IIOCTOSIHHA JIJI4

Lo
[0A]? ~ |OB[?
BCeX BOBMO2KHBIX ITap TOYEK Au B.

2) Haittu manbosbiiee 1 HauMeHbIEe 3HAYCHUS JJINHBI OTPE3-

Ka AB.
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T'unep6Gona (7.35-7.50)

7.35. HaiiTn mosyocu, SKCIEHTPUCUTET, KOOPAMHATHI (DOKY-

COB, COCTABUTH YPABHEHUS AUPEKTPHUC U ACUMITOT TUIIEPOOIIBI:
2

N -L-o1;, 29 YL -y,
a

a2 2 a2 B2

$2 y2

Z 72 1 4 2 2=1.
3) ].6 9 ? ) y € 3

5) zy=1; 6) zy=—2.

7.36. Jlama runep6oma 10022 — 36y% = 1. OnpemesnTs, JeXKAT
s Touka A Ha runepbosie, BHYTPH OJHOM M3 €€ BETBE UIH MEXK Iy
BETBAMHU:

1) A(1/8,—1/8); 2) A(1,1); 3) A(L,7); 4) A(-1/2,0).

7.37. BorancauTh UMHY (DOKAIBHON XOPAbl TUIepOOSIh % —

2

¥ - 1, mepneHANKYIAPHON HEHCTBUTEHHOI OCH.

49
7.38. B mammHoit cucteme KoopamHAT runepbosia mMeeT KaHO-

HuU4Yeckoe ypapHeHne. COCTABUTH 9TO YPABHEHUE, €CIIH:

1) paccrosiHme Mexy BepinmHaMu paHO 10, a paccTosiHEe
Mex Ty pokycamu paBHO 12;

2) nymHA BeIECTBEHHOM ocu paBHa 1, a Touka (1,3) mpuHaI-
JIEXKUT TUIEpOoIIE;

3) AupekTpHCaMu TUIEpOOIIBI SBISIOTCS IpsaMble & = +4/5/6,
a Touka (—9,4) npuHALIEKUT TUIEpOOIIe;

4) /yiMHA MHUMOI TIOJIyOCH paBHA 1, a BepIImMHA IHIEPOOIBI
JIEJIAT OTPE30K MeXKAy hoKycamu B OTHOIIeHnn 4 : 1;

5) 9KCIeHTpUCUTeT TUepbosbl paBeH 7/5, a paccrosHme OT
BepIIUHBI A0 Osimekaiiiero poxkyca paBHO 2;

6) Touxa (7,—2v/3), npuHaeKanasa THNEpOONe, yAATCHA OT
neBoro okyca Ha paccrosaue 44/7;

7) yroa Mexky acUMITOTaMHu, copepKamii hpokyc, pases 60°,
a pacCTOSHHE OT JUPEKTPUCHI A0 OJIKaiIIeil BEPITUHBI PABHO
52— V3)

8) Touka (—5/4, 3/2) npuHaIeKuUT runepbosIe, a ACUMITOTA-
MU ABJISIOTCA OpAMbIe Yy = +£2x;

9) Touka (—1, 3) mpuHaAIEKUT TUNEPOOIE, & ACHMITOTAMHE
ABJIAIOTCA NMpsMBbIe Yy = £2.

7.39. CocTaBUTh KAHOHUYIECKOE ypaBHEHHE TUmepOoJbl, CO-
ngepxkameit Touky (—1,3) um wmMmeromneit acmMOTOTH Y = 2%
(cpaBHETH € 3aadeit 7.38, 9)).
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7.40. BorancauTh SKCHEHTPUCUTET TUIEPOOSIBI, €CIIu:

1) ee mosyocu paBHBI (PaBHOCTOPOHHSS IUepbosa);

2) yros MKy aCHMIITOTaMH, cojeprkarimit hokyc, paser 120°;
3) acummroTamMu rUnepboNIbl SBISIOTCS IpsSIMble Y = +3.

7.41. BbraucanTh 3KCHEHTPUCATET TUNepPOOJbI, MMeolel B
JIAHHOM cHcTeMe KOOPAMHAT KAaHOHUIECKOEe yPaBHEHUE, eCJIH:

1) paccrosians ot Touku M (5, —4), npuna gexarnieit rumep6o-
Jie, 10 AUPEKTPHUC OTHOCATCA Kak 2 : 1;

2) cymma paccrosiamit or Touku N(—5,—4) 10 acuMOTOT ru-
nepbosbr paBHa 20/3.

7.42. BoIpasuTh SKCIEHTPUCATET THUIEPOOIBI Yepe3 IKCIEH-
TPUCHUTET € JLINICA, MWMEIOMIEro ¢ 3Toit rumepbosoit obiume do-
KaJIbHbIE XOP/IbI, IEPIEHINKYJISIPHbIE TeHCTBUTEIBHON OCH.

7.43. CoctaBuTh ypaBHEHHE TUMEPOOJBI, KOTOpas uMeeT 00-
mme (HOKAJbHBIE XOPAbI, MEPIECHIUKYJIAPHbIE IeHCTBUTEILHOMN
x y2
oCH, C JUINNCOM — + — = 1.
5 3
7.44. HaiiT MHOXECTBO TOYEK, SABJAIONINXCS CEepPeTUHAMU

XOp/L TUIep6obI T2 — 2y2 = 1, mapaineabHbIX npamoit 2z —y = 0.

7.45. Yepes mouky A(4,4) mposectm xopay THIEpOOIIbI
2 2
% - % = 1, gendyrocs B 9TOM TOUKE MOTOIAM.
2
7.46. Ha runepbore 22— yz =1 HAiTH TOYKHU, U3 KOTOPHIX

OTPE30K, coeauHsromuii hbOKyChl, BUIEH:
1) HoJ IPSAMBIM yTJIOM;
2) mox yrsom 60°;
3) 1oz HAMOOJIBIINM YIJIOM.

7.47. CocTaBUTh ypaBHEHUs CEMEHCTB TUIEPOOT:

1) ¢ obmmmu dokycamu (+e,0);

2) ¢ obumMu aupekTpucaMu T = +d u o0ImUM EHTPOM B Ha-
Jajie KOOP/INHAT;

3) ¢ obummu acummroramu y = k.

7.48. CocTaBuTb ypaBHEHHE THIEPOOIIBI, €CIIH:

1) Touku Fi(3, —2) u Fy(5, —2) asasrorcs oxycamu, a mps-
Mas & = 7/2 — OfHON U3 JUPEKTPIUC;

2) touka F'(1,3) saBagerca omHuM u3 (OKYCOB, TOUKA
A (-4, 3) — BepIINHOIA, a IKCIEHTPUCUTET paBeH 3/2;

3) Touka F'(0, 0) saBaserca omuuM mu3 HOKYCOB, a MpsMble
r+ty+2=0— acummrorammu.
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7.49. JlokazaTh, 9TO s JAHHOM runepOoJIbl CJleIyIOIne BeJTi-
YUHBI TIOCTOSTHHBI, U BBIPA3UTh WX Yepe3 TMOJIYOCH a, b THIepOOJIbI:

1) mpomsBejeHNE PACCTOSIHUIT OT JIFOOOI TOYKM TUIEPOOTIBI 10
€e aCUMIITOT;

2) WIOI@Ab TAPAJIeIOrPaMMa, OJHA U3 BEPIINH KOTOPOTO Jie-
JKWAT Ha runepbosie, a iBe CTOPOHBI JIEXKAT Ha aCUMIITOTAX.

7.50. JlokazaTh, YTO BEPIIUHBI TUMIEPOOSBI W UETHIPE TOU-
KU TIEpECedeHnsi ee MUPEKTPUC C ACUMITOTAMH JIEXKAT HA OTHOMN
OKPY?KHOCTH. BBIpa3uTh pajuyc 3TOH OKPYKHOCTH dUepe3 JJINHY
JeHCTBATEIBHON TOJIyOCH.

ITapa6osa (7.51-7.64)

7.51. Haiitu koopuHaTh! (pOKycCa U COCTABUTL YPABHEHUE JIN-
PEKTPHUCHI TApabOJIbI:

1) y*=2pz, p>0; 2)y*=-pz, p>0; 3)y*=6u;

4) > ==3x; B y=a? 6)y=—3z2

7.52. Kak pacrosioskeHb! o OTHOIMeHn o K mapabone y2 = 10z
CJIETYIOIINE TOYUKU:

16, =7 2)(89); 3)(5/2,-5)7

7.53. Borunmcaurs qumuHy (OKaIbHON XOpabl mapabobl 42 =
= /5, NePNEeHANKYIAPHOH ocu mapaboIbL.

7.54. B mamHol cucTeMe KOOpAWHAT mapabosia nMeeT KaHOHU-
geckoe ypasHeHne. COCTaBUThL 9TO ypABHEHUE, €CJIH:

1) Touka (5,—5) npuHaameRuT Hapaboe;

2) paccrosiHue 0oT (HOKyca J0 JUPEKTPUCHI PaBHO 12;

3) aumHA XOp/BI, Mpoxosei depe3 Gokyc moj yrioMm 45° K
ocu mapabosibl, paBHa 18.

7.55. HaiiTn ypaBHeHIE MHOXKECTBA TOUEK, SBJISAIOIINXCSI Ce-
peuHAMI  XOpA Tmapabombl Y2 = 3%, TapasIeNbHBIX IIPSIMOIL

2043y —5=0.

7.56. Joxazarb, 9TO cepeauHbl XOpa Mapabosibl, mapaJiesb-
HBIX HEKOTOPOW IIPAMOil, JiezKaT Ha IPAMOil, MapaJjiieJbHONR ocHu
mapaboJIbI.

7.57. Yepes Touky A(5,3) mposecTn Xopay mapabombr y* =
= 6x, JESIIYIOCS B 9TON TOYKE TOIMOJIaM.

7.58. Ha mapabose 32 = 10z maiitu Touxy M Takyio, 4TO:
1) mpsimasi, mpoxoagias depe3 Touky M u dhoxyc napabossl,
obpasyet ¢ ockio Oz yroa 60°;
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2) mwiIom@/b TPEYroNIbHUKA C BEPIIMHAMA B HCKOMO Touke M,
doxyce mapabosbl U TOUKe TEePECeueHsT OCH Mapabobl ¢ JUPEK-
Tpucoi#l paBHA 5;

3) paccrostaue oT Touku M 10 BePIIHUHBI TapabosIbl PABHO pac-
crogamuio ot M no doxkyca;

4) paccrostuust oT TouKu M 10 BepImHBI Hapabossl u 10 ¢o-
Kyca mapabosIbl OTHOCATCS Kak 8 : 7.

7.59. HaiiTn MHOXKeECTBO 3HAYEHUI, KOTOPbIE MOXKET MPUHU-
MaTh OTHOIIEHNE PACCTOSHUS OT TOYKU TAPaOOJIbI 10 €€ BEPITUHBI
K PACCTOSTHUIO OT TOM Ke TOUKH 70 POKYCA.

7.60. CoctaBuTh ypaBHEHHE TApabOJIBI ¢ TAPAMETPOM P, Bep-
[IMHA KOTOPOil mMeeT KOOpAuHATH (a,b), a HAIPABICHHE OCH COB-
najaer:

1) ¢ mosoKuUTEIBHBIM HampasyeHueM ocu Ox;

2) ¢ orpunareJbHbIM HampasieHueM ocu Ox;

3) ¢ mosoxkuTeIbHBIM HanpasieHueM ocu Oy;

4) ¢ orpunaresbHbIM HanpasieHueM ocu Oy.

7.61. CocTaBuTh ypaBHEHUs ceMelicTBa mapabdoit:

1) mmeronux obmuit dokyc (0,0) n CHMMETPHYHBIX OTHOCH-
TesbHO ocu O;

2) umeromux o011y aupeKTpucy € =0 U CUMMETPUYHBIX OT-
HOCUTETHHO ocn O.

7.62. CocTaBuTb ypaBHEHHE MapabOIbI, CIIN:

1) Touka F(7,0) sBaserca doxycom, a npsamas x =1 — nu-
PEKTPUCOI;

2) Touka F(7,0) sBasgerca dbokycoM, a npsmasg £ =8 — au-
PEKTPHUCOIA;

3) rouxa F'(0,1) sBisierca dpokycom, mapabosa CHMMETPHIHA
orHOcuTesbHO ocu Oy u Kacaerca ocu Ox;

4) ocb mapabosbl napasenbaa ocu Oy, BHOKYC JEKUT HA OCH
Ox, mapabojia TPOXOIUT Yepe3 HAYAJO KOOPAWHAT M BbICEKAET Ha
ocu O OTPE30K JJIUHBI 6.

7.63. Haiiti HanbosbImit pauyc OKPYKHOCTH, JIEXKAIIEH BHYT-
pu apabostbl Y2 = 2pa 1 Kacaromeiicss 9Tl mapaboJIbl B ee BEpIIIHHe.

7.64. JIBe mapabosibl, OCH KOTOPBIX B3aUMHO TEPIIEHIUKYJISIP-
HBI, IMEIOT YeThIpe TOYKH Mepecedenns. /Jloka3aTh, UTO 3TH YeThIpe
TOYKH JIEXKAT Ha OJHONU OKPYKHOCTH.

7.65. Kpusbie y = 2% — 5 u & = 3 — y? mepecekaroTcst B UeThI-

pex TOYKax, JIe?KAIUX Ha OHO# okpyxKHOCTH. HaiiTn KoopauHATHI
LEeHTpa 9TOU OKPYKHOCTU.
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§ 8. KacaresibHble K KPUBBIM BTOPOTO MOPSAKA

8.1. CocraBuTb ypaBHEHHE KacaTeJTHHON K KPUBOIL:

1) 913_;4_%: 1 B Touke (3, 1);
2) %4_ % =1 B Touke (3, —3);
3) %2_ % =1 B Touke (-3, 0);
4) g_;_ % =1 B Touke (6, 1);

5) zy =8 B Touke (4, 2);
6) y* =6z B Touxe (3/2, 3).
8.2. CocraBuTh ypaBHEHHE KacaTEJIHHON K KPUBOIL:

) (fv—a)2+(y;25)2:1; %) (e-a)® (=87 _ .
3) xy =k;

a? b2 ’
4) (y—B)*=2p(xr—a) B Toure (o, yo), TPUHAMITIEKATIEIT
JaHHOI KPUBOIL.

—_

8.3. Ilpum KakoM HEOOXOIWMOM M JOCTATOYHOM YCJIOBUU TIPS
masa Ax + By + C = 0 kacaercst:

2 P 2 o2

1) sammmca 2 + e 1;  2) rumep6oss PR 1;
27 2

3) runepGoubr z—2 - '1;—2 =—1; 4) runepGoner zy = k;

5) mapabonsr y? = 2px?
8.4. Ilpn kakoM HEOOXOAMMOM ¥ JOCTATOYHOM YCJIOBUU BEK-

Top (o, B) siBAsIeTCS HANPABIIAIONM BEKTOPOM HEKOTODPOI Kaca-
2
- X
TeJBbHOM K Tunepbone — — Yo —17
a b2
8.5. [IpoBepurh, UTO jJaHHAS MpsMasi KacaeTcs JAHHON KPU-

BOH, U HANTU KOOPAMHATHl TOYKU KACAHUSL:
2 2

P
1) 3¢ — 2y — 24 =0, 318+§6 1;
_ Yy .

2) 8p—y-12=0, -4 =1

3) 3z —16y+24=0, zy=-3;

4) z4+y+1=0, y*=4z.

8.6. CocraBuTh  ypaBHEHHMsI KaCATEJbHBIX K  IJUIATCY
2 g2
— _|_ g =

1) mapasienbHbIX npamoit 2z —y — 1 = 0;
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2) mepIeHANKYISPHBIX STOMH JKe MPSIMOI;

3) obpasyromnux yromx 45° ¢ mpsmoit x + 3y + 3 = 0.

8.7. CoctaBuTb ypaBHEHHS KacaTeJbHBIX K THIEpHOITE
$2 y2
25 16

1) 4z =3y; 2)z=1; 3)z—2y+1=0.

8.8. CocraBuTh ypaBHEHHMe KacaTelbHOI K mapabome 1?2 =
= 10z, mepueHIUKYJIAPHOI TPAMOiL:

1) 2z4+y—4=0; 2)y=3; 3)z=0.

8.9. Kakne Toukm Ha maHHON KPHUBOI BTOPOrO MOPSAIKA yIa-
JIEHBI Ha, HAMMEHBIIIeE PACCTOSTHIE OT JaHHON mpsmoit? Haittu sTo

PACCTOSIHUE.
2
1) 73:2—1— y =1, 3z+4y+5=0;

= 1, mapaajaeabHBbIX IPAMOIA:

2
7 2+9y2 1, 3x+4y=0;

) 58
3) 6x —5y =19, 12245y —6=0;
4) 6x —5y? =19, 12z+5y=0;
5) y* =64z, 4r— 3y 76 =0.
8.10. Jan smmumc 2 4+ 2y? = 1. Haitti paccrosmus:
1) or dokycoB smmnca g0 KacaTeabHON K HEMY B TOYKE
A(1/3,2/3);
2) MeX Iy KacaTeJbHBIMU K JLIUIICY, TaPAJIeTbHBIMI TIPSIMO
r+y=1.

8.11. CocraBuTh ypaBHEHUE HJLJIUTICA, OCH KOTOPOTO COBIIAIa-
IOT C OCSIMH KOODJIMHAT, €CJIU OH:

1) comepxur Touky A(—3,2) u kacaercsa mpsmoit 4x — 6y —
— 25 =0;

2) xacaeTcs psAMbIX ¢ +y —5=0wu x4+ 4y —10=0.

2

8.12. CocraBuTh ypaBHEHHE TUIIEPOOTBI, OCH KOTOPOil COBIA-
JAIOT C OCAMH KOODJIWHAT, €CJIN OHA:

1) comepxut Touky A(4,—2v/2) n Kacaercs mpsmoit 3x + vy +
+8=0;

2) Kacaercs npaMbIX £ = 1 u bz — 2y +3=0.

8.13. CocTaBuTh ypaBHEHHE THIEPOOSBI € ACHUMIITOTAMHU
V3x £y = 0, xacaromeiicst psimoit 2 —y — 3 = 0.

8.14. CocraBuTh ypaBHeHHE MapabOJIBL:
1) cumMmeTpudHOI oTHOCHTENBHO ocn Oy M Kacaroueiics mpsi-
MBIX Y+ 22 =0, 8x—2y—3=0;
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2) 3aJaHHOI KAHOHNYECKUM YDaBHEHHEM U KACAIOMIEHCs psi-
Mot z+y+1=0.
22 2

8.15. CocTaBuTh ypaBHEHUs HOpMaJjell K SJLIUATICY T + ¥y _

=1, obpazyromux yros 45° ¢ ero HOIBINOH OCHIO. ?

8.16. CocTaBuTh ypaBHEHHE KaCaTeJIhHONW K mapaboe y2 =
= —8x, OTPe30K KOTOPOI MeXK/Iy TOYKOM KACaHUs M JUPEKTPUCOHN
jgenurcesa ockio Oy momomam.

8.17. Ilycte O — mepmuHa mapabonsr, M — TPOU3BOIHHAS
ee TOUKa, l] m lp — KacaregpHBbIE K mapabose B Toukax O mw M,
N — Touka mepecevueHus TPsAMbBIX l] u [y, P — TmpoekImsa oTpe3ka
OM wna l. JokazaTb, yro Touka N meant orpe3ok OP momosam.
VKa3aTh BBITEKAIOIUI OTCIONA CITOCOD TTOCTPOEHUST KACATEIbHOM K
mapabote.

8.18. Jlokasarh, UITO:

1) oTpe3oK KacaTeJbHON K runepbose, 3aKIIOYeHHBI MeK Iy
ee aCUMITTOTAMU, JIEJUTCS TOUKOM KACAHUsS TIOMTOJIAM;

2) BCe TPEYrOJBLHUKH, 00PA30BAHHBIE ACHMIITOTAMHU THIIEPGO-
Jbl U IIPOU3BOJBHONW KacaTeJIbHON K Hel, UMEIT OJHY M Ty XKe
IJIOMIA/h; BBIPA3UTH ITY ILIOIIAIb Y€Pe3 MOJIYOCH THIEPOOHI.

8.19. JlokazaThb, ITO XOP/a, COETUHIIONTAS TOUKN KACAHUS T~
aunca (runepbosIbl) AByMsI TApPaIeIbHBIMA TIPSMBIME, TPOXOIUT
yepes3 LEHTP KPUBOM.

8.20. /JokazaTh, 9TO CepeuHBI XOPJ HJIIHICA (THIEepOOIbI),
mapaJiyIeIbHBIX HEKOTOPO# TPSAMOit [1, JeXKaT Ha OHON TPAMO
lo. Tlpm TOM KacaTeJbHBIE K KPUBOW B TOUKAX €€ MMEPECEUCHUST C
PSIMOI ly TapaJsiie TbHbI TPAMOI [ .

8.21. CocraBuTh ypaBHEHHS CTOPOH KBaJpaTa, OMHUCAHHOTO

2 yz
OKOJIO JIJIUIICA ? + T = 1.

8.22. CocTaBuTh ypaBHEHHS CTOPOH MPABUIBLHOTO TPEYTOJb-
2

x
HAKA, OMACAHHOTO OKOJIO SITANCA - +y? =1, ecrm:

1) onHa W3 BepIIMH TPEyroJbHUKA JeKuT Ha ocu Ox;
2) omHA W3 BEPIIMH TPEYrOJbHUKA JIeKUT Ha ocu Oy.

8.23. Ilpu KaKOM HEOOXOAMMOM U JIOCTATOYHOM YCJIOBHH Yepe3

toury Mo(xo,Yo) MOKHO IPOBECTH JIBE KACATEJIbHBIE:
2 2
X Yy 1. x ..
1) k smmncy = + = 1;  2) x rumep6ose il 1;

3) k mapaboe y? = 2px?
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8.24. CocTaBuTh ypaBHEHHUsT KACATEIBHBIX K JITUIICY
2

£U2

—+ % = 1, mpoxomgmux 4epe3 TOUKY:

18
D(=6,0 2 @7V 3) (-4-2v3); 4) (1,2).

8.25. CoctaBuTh ypaBHEHHs KacaTeJbHBIX K THIEpOOse
2
x
— —y% =1, npoxogsANMX Yepe3 TOUKY:

1) (_27 2); 2) (136; 0)’ 3) (4a \/g)a 4) (4a 1);

5) (8,4 6) (0,0).

8.26. CocTaBuTh ypaBHEHHsI KacATeJIbHBIX K Tmapaboire
y? = 162, TPOXOIAINX UePe3 TOUKY:
Ecau sTux KacaTeIbHBIX JBE, TO BBIUYUCIUTH ILIOIIAIb TPEYTOIb-
HUKa, 00Pa30BaHHOTO KACATETbHBIMA U JUPEKTPHUCOIL.

8.27. Yepes Touxy My(xo,yo) IPOBEIEHBI /BE KacaTeIbHbIE
K KPHUBOil BTOPOro mopsijika. JlokasaTh, 9TO mpsaMas, ITPOXO/IAIast
qepe3 TOYKH KaCaHUs, 33/IA€TCS yPaBHEHNEM:

y2

X
1) a—zo-l-%:lgmﬂemmnca F_I_b_?:l;
2 2
TTo  YYo _ = o
2) 2 e 1 gna runepbosb S E= 1;

3) yyo = p(x + x0) aas mapabomsr y? = 2p.
8.28. CocTraBuTh ypaBHEHHs OOIIMX KACATENBHBIX K JBYM
KPHBBIM BTOPOTO MOPSIIKA:

2y R
Y r_¥Y _q.
R e T
22
3)§+y2:1ny2:2w;
22
4)§—y2:1ny2:2w,
2 2

2 T Y

=2 — - =1
By =2zm o -3 ;
1,2 y2 J,‘2 y2
7)y2:§wﬂy2:x—l.

8.29. JlokazaTb, UTO:

1) HOpMaJb K JUINICY B MPOM3BOJBHON €ro TOYKE JEJIUT I10-
moJjiaM yroji, 0Opa30BaHHbIN JIyIaMU, BBIXOJAIINMA U3 STOW TOUKHU
¥ TIPOXOAAIINME Uepe3 (POKYChI SJIUIICA;
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2) KacaresbHas K runepbosie B IPOU3BOIBHON €e TOUKe JEIUT
TTOTIOJIAM YTOJT, OOPA30BAHHBIN JIyIaMU, BBIXOJAIIAMA U3 STOM TOU-
KU U TIPOXOSAINUMEI Yepe3 POKYChI TUITEPOOITHI;

3) HOpMaJsb K mapabosie B IPOU3BOJIBHON e€e TOYKe NIEeJUT IM0o-
moJiaM yroji, oOPa30BaHHBIN JIYIOM, BBIXOHAIINM U3 9TONW TOUYKH
¥ TPOXOAAIINM depe3 (POKyC mapabosibl, U Jy9IOM, BBIXOASIINM U3
9TOI TOUKM, JIEXKAIIUM BHYTPH MapabOoIbl B aPaIeTbHBIM €€ OCH.

8.30. /lokasarh, ITO:

1) KacaTesbHBIE B TOUKAX [IepeCevdeH sl JLIUINCA U TUTEPOOIIHI,
uMeroImux obIHe POKYCHI, B3AUMHO TEPIEHIUKYISPHBI;

2) KacaTesJbHBIE B TOYKAX IEPECEUeHNsT IBYX Mapaboi ¢ 00-
M (POKYCOM ¥ TIPOTHUBOTIONIOKHO HATIPABICHHBIMI OCIMU B3aNM-
HO TIEPTIEHINKYISTPHBI.

8.31. VI3 mpou3BOIbHON TOYKHU JUPEKTPUCHI KPUBOIl BTOPOTO
Iopsi/iKa MPOBEIEHBI IBe KacaTeJbHbIE K 9TOi KpuBoil. Jlokazars,
9TO TIpSIMasi, COEJIMHSIONIAs TOYKYM KACaHUs, TPOXOJUT 1uepes (o-
KYyC, COOTBETCTBYIOIINNA 9TON AUPEKTPHUCE.

8.32. CocTaBuTh ypaBHEHHs KacaTeJIbHBIX K  KPHUBOMH
6y + 8y? — 12z — 26y + 11 = 0:

1) mapajtenpHbIX mpsmMoit 6z + 17y — 4 = 0;

2) mepreHAuKyIspPHBIX TpamMoii 41z — 24y + 3 = 0;

3) mapaJutesIbHBIX MPAMOil y = 2.

8.33. CocTaBuTh ypaBHEHHS KaCATEIbHBIX K KPHUBOH b’ 4
+ 6xy + 5y% — 162 — 16y — 16 = 0, TPOXOAAIINX Yepe3 TOUKY:

1) (3,3)7 2) (O’ _078); 3) (O’ 1)

§ 9. O6uiasa Teopusi KPUBBIX BTOPOTrO MOPSIAKA

IIpuBeneHne ypaBHeHUsI KPpUBOU BTOPOro HOpAAKa K
KaHoHU4YeckoMy Buay (9.1-9.10)

9.1. OnpenenuTh TUIT KPUBO BTOPOTO MOPSJIKA, COCTABUTD €€
KAHOHMYIECKOE yPaBHEHNE M HANTH KAHOHMIECKYIO CHCTEMY KOOD-
JUHAT:

1) 6224 6y* +6z—2y —1=0;

2) 922 — 16y% — 6 + 8y — 144 = 0;

3) 922 +4y? + 62 — 4y — 2 = 0;

4) 122% — 12z — 32y — 29 = 0;

ot

) 9y% — Ty — 16 = 0;
6) 222 + 12 + 4z — 6y + 11 = 0;
7) 22% 4+ y? + 4z — 6y + 12 = 0;
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8) 4x? — 25y% — 2z — 75y +44 = 0;
9) 2522 — 30z 49 =0;
10) 4522 — 36y — 90z — 24y +41 = 0.

9.2. Ilpu kKaKoM HEOOXOAMMOM U JOCTATOYHOM YCJIOBUU YPaB-
menme Azx? + By? 420z + 2Dy + E = 0 3azaer:
1) smmune;  2) runepbosry?

9.3. OnpenennTh TUIT KPUBOM BTOPOTO TOPSAJIKA, COCTABUTD €€
KaHOHMYECKOE YPaBHEHHE W HANTH KAHOHMYIECKYIO CHCTEMY KOOD-
JUHAT:

1) 222 4 6xy + 10y — 121 = 0;
2) 9zy +4=0;

3) 2z —2\/_3cy-|-9 0;

4) 18z +24xy+11y —-3=0;

5) 2% — 2zy +y? +2x+2y O
6) 92% — 6zy +y* — 10 = 0;

7) 81x? — 362y + 4y* = 0;
) 322

8) 32 — 4v/bay + 4y? = 0.

9.4. OnpeaenuTs TUI KPUBOH BTOPOTO TIOPSAJIKA, COCTABUTH €€
KaHOHMYECKOE yPABHEHME W HAWTH KAHOHHYECKYIO CHCTEMY KOOD-
JITHAT:

1) 222 — 4wy +5y* + 8z — 2y +9=0;

2) (p )4xy 3y? —4x—|—10y 6 =0;

3) 9x —24a:y+16y —8x+19y+4 0;

4) 2? —zy+y*+x+y=0;

5) a:y-|-2a:-|—y 0;

6) =2 —wa-l—y — 10z — 6y + 25 = 0;

7) 522 + 12zy 4+ 10y — 62 + 4y — 1 = 0;

8) 82 +34a:y+8y +18x—18y—17 0;

9) 2522 — 30zy + 9y® + 68z + 19 = 0;

10) 8z2 +6xy—|—6a:+3y+1—0

11) 422 -|-12:cy-|—9y —8w—12y 5=0;

12) 2253: - 2403:3/ + 64y% 4 30z — 16y + 1 = 0;
3) z? -|—2xy+y —5x—5y-|—4 0;

14) 522 —6xy+5y +2x—14y+13 0;

15) 2 —23:y+y +89: 8y +22=0;

16) 1522 +24a:y+15y +30x — 24y — 20 = 0;
17) 1522 — 162y — 15y% — 62z — 44y — 13 = 0.

9.5. /loxazaThb, YTO KpUBas BTOPOTO MOPAIKA, 3aJaHHAST YPaB-
HenmeMm 34x? 4 24xy + 41y% — 44x + 58y + 1 = 0, apasgeTca THII-
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com. HaiiTu mjwebl mosmyoceit M 9KCIEHTPUCATET ITOTO JLIUTICA,
KOOPJMHATHI TIEHTPa U (POKYCOB, COCTABUTH YPaBHEHUs OCell U Jiu-
PEKTPHC.

9.6. /IokazaTh, YTO KpHBasi BTOPOTO MTOP:AIKA, 33/ IaHHASA YPaB-
merneM 7x2 + 48zy — Ty? — 62x — 34y + 98 = 0, aBsgeTcs rumnep6o-
soft. HaiiTu myimHBI IOSyoce U 9KCIEHTPUCUHTET STOH THUIEPOOIIHI,
KOOPJMHATHI TEHTPa U (POKYCOB, COCTABUTH YPaBHEHUA OCE, JH-
PEKTPHUC U aCUMIITOT.

9.7. JlokazaTh, 9TO KpUBasi BTOPOTO MOP:AJIKA, 33/ JaHHAS YPaB-
HenmeM 2 + 2zy + y2 + x =0, aBaserca mapabosoit. Haittu mapa-
MeTp 3TOMH mapaboIbl, KOOPIUHATHI BEPIIUHBI U (POKYCA, COCTABUTH
YPaBHEHUS OCH U JTUPEKTPUCHI.

9.8. Ilycte M (x,y) = Az? +2Bxy + Cy* + 2Dz +2Ey + F —
MHOTOYJIEH BTOPOIl CTENeHN OT KOOpAMHAT (X,Y) TOYKH B MPAMO-
yrosbpHOI cucreme KoopamHaT. O6o3HAUINM

A B D
, A=|BCE

S=A+C, 5:‘
D EF

A B
B C

Hokazars, uro BemauHbl S, §, A He U3MEHSIOTCS TP TIEPEXOE K
JIPYTOi IPSMOYTONIBHOl CHCTeMe KOOPANHAT (T.€. SIBJISIFOTCS OPTO-
TOHAJIBHBIMI WHBapHAHTAMU MHOrowiteHa M (z,y)).

9.9. KpuBas BTOPOro nopsika B IPsIMOYTOJBHON CHCTEME KO-
opmuHAT 3ajaHa ypaBHerumeM Ax? + 2Bxy+ Cy? +2Dx +2Ey +
+ F =0. Jokasarh cieayromye yTBepkKaeHns (0003HAUEHUs CM.
B 3a7a4e 9.8):

1) Kopru A1 1 Ay XapaKTepHCTHHYeCKOro ypasHerus A2 — S\ +
+ § = 0 BemecTBEeHHBI, U XOTh OJINH W3 HUX OTJIUYEH OT HYJI.

2) Kpusas siBasieTcst runepbosioit TOTa U TOIBKO TOT/IA, KOT/IA
0 < 0u A #0. Beipasuth mosnyocu runepbosbr depes 6, A, A1, Ag.

3) Kpusas siBiisteTcst JIZIMIICOM TOTJA M TOJIBKO TOTJA, KOT/IA
60 >0,a SA <0. Beipasurb momyocn smaurnca depes 0, A, A, Ao.

4) Kpusag siBsiercst napaboJioii Torga u TOIBKO TOTIA, KOT/IA
0 =0, a A # 0. Beipasurb mapamerp mapabosst depe3 S u A.

9.10. [Tpumensis OpTOrOHAJBHBIE WHBApHAHTHI (3amaun 9.8
u 9.9), onpenesMTh TUI U COCTABUTH KAHOHMYECKOE yDPABHEHUE
KPUBOI:

1) 22 + 32y —3y> + 5z — Ty + 1 =0;

2) 5?4 2zy + 5y? — 122 + 20y + 32 = 0;

3) 22 —day +4y* + 22 +13=0.
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KpusBnbie BTOpOro nopsajaka B obiieii JjekapToBO
cucreme kKoopauHar (9.11-9.22)

9.11. /lokasarh, ITO:

1) kpuBas, 3anaHHas ypasHeHHeM T2 +y% =1, aBigerca si-
JIUTICOM;

2) KpuBas, 3aJaHHasa ypasHenmeMm z2 —y? =1, apasgerca Tu-
1epb0oIOoit;

3) KpuBas, 3aJaHHAd ypaBHEHHEM Y2 =1, ABjAeTCA Tapa-
60J10i1;

4) ypasmenne w2 —y?=0 3agaeT Tapy TePECEKAIONIHXCS
MIPSMBIX;

5) ypasuenne 22 +y? = 0 3a72eT OHY TOUKY;

6) ypasaenme 32 — 1 = 0 337aeT Tapy MAPAJICTBHBIX TTPAMbIX;

7) ypasHenme y? = 0 3a7aeT onHy TIpAMYIO (Tapy COBITABIINX
PSIMBIX );

8) kpuBasi, 3a/JaHHAs ypaBHEHHEM Ty = 1, sBJISAETCA THIED-
60J10i1;

1
9) kpuBas, 3aJaHHAs YPABHEHNEM Yy = T + —, SIBJISIETCsI THIIED-
X
OOJIOM.

9.12. /lokasaTb, 4TO KpuBas, 3aJaHHas B OOIIEH aeKapTo-
BOIt cucTeMe KoopauHatr ypasHerneM Ax? +2Bxy+ Cy? +2Dx +
+2Fy + F =0, aBiasercss TUIEPOOIOH TOTIAa W TOJIBKO TOTIA, KO-
rma § <0 m A # 0, JIUICOM TOTIa W TOTBKO TOrIa, Korma 6 > 0
u SA < 0, mapabosoit Torja u TOIBKO TOra, Korma 6 = 0 u A # 0.

9.13. OmnpenenuTh TUM KPUBOH BTOPOTO MOPSIKA, 3aJAHHON
YpaBHEHUEM:
1) 3z —4y)?—5(z+2y—1)2=1;
2) (122 —17y—6)*+ (17y +5z+ 1) =1;
(z—y=3)(z+y+3)=4
(4 +3y — 1)2 4 (4z 4 3y +2)% = 5;
1722 — 22y +9y? — 32—y —3=0;
4a? + 28xy + 49y — 3z — 15y +2 =0;
42 — 122y + 8y? — 15z + 25y + 14 = 0;
222 + 22y + 5y? — 2y +4 = 0;
222 — 5zy — 3y? + 9z +y +4 =0;
22 4+ 102y + 25y2 + 2z + 10y — 3 = 0;
522 — 16xy + 13y 4+ 62 — 10y +2 = 0;
x? — 4y + 4y? + 42 — 8y + 5 = 0;
x? — 8xy + 16y% 4 62 — 24y + 9 = 0.

H === O 000 Ok W
W N R O —

~—— e —
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9.14. CocTaBuTh ypaBHEHWE W ONPEJEJUTh TUI KPUBOH BTO-
poro nopgaka, MPOXOJAIel depe3 5 TOUeK, 33 JaHHBIX CBOMMH KO-
OPJNHATAMHA:

1) (_17 _1)’ (1 O) ( )
1, 1), (1,0), (0,1), (3, ,

1,0), (1,0), (0,1), ( (2, 3);
3,0), (1,0), (0, 1), ( 3 ), (2,3);
1,1), (0,1), (2,3), (=2, =1), (3,4);

(1L,0), (0,1), (1/4,1/4), (4/9,1/9), (1/9, 4/9).

9.15. HUccnenoBaTh 3aBUCHMOCTH THIIA KPHUBOH BTOPOTO TIO-
paaKa OT napaMeTpa:

1) 4z? 4—2/\fvy—i—y2 =1;

2) (x +y?) — 10xy+a:+y+4=0;

3) x? —2xy-|—y ()\—1)-|—2)\(3c y+1)=0;
4) \x? —2xy +2y? —2x+2y —1=0.

(3,2), (2,3);
2

(
), (2,3
3,2), (2,
3,2), (2

i

2,
( );
(— 3
(- 3
(= (

S ULk W N

2)
)
)
)
6)

9.16. Kakue TUIIBI KPUBBIX BTOPOTO MOPSIKA MOTYT OBITH 3a-
JIaHBI yPABHEHUEM:
) (A1x+B1y-|—C’1)2 Az + Boy + Cb;
) (A1z+ By +C1)% + (Aoz + Bay + C)% = ,
3) (Ala:—I—Bly—i—C’l) (Agar—i—BQy—I—Cg 2 —
) (Ala: + By + Cl)(AQZL‘ + Boy + CQ) =1;
) (A1z + Bry + C1)(A2z + Bay + Co) = 07

9.17. CocrasuTh ypaBHEHUS ACHMIITOT U pOOIIbI
(IIpeanomaraercst, aro Ay By — Ao By #0).

1) (A1z + Biy +C1)* — (Asx + Bay + C2)* =

2) (Alx + By + Cl)(AQZU + Boy + 02) =1

9.18. He ucnonb3yss ypasHeHmii (6) u3 BBejeHHSI K HACTOSI-
et raaBe, JOKa3aTh, YTO HAYAJIO KOOPAWHAT ABJSETCS IEeHTPOM
CHUMMETPHUH KPHUBO# BTOPOTO NMOPSIKa TOTIa M TOIBKO TOTJA, KO-
IJja YpaBHEHHE KPHUBOI HE COJEPXKUT UJICHOB C MEPBBIMU CTEICHS-
MH TepeMeHHbIX ¢ u Y. Onmupasch Ha 9TO yTBEPXKICHUE, BBIBECTH
ypasHerus (6) [1y1si KOOpAUHAT MEHTPa KPUBO BTOPOTO IOPSIIKA.

M

?

9.19. IlpoBeputh, UTO JaHHAS KPUBAs BTOPOrO TMOPSIAKA AB-
JsteTcs TeHTpaabHoit. Haittn KoopauHAaTh! 1MEHTPa U M30aBUTHCS
B YPaBHEHUN OT WJIEHOB IIEPBOI CTENEHU IPU TOMOIIX ITIEPEHOCA
HavaJja KOOPJUHAT B TEHTP:

1) 22 — 8xy + 17y* + 8z — 38y + 24 = 0;

2) 5x® +ay—dr—y—1=0;

3) 822 — 24xy + 16y* + 3z — Ty —2 = 0.
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9.20. Jokasars, uro xpusas Az’ +2Bxy+ Cy?+2Dx +
+ 2Ey+ F =0 uMeeT eIMHCTBEHHBIN IEHTP CUMMETPHUH TOTJa U
TOJIBKO TOTIa, Korma & # 0.

9.21. Jlorasarh, 9TO MHOXKECTBO IIEHTPOB CUMMETPHUU KPHUBOit
BTOPOT'O TTOPsiIKa JINOO MyCTO, JUOO COCTOUT M3 OJHOM TOUKHU, JINOO
ABJIACTCS NPAMON JUHUCH.

9.22. 1) /JokasaTh, 9TO MHOXKECTBO NEHTPOB CHUMMETDHU AJl-
rebpamdeckoit KpuBoOil OO MyCcTO, JTUOO COCTOUT U3 OTHOM TOUKH,
b0 SABJISIETCS TPAMOI JIMHUEH.

2) JlokasaTh, 9TO MHOXKECTBO IEHTPOB CHMMETDPHUH IIPOM3BO-
JIBHOTO MHOYKECTBA TOUYEK HA IJIOCKOCTHU JINOO MyCTO, JJUOO COCTOUT
W3 OIHON TOYKHU, OO0 OECKOHEUHO.

3) IlpuBecTn npuMep HENPEPHIBHOI KPUBOIi, MHOXKECTBO IICH-
TPOB CUMMETPHUH KOTOPOil GECKOHEYHO, HO HE SIBJISICTCS TPSMO
JIMHUE.



I'masa 4
IIOBEPXHOCTHU BTOPOTI'O IIOPAIKA

§ 10. YpaBHeHUsI MHOX>KECTB B ITPOCTPAHCTBE U
3JIEMEHTAPHAsA TeOpUsl MOBEPXHOCTEN BTOPOro mopsaka

B sTom maparpadye ucmnojsb30BaHbl CJIEAYONINE OCHOBHBIE TTOHATHUS:
YPABHEHUE MHOHCECTNEA, O0OHOPOOHDITE MHO20UAEH, AA2ebPAUMECKAs NO-
8EPITHOCMD, NOPAOK aN2eOPAUMECKOT NOBEPTHOCTNU, NAPAMEMPUYECKUE
YPABHEHUA TLOBEPLTHOCTNU, NOBEPTHOCTNG BPAULLHUA, KOHYC, NPAMOT KPY-
20601 KOHYC, UYUAUHID, NPAMOT KPY20680U UYUAUHOID, 00HOTOAOCTHBIT
u 0d8ynosocmmoili 2unepboaoudoi, sssunmuveckut u 2unepboaudeckut
napaboaoudvl, nepeceverue nosePTHocmet, cevenue nNoBeEPTHOCNU NAOC-
KOCMDI0, NPAMOAUHETHAA 00PA3YIOWLAA NOBEPTHOCTNU, NPOEKUUS HEKO-
MOPO20 MHONHCECTNEA HA NAOCKOCTNDG, 00PpA3y0UUE U HANPABAAIOULUE Ul-
AUROPA U KOHYCA, BEPWUHDL dAAuUNCOUda, eunepboaouda, napabosouda u
KOHYCA, OCO U NOAYOCH IAMUNCOUIA U 2unepboaouda, KAHOHUYECKOE YPac-
HEHUE U MUN NOBEPTHOCTNUY MOP020 NOPAIKA.

Bceroay npeanonaraercs, 9T0 cuCTeMa KOOPAUHAT AEKAPTOBA IPAMO-
YrojibHasl, a MIPOEKIUK, €CJIM HE OrOBOPEHO IIPOTUBHOE, OPTOTOHAJIbHBIE.

uist KaxK 10 IOBEPXHOCTH BTOPOIO MOPAIKA CYIIECTBYET JEKAPTOBA
NPAMOYTOJbHASA CUCTEMa KOOPJUHAT, B KOTOPOW 3Ta IIOBEPXHOCTH UMe-
eT KaHOHWYeCKoe ypasHeHHe. Bcero mmMeerca 17 THUIIOB HOBEpXHOCTEMH
BTOPOTO MopsiaKa. Kakaplil TUII MOBEPXHOCTEH XapaKTepU3yeTcs CBOEH
dOpMOI KAHOHUYECKOTO ypaBHEHHUsi. Bce THIIBI IOBEPXHOCTEH BTOPOIO
[IOPSAJIKA M COOTBETCTBYIOIIME YPABHEHUs II€PEYUC/IEHBl BO BBEIEHUH K
§ 11. 3aech npuBeIeM KAHOHUYECKHME YPABHEHUS U N300PaXKeHUs JIE€BATU
OCHOBHBIX THUIIOB:

SJITATICOU/T ) ) )
z z
— y—2—|——2:1 (puc. 4);
a b c
OJIHOTIOJIOCTHBIN TUIIEPOOION T,
2 2 2
¢y 2 )
St -z=1  (puc5); (1)
JIBYIIOJIOCTHBIN rUIep6oIon
2 2 2
z z
TR (puc. 6);

a2 b2 c?
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KOHYC
LY 0 (pue ),
a2 b2 2 ’

JLIUITHYECKUil Tapaboson

2 2
z? oy
runepboIMIecKuil mapadboIony,

2 2
oyt )
T 2z (pumc. 9); (2)
SJLIATITUIECCK U OUJIIAHID
2 2
z° oyt )
3 + i 1 (puc. 10);
ranepboNMIecKuil MUANHID
22 42
a? b
apaboIMIECKHil TUIHHID

1.2

a2

=1 (puc. 11);

=2z (puc. 12).

IIpu a = b KOHYC U JUIUITUIECKUIA TUTUHAP HASBIBAIOT NPAMBIM KPY20-
8blM KOHYCOM U NPAMBIM KDPY208BIM YUAUHIPOM.

IIpuBenem ypaBHEHUA CEMENUCTB NPAMOJUHENHHBIX O00PA3YIOIIUX
JABYX BaXKHbBIX THUIIOB IIOBEPXHOCTEI BTOPOT'O IIOPAJIKA.

JBa cemeiicTBa IPAMOIUHEITHBIX 00PA3YIONIIX O/IHOIIOJIOCTHOIO TH-
nep6osona (1) MoryT GbITh ONMCAHBI IPY OMOIIM CIAEAYIONIUX CHCTEM

ypaBHEHMUIt:
R I RIS R ()]

(5=l (D)=,

rae o, f — IpOM3BOJIbHBIE YHCIA, Takue, uTo o’ + (2 #£ 0. JIBa cemeii-
CTBa NPAMOJIMHEHHBIX 06pa3yonmx runepbommaeckoro mapabomonaa (2)
OIIMCHIBAIOTCH CUCTEMAMU YPABHEHUN

Gt [ oEed)-n
P B

rae «, 3 — IPOU3BOIbHBIE HAPAMETPHI, Takue, uTo o + (32 # 0.

Anre6panveckoe ypasaenue Buga ®(z,y) =0 (He comepxaiiee 1e-
PEMEHHOM z) OIpeesseT HUINHAPHIECKY0 TOBEPXHOCTD. [IpsaMonnneii-
Hble 00pasyolye 3TOr0 NUJIUHAPA MapaJjuieJbHbl ocu Oz: OHH UMEIOT
yPaBHeHus T = Tg, Y = Yo, Tae P(x0,y0) =0.
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o5

€2

Puc. 4 Puc. 5

€2

Puc. 6 Puc. 7

Puc. 8 Puc. 9
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Acs

€2

€1

Puc. 10

e

€2

Puc. 11 Puc. 12

Vpasrenne suna ®(z? + y?,2) = 0') onpenenser moBepxHOCTH Bpa-
menns (S). Ceuenne L 370l moBepxHOCTH TIOCKOCThIO Oz, UMEOIIEe
na miockoctu Ozz ypasaenue ®(x?2) =0, CHMMETPUYHO OTHOCHTETb-
Ho ocu Oz. Kaxnasa «nojmoBuHKa» Kpusoil L, Bpamasich BOKpyr ocu Oz,
obpasyeT OBepXHOCTH S.

Ilycrs nBe moBepxuHocTu F u G OmpenessroTcs ajarebpandecKumMu
ypasaenusmu F(z,y,2z) =0 u G(z,y,2) = 0 coorBercrBenno. Torga MHO-
xxecTBO H = F NG onpejesisiercss CUCTEMON ypaBHEHMIA

F(z,y,2z) =0, G(z,y,2) =0.

YpaBHeHue, OnpeesoIee MHOXKeCTBO M, ciieyer u3 ypaBHEHUS, OIl-
penensommero mHoxkectso N, ecim N C M. YpasHeHue, onpe/essioniee
IOBEPXHOCTb M, ABJISI€TCS CIEACTBUEM CUCTEMbI yPABHEHMIA, OIIPEIEIsI-
fomux nosepxHoctu F u G, Torma m TObKO Torma, Korma F NG C M.

1Y Ono MozkeT 6BITH TMOMyUeHO U3 anrebpamdeckoro ypapuenusa ®(u,v) =0
3aMeHol u = 2> + y?, v = 2. IIpu 3TOM, BOOBIIE TOBOPSI, MOJKHO HE HCKJIIOYATH
cilydasi, KOr/la ypaBHEHHE He UMEET BEMIeCTBEHHBIX pelneHuit. B aTom crydae
TOBOPAT O «MHUMO#» TIOBEPXHOCTH.
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306parkeHne MOBEPXHOCTHA BTOPOTO MOPSIAKA.
Tunsr moBepxHocTeit Broporo nopsiaka (10.1-10.17)

10.1. 1) Yro mpeacrasisier coboit anrebpamdeckasi MOBEPX-
HOCTB TIEPBOTO TOPSIIKA!

2) Tlpusectu mpuMep aareGpamdecKkoil MOBEPXHOCTH TPETHETO
TOpsAIKa U N300Pa3uTh €€ B JEKAPTOBOH MPSIMOYTOJBHON CHCTEME
KOODIMHAT.

10.2. Moxer au ajrebpandeckas TOBEPXHOCTh BTOPOTO TIO-
psaaKa mpeacTaBisiTh coboit mpsmyo? Ilnockocts? IlycToe MHOXKe-
crBo? IlpuBecTn mpumepshl.

10.3. CeMeiicTBO TOBEPXHOCTEH 3a[aHO B MPAMOYTOMBHOM CH-
cTeMe KOODJIMHAT YPaBHEHNEM, COJIEPKAIINM ITPOM3BOJILHBIN Mapa-
MeTp A. Onpep;em/ITb THI TTOBEPXHOCTH TIPU BCEBO3MOXKHBIX A

1) 22 +y -I—z —)\ 2) Ax? +y? 422 =1;

))\x -I—y + 22 —)\ 4) 2?2 +y? 22 =\
5) = z2—)\; 6) 22+ A\(y2+2%) =1;
7) x? +)\(y +25) =X 8) 22 4y?=)z;

9) M2 +yt=2  10) /\(a:2+y2)= ;

11) 22 + \y? = Az; 12)3: —|—/\y =Az+1;

13) 22 +y2 =) 14) 2?2 —y? =\

10.4. 1) Yka3arh Takue THUIbI TOBEPXHOCTEH BTOPOTO MOPSII-
Ka, KOTOPBIe He COMIepKaT HU OJHOM ITOBEPXHOCTH BPAIEHU.

2) TlepeyncauTh THUIBI MOBEPXHOCTEH BTOPOTO MOPSIIKA, KOTO-
PbIM TIPUHA/JIEKAT KaKNe-HUOY/Ib TTOBEPXHOCTU BPAICHUS.

10.5. Hanucars ypaBHeHue chepsbr:
1) ¢ menrpom B Toure C (1, 1, 1) u pammycom v/3;
2) ¢ uerrpom B Touke C (1, 2, 3) u paguycom 1.

10.6. Haiiru xoopaunats! tieaTpa C' u paganyc R cdepsr:

1) 224+ 92 +22 —do —4y —42=0;

2) 222 +2y2 + 222 + 4z + 8y +122+3 =0.

10.7. HaiiTu KOOpAMHATHI MEHTPA MOBEPXHOCTH, €€ TOJIYOCH
U ypaBHEHHUs IIJIOCKOCTEH CUMMETPHUH, N300pa3uTh MOBEPXHOCTb B
UCXOJHOU CHUCTeMe KOOPAWHAT:

1) 224 2y? + 322 + 22 + 4y + 62 = 0;

2) 32242y 4+ 22 + 62+ 4y + 22— 6 =0.

10.8. HaiiTn xoOpamHATHI 1EHTPA MOBEPXHOCTH, €€ BEPIINH,
YPaBHEHUSA OCU CUMMETPHUHU U TIJIOCKOCTEN CUMMETPUHN, H300Pa3uTh
TIOBEPXHOCTh B MCXOTHOHN CHCTEME KOOPIMHAT:
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1) @ —2y? —32% + 62+ 4y + 62 = 0;

2) 222+ 3y? — 42?2 + 42 — 82+ 10 =0.

10.9. OmpesenuTh THUI TOBEPXHOCTH:

1) 222 4+ y? — 322 + 4 — 4y = 0;

2) 222 +9y? - 322 — 4z +4y+6=0;

3) 222 +9% - 3224+ 62=0;

4) 222 +y? +22+1=0;

5) 222 —y? +224+1=0;

6) 222 + 22 +22+2=0.

10.10. OmpemenuTb TUT TOBEPXHOCTH, M300PA3UTH MOBEPX-
HOCTb B MCXOJHOMN CHCTeMe KOODIWHAT:

1) zy=0;, 2)zy=1; 3)zy=-1,

4) 2zy+2=0; 5) 2zy—=z=0.

10.11. Haiitu och BpallleHHS TOBEPXHOCTHU, U300Pa3UTh IIO-
BepxHOCTD T2 + 22 + 1 = 0.

10.12. OnpefenuTh TUM TOBEPXHOCTH, HAWTH OCh BPAIEHNUSI,
KOOPJIMHATHI BEPIITNH, N300Pa3UTh MOBEPXHOCTD:

) 224+224+2y=1; 2) 22 =2ay.

10.13. Haiitu KoOpAWHATEI IIEHTPA MOBEPXHOCTH, YPABHEHUS
OCH BpallleHUs U I'OPJIOBON OKPYZKHOCTHU, ONPEACSIUTb PaJuycC rop-
JIOBO# OKPY?KHOCTHU, N300pa3UTh MOBEPXHOCTH 2+ 2yz =1.

10.14. HaifTu TOYKM TIepecedeHus MOBEPXHOCTH 2 + y2 =2z
U IIPAMOIL:
ax=y=t, z=4t; 2)z=y=2z+1,;
3) z—1 y+1 2+6
11 8
10.15. CKOMBbKO OOIMUX TOUEK MOTYT UMETD TIPSIMAast U TOBEPX-
HOCTH BTOpOro mopsaka? [Ipusectn mpumepst.

10.16. Onpenenurs, jexxur au Touka M (1,1,1) BHyTpEH nin
BHe dmunconna x2 + 2y? + 322 = 4.

10.17. Ocy Oz nampasiena BBepx. OmMpemeuTh, JEKUT JIN
Touka M(1,1,1) Bemre mmm HuxKe mapabononma 2 4 2y% = 2z.

HOBerHOCTI/I BpallieHnd, HUJINHAPbI 1 KOHYCBbI
(10.18-10.45)

10.18. TlpuBecTn mpuUMephI MOBEPXHOCTEH BpPAIIEHUS, KOTO-
pble SABJIAIOTCSA AJredpamIecKUMI TOBEPXHOCTIMU TOPAAKa 2, 3, 4.

10.19. Ha3BaTh TUMBI U BHIMUCATh KAHOHUYIECKNE YPABHEHUS
MUJINHIPUYIECKUX TTOBEPXHOCTEN BTOPOTO TOPSIIKA.
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10.20. IIpuBecTr MPUMEPbI IIUIMHIPUIECKUX TTOBEPXHOCTEH, KO-
TOpbIe SIBJIAIOTCA aareOpanIecKuMU MOBEPXHOCTIMHI TOpsiaka 3, 4.

10.21. IlpuBecTu mpuMep MUJIWHAPUYECKON MOBEPXHOCTU, HE
SIBJIATOTIIEHCS aJredpaniecKoil.

10.22. IlpuBecTu IpuMepPHI MUJINHIPOB U KOHYCOB, HE SBJISIIO-
IMUXCA TTOBEPXHOCTSMHU BPAIEHNSI.

10.23. Jokasars, uTo Besikoe ypasrenue suma F(z,y,z) =0,
e F' — ogHOPOIHBINT MHOTOUJIEH, ONIPEIeNseT KOHYC C BEPIINHON
B HaJaJe KOOPINHAT.

10.24. IlpuBecTu mpuMep KOHUYECKON MOBEPXHOCTH, HE SBJIsI-
IoTIeiicst aaredpanIecKoi.

10.25. MoxHO 71 pacCMaTPUBAThH IIJIOCKOCTh KAK YACTHBIM
caydail KOHW4YecKoit moBepxHocTn?! Kak 9acTHBIN cirydail MUInH-
npa? Kak moBepXHOCTH BpAICHUS !

10.26. CocTaBuTb BEKTOPHOE YpaBHEHME MPSIMOTO KPYTOBOTO
nuIInHpa paguyca R, nMeromero och r = rg + at.

10.27. CocTaBuTb BEKTOPHOE ypaBHEHHE CHEPHI C TMEHTPOM B
touke My(ro) n paguycom R.

10.28. CocTaBuTb BEKTOPHOE YpaBHEHME MPSIMOTO KPYTOBOTO
KOHycCa ¢ BepImnHoit B Touke My(rg) u ockio r = r( + at, 3Has1, 9T0
YTOJI MEXKIY ero obpasymolel 1 0ChbIo PaBeH Q.

10.29. CocraBuTh BEKTOPHOE YPABHEHUE SJLTUTICOUIA, TIOTYIa-
eMoro BpaleHueM dsumunca ¢ dpoxkycamu B Toukax Mi(ry), Ma(ra)
1 OOJIBIIION TOIYOChIO @ BOKPYT OOJBIION OCH HJLIIUATICA.

10.30. Haiitu ypaBHEHUe TOBEPXHOCTHU, MOJIYUAEMOIl Bpalle-
HIIeM Tapabousl 22 =

1) Bokpyr ocu Oz;  2) Bokpyr ocu Ox.

10.31. Haiitu ypaBHeHUEe U OIPEJAEINTH TUII IIOBEPXHOCTHU, TIO-
JygaeMoii BpalmeHueM rumep6oms! x2 — y? = 2:
1) Bokpyr ocu Ox;  2) BOKpyr ocu Oy.

10.32. Haiitu ypaBHEHUNe TOBEPXHOCTHU, MOJIYUAEMOIl Bpallle-
HIeM OKpyxkHOCTH 22 412 — 4x + 3 = 0 Bokpyr ocu Oy.

10.33. HaiiTu ypaBHEeHUSA IOBEPXHOCTEN, MOTyIaeMbIX BpaIlle-
HueM runepbosibl £y = 1 BOKPYT aCUMOTOT.

10.34. 1) Hamucarb napaMeTpuyecKkue ypaBHEHUs TOBEPXHO-
cru, obpa3oBaHHOIl BpameHneM Kpusoit z = f(x) (x > 0) BOKpyr
ocu Oz.
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2) Hanuncars mapaMerpudecKue ypaBHEHUsI TIOBEPXHOCTH, 06-
pa30BaHHOl BpalneHneM KpuBoil = = ¢(t), y =1(t), z = x(t) Bo-
kpyr ocu Oz.

10.35. JokazaTh, 4TO NUJIWHAPUYECKAS MOBEPXHOCTH C Ha-
TMPaBJIAIONIEN, 3aMaHHON MapaMeTPUIECKUMU YDPABHEHUSIMU & =
=(t), y =9(t), 2= x(t), u c obpasyromieit, mapaIeabHON BEKTO-
py af(ai,a2,a3), oupexmensiercs ypaBHeHuSME T = @(u)+ aqv,
y=v(u) +azv, z = x(u) + azv.

10.36. JokazaTh, 9TO KOHYC C HAIPABJSAIONIEH, 33/ TAHHOMN T1a-
paMeTpUYIecKuMN ypaBHeHusMEu T = @(t), y =(t), z=x(t), u ¢
BEPIINHOM B Hadaje KOODAWHAT OIPEIESSIeTCd YPaBHEHUAMHI
z=up(v), y =up(v), z =ux(v).

10.37. Haiitu ypaBHEHUE TPAMOro KPyroBOTO IUJIHHAPA Pa-
mmyca V2 coceio =14+t y=2+1t, 2 =3+t

10.38. Haiitu ypaBHeHNe MpsIMOrO KPYTOBOTO IIJIMHIPA, TTPO-
xopsmero [epe3 Touky M(1,1,2) m mmetomero ocb x =1+t
y=2+t, z2=3+t.

10.39. Haiitu ypaBHEHME MPSIMOro KPYyroBOTO KOHYCA C BEp-
IMTHON B HadaJje KOOPAWHAT U HAIPABJIEHUEM OCU, ONPEeIAeMbIM
BekTopoM a(l,1,1), 3Has, uro 0bpa3yonme KOHyca COCTABIISIIOT C
ero ocwto yrom arccos(1/+/3).

10.40. Haiitu ypaBHEHUE U ONMPEAETUTh TUI TIOBEPXHOCTH, 00-
pa30BaHHOI BpameHueM mpaMmoit € =1+t y =z =3-+1 BOKpyT
ocu Oz.

10.41. Haiitu ypaBHeHHE U OIPEAEIUTb THUI TOBEPXHOCTH,
obpaszoBanHO#l Bpamenuem npsmoii £ =0, y—z+1=0 Bokpyr
ocu Oz.

10.42. HaiiTu ypaBHeHNe U OIIPEIEUTD TUI TOBEPXHOCTH, 00-
Pa30BaHHON BpAIlleHUEeM TpaMoit © = —t, y = z = 2t BOKPYT Ip4-
MOB =y =2.

10.43. Haiitu ypaBHeHHe KOHyCa C BEPIIMHONH B TOYKE
M (1,1,1), xacatomerocs cepbr 22 +y% + 2% = 2.

10.44. Haiitu mapaMeTpruyieckrue ypaBHEHUs ITUJIUHAPA C 00-
pasyroreil, napasienbHoit Bektopy a(l, 1, 1), u Hampasisomei,
3aJaHHON ypaBHeHHaAMHU & = —1+2cost, y = —1+ 2sint, 2 =3 —
— 2cost — 2sint.

10.45. VckmounB mapaMeTphbl, IOJYYUTh aJredpantdecKoe
ypPaBHEHHE TOBEPXHOCTH & = U+ COSv, Y =u-+sinv, z=u—
— cosv — sinv. Y10 3T0 33 MOBEPXHOCTD?!
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CeueHns mmoBepxHocreil Broporo nopsiika (10.46-10.76)

10.46. 1) Ceuenns nosepxuoct 2 4+ 2y? — 322 — 1 = 0 mwo0C-
koctamu £ =0, £ =1, £ = 2 CIPOEKTUPOBAHBI Ha, TIOCKOCTH Oyz.
W306pa3uts mpoekimn.

2) Ceuenns mosepxuoctn 2 + 2y% — 322 = 0 nmockocTavu & =
=—1, =0, £ =1 cupoekTupoBaHbl Ha TIOCKOCTb Oyz. M300pa-
3UThH TPOEKITNN.

3) Ceuennsa nmosepxuoctn 222 — y? = 2z nuockocramu = —1,
=0, x =1 copoekTupoBaHbl Ha TIOCKOCTH Oyz. N306pasuthb
TIPOEKIINH.

4) CeueHnst MOBEPXHOCTH 222 — y? = 22 mmockocTamu y = —1,
y=0, y=1 copoektupoBanbl Ha maocKocTb Oxz. N306pasurh
TIPOEKIINHN.

5) Ceuenns nosepxuoctn 212 — y? = 22 mnockocTavm z = —1,
z=0, z=1 copoexkTupoBaHbl Ha TIOCKOCTH Ozxy. N306pasuthb
TIPOEKIINH.

10.47. 1) Ceuenns nosepxuocteit 22 4 2y — 322 —1 =0, 2% +
+2y2 — 322 =0, 22 +2y% — 322 + 1 = 0 mwiocKocTHIO = 0 CIPOEK-
TUPOBaHBI HA TIOCKOCTh OYz. V300pa3nuTh MPOEKITHH.

2) CeueHnust Tex Ke MOBEPXHOCTE MIOCKOCTBIO 2z = 1 CIpoOek-
TUPOBAHBI Ha TIOCKOCTH Oxy. M306pa3nuTh MPOEKITH.

10.48. 1) SBasieTcs ju JUHASA TePECEYEHUs JABYX MOBEPXHO-
cTeif BTOPOro mopsiiKa Tiockoit kpusoit? [IpuBecTn mpumepst.

2) Ilyctb uHUS TIepeceveHns IBYX MOBEPXHOCTEN BTOPOTO MO~
psaaKa maockag. Bymer su sta nuHMsa anrebpawmdeckoii? Ecaum ma,
TO Kakoro nopsimka? PaccMoTpers mpumepsbr.

10.49. OmnpenenuTh BUJ, JUHAN TIEPECeUYEHUs MOBEPXHOCTEH
2+ y2 =2z, ° + y2 + 22 = 8 u HallTH ee TAPAMETPUUECKIE ypaB-
HEHUS.

10.50. Joka3aTh, 9TO JIMHUS MEPECEUEHUsT TTOBEPXHOCTU BTO-
POTo TOPSIIKA C TIOCKOCTBIO €CTh ajJredpandecKkasi JIMHNUS HE BBIITE
BTOPOTO Topsifika. IIpuBecT mpuMepbl, KOTJa 3TO JIMHUS TTEPBOTO
TIOPSAIKA.

10.51. Ilycts F — moBepXHOCTB, OIpeessgeMast agredbpamnde-
ckuM ypasHeHuneM F'(z,y) =0, £ — Hemycroe MHOMKECTBO TOUYEK,
omnpenensemoe ypasuenuamn F(z,y) =0, z =0. lokasars yTBep-
JKJIEHUS:

1) F — mpuimHIpuYecKast TIOBEPXHOCTD ¢ 06pas3yIomieil, mapaJi-
senpHON ocu Oz, u HaNpaBJjsaomei L;
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2) L ectb ceuenne F mrockoctbio Ozy;

3) L ectb mpoekuus F Ha miaockoctb Oxy;

4) L ecTb TpoeKnys JIOOOH HAMPAaBISIONE! NUJINHAPA Ha
mrockocTs Oxy;

5) L comep:KuT MPoeKIuio Ha TiockocTb Oxy moboit KpuBoii,
Jexareit Ha munHape F.

10.52. HaiiTu ypaBHEHUE TPOEKIINU JIMHUY TIEPECeUeHUs TIO-
Bepxnocteit x2 + 2y? = 2z, x + 2y + 2z = 1 Ha miockocts Ozy. Uto
peCTaBisteT coboit ITa JIMHUS?

10.53. IIycts S — ceuenne mapabononma 2 + y? = 22 miIocko-
CTBIO, KOTOPAs TIEPECEKAET TOJOKUTENbHYIO onyoch Oz B €IUH-
cTBeHHOU Touke. JlokazaTh, UTO mpoekiusa S Ha TIOCKOCTh Oxy
€CTh OKPYKHOCTb.

10.54. JIoka3aThb, YTO JUHUS TIepECEUeHHs TOBePXHOCTElH 22 +
+9y? =2z, x+y+2=1 ecTb UIMIC, U HATH €ro MapaMeTpHUe-
CKVe YPaBHEHUS.

10.55. TTo kaxoii JTuHUE TepeceKaroTcs mapabomon o2 —y? =
= 22 M WIOCKOCTh & +y + 2 =17

10.56. Haiitu xoopAmMHATBI TEHTPA M PAAUYC OKPYKHOCTU
224?422 1224+ 4y —62+24=0,20+2y+2+1=0.

10.57. CoctaBuTb MapaMeTPUIECKNE YPABHEHUS KOHYCa C
BEPIINHON B Havajle KOOPAWHAT M HAIIPABIAIONICH, ONPeaeJICcHHOR
ypasuenusvu x> +y% =2z, x+y+2z=1.

10.58. Haiitu ypaBHeHUe TUJIHHApPa ¢ 0Opasyromeil, mapaJ-
nembHOM ocu Oz, W HAIpaBISIOmell — OKpyXKHOCTBIO 2+ 742 +
+22=3,2z=1.

10.59. Ob6pasyrommada MuIMHIpa nmapaJsieabia ocu Oz, ero Ha-
HpaBJIAOmasa — OKpyxkHOCTh T2 +y? = 22, 22 + 9% + 22 = 8. Hait-
TH YpaBHEHUE IIJINHIPA.

10.60. O6pa3zyrorye MUINHIpa Mapasteababl ocu Oz, ero Ha-
IPABJISAIOMIAs — JIIAIC T2 + y2 =2z, z+y+ 2z =1. Jokazarb, 4To
3TO — MPAMON KPYTroBO# IMIWHAD, HAIMCATh €ro ypaBHeHUE, Halli-
TH OChb U PaJUyC.

10.61. Ob6pasyiommue NUJIKHAPa NapajUIeJbHBL  BEKTOPY
a(1,1,1), ero HampaBisOm@as — OKPYKHOCTb z? + y2 =2z,
z? + y2 + 22 = 8. Hanmcars ypaBHEHUE ITUJINHIPA.

10.62. Haiitu ypasrerue Kotyca ¢ BepmHoit B Touke 0(0,0,0)
I HATIPABJIAIONEH — OKPYKHOCTBIO 2 +y? +22 =1, o+ y+2=1.
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10.63. Haiitnn ypaBHEHUE SJITUIICONIA, TNIOCKOCTH CHMMETPHH
KOTOPOTO COBIAJAIOT C INIOCKOCTSIMH KOODJUHAT, COJEPIKAIEero
touky M (3,1,1) m okpyxuocTh 22 + 4% +22 =9, 2 — 2= 0.

10.64. /Toka3aTh, YTO IEHTPHI ILIOCKUX CEUEHUH IJITUMITHIE-
CKOTO NUJIMHIpA JIeYKaT Ha €r0 OCH.

10.65. Haiitu nenTp ceuenns symnconsa 2 + 2y? + 422 = 40
TIJTOCKOCTBIO:

1) z4+y+22=52)z+y+z="T.

10.66 (p). Haittu mnentp cewenns rumepbomomma z2 4 2y° —
— 42? = —4 noCKOCTBIO T 4 ¥ + 22 = 2.

10.67. Iycrs My(5,7,20) — Touka miockoctn, a p(—3/+/11,
1/V11, 1/4/11), q(1/+/6, 1/v6, 2/4/6) — opToropMmpoBaHHbIif
b6azuc wa Heit. Hanmcarh ypaBHeHHs JHHUH TI€PECEUEHUsT ITON
IJI0CKOCTH 1 Komyca 2 + 5y? — 22 = 0 Bo BHyTpeHHeil cucTeMe Ko-
opauuat My, p, 9. Haittn xoopmHaTH 1IeHTpA JTNHIH TIepecevIeHns
1 yPaBHEHUs ee Oceil CMMMETPUH B UCXOAHOI (IIPOCTPAHCTBEHHOIA )
cHcTeMe KOODJIMHAT.

10.68 (p). Haiitu ypaBHeHIE MHOXKECTBA IIEHTPOB CEYCHHUI 3JT-
munconna  x2 +2y? + 322 =4  TIOCKOCTAME,  TIAPAJICTBHBIMH
IOCKOCTH &+ 9y + 2 = 1.

10.69. Haiitu ypaBHEHNE MHOXKECTBA I[IEHTPOB CEYCHU TUIIEP-
Gomomma  x? +y? —322 =2  IuOCKOCTSME,  TApAJITbHBIMM
IIOCKOCTH « + Yy + 2 = 1.

10.70. Haiitu ypaBHEHNE MHOXKECTBA IIEHTPOB CeUYeHUIT apa-
Gononma x2 4 y? = 22 MIOCKOCTAME, TAPAICIbHBIME TLIOCKOCTH
z+y+z=1.

10.71 (p). Haiitn ypaBHeHHMEe IUIOCKOCTH, MEpPECEKAOMIEH I
mumcons, x2 + 2y? + 422 = 9 1o LIHICY, IEHTP KOTOPOTrO HAXOINT-
csa B Touke C(3,2,1).

10.72. Haiitu ypaBHEHUS TIPOEKINi JIMHUY TIePEeCeUeHUs -
mmnconna 3z2 + 4y2 +52% = 36 u chepnr 2% + y2 + 22 = 9 Ha KOOp-
JMHATHBIE IJI0CKOCTH. UTO mpeacTaBisieT coboil ceuenme?

10.73. HaiiTin ypaBHEHHUS TTPOEKIN JIMHUU TIePECEUCHUS IJI-
munconnos 2 +2y% 4+ 322 =4, 3x? +5y? + 622 =10 ma Koopau-
HATHBIE TIJIOCKOCTH. UTO mpemacraBisier coboil ITa JuHUs?

10.74. Hanucats ypaBHEHUsI TPOEKIWIl JIMHUU TepeceveHmsI
noBepxHOCTElt 12 + y2 —22=1, z?— y2 =2z Ha KOOPJIMHATHBIE
JIOCKOCTH. UTO mpeacTaBisier coboit dta juHusa! Haiitu ee ma-
paMeTpUYuecKue ypaBHEHUSI.
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10.75 (p). Haiitn ypaBHeHHsI IPOEKIWIi JIMHUU TIepeCeveHNsT
moBepxHOCTEH HI? — 3y2 +422 =0, 2% — y2 + 22 +1 = 0 Ha KoOpIH-
HATHBIE TIJIOCKOCTH.

10.76. JJokasaTh, 4TO JUHHUS MepecetdeHns mapaboaonma 2 +
+ 2y% = 42 + 10 u cepsr 2 + y% + 22 = 6 coCTOUT U3 IBYX OKPY K-
Hocteit. HailiTnm TouKkm mepecedeHmsT 3TUX OKPYKHOCTEH U X
pagnychl.

IIpsimonuHeilinble 0Opa3yoIue MOBEPXHOCTEH BTOPOTO
nopsigka (10.77—-10.88)

10.77. HasBaThb TUIIBI TIOBEPXHOCTEH BTOPOTO MOPSIIKA, HMe-
FOIIUX TPSIMOJIMHEHHBIE 00pa3yoIIne.

10.78. MoxkeT Jin IUCI0 TPSMOJIHHEHHBIX 00Pa3yIOMNX, TPO-
XOJSAIIUX Yepe3 OJIHY TOYKY TOBEPXHOCTH BTOPOTO TIOPSIIKA, PaB-
wateesa 07 17 27 37 ... Moxer jmu oHO ObITH GeckoneuHbIM? [1pu-
BECTH MIPUMEPHI.

10.79. Haiitu ypaBHeHIe ceMeicTBa IPIMOJUHERHBIX 00pa3y-
IOMINX ITIJIRHIPA % — y2 =1.

10.80. Haiitn ypaBHeHMe ceMeicTBa IPIMOIUHERHBIX 00pa3y-
fomux Komyca z2 + 3% — 22 = 0.

10.81. Haittu mnpssmosmHeiiHbIe obpa3syomme mapabononia
4z? — y? = 162, nepecexatormuecss B Touxe M (2,0,1).

10.82. Haiitu ypaBHeHUE TLIOCKOCTH, TPOXOISIIEH Yepe3 TOU-
ki M(1,1,1) u N(2,0,2) n nepecexatomeit mapabomony x> — y? =
= 22z 1O mape MPSAMBIX.

10.83. Haiitu ypaBHeHUe ILJIOCKOCTH, TepeceKalomieil Tumep-
Gomonz, 2 + 4y2 — 922 = 36 ™o mape IPSMBIX, TPOXOASIMINX YePE3
touky M (6,—3,2).

10.84. Jans mapabomons 2 —y? =2z W IUIOCKOCTH I +
+ y+ z = 1. Haiitu ypaBHeHHe TLIOCKOCTH, TapaJIEIbHON TaHHOM
U mepecekaoreil mapabosons mo nmape npsMbix. Haittu ypaBHEHHS
9TUX TPSMBIX U YTOJ M€Ky HUMU.

10.85. /IBe npsimosimHEHHBIE 0Opa3yOIIHe TUIIEPOOSIONIA Bpa-
menns 2 +y% — 2% = 1 mepecexaloTcs B TOUKE, IPHHAIEKAIIETT
mwiockocTu z = h. Haiitn yrom mexay HuMm:

1) mpu h=0; 2) mpu h =1, 3) mpu npOM3BOIBHOM .

10.86. Haiitn MHOXKECTBO TOUYEK TOBEPXHOCTH S, B KOTOPBIX
MIEPECEKAIOTCS €€ B3AMMHO OPTOTOHAJBHBIE TIPSIMOINHEHHbIE 00pa-
3yromue, ecnn S OmpejiesicHa yPaBHEHUEM:
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1) 22492 —22=1, 2) x? —y% =2z 3) 22 —4y? =2z

10.87. HokazaTh, YTO TMPOEKINU MPSIMOJMHEHHBIX 00pa3yio-
mux mapaboonga 2 — y? = 22 Ha mrockocth Oxz KACAIOTCS Ta-
pabomsr 22 = 22.

10.88. okazaTh, YTO MPOEKINU MPSIMOJMHEHHBIX 00pa3yio-
mux runepbononaa x2 +y? — 22 = 1 ma miockocTs OxYy KacaoTcs
oxpyxuoctn z2 +y% = 1.

§ 11. O6mias Teopusi MOBEPXHOCTE BTOPOTO MOPSIAKA

B srom maparpade mcnonb3yorcd Ciieayionime OnpeaeeHna: Ma-
AGA T 60ADULAA KEAOPATNUYHDBIE BOPMBL NOBEPTHOCTNY 8MOPO20 NOPAJKA,
MUN NOBEPTHOCTIU 8MOPO20 NOPAJKA, UHBAPUAGHMBL — PAHZ U CULHAMYDA
M@A0T U 60ALWOT KEAOPAMUNHDIT POPM NOBEPTHOCTNU, YEHMP NOBEPL-
HOCMU, KAHOHUMECKOE YPABHEHUE NOBEPTHOCTIU, KAHOHUYECKUY 6a3uc n
KAHOHUYECKAA CUCTNEMA KOOPOUHAM.

Nmeerca 17 pa3iumdHBIX TUIOB IIOBEPXHOCTEH BTOPOrO MOPAIKA.
Kazxprit Tun xapakrepudyercs CBOMM HaOOPOM HMHBAPHAHTOB U CBOEH
(GOpMOIl KAHOHMYECKOTO yPaBHEHHsT — IpocTeiinteil GopMoil, K KOTOPOi
MOXKHO NPUBECTU YPABHEHUE IOBEPXHOCTH C IOMOIIBIO BhIOOPA JeKap-
TOBOH IPSIMOYTOJIBHOM cucTeMbl KoopauHaT. CooTBercTByOIIIE 6A3UC U
cucTeMa KOODAMHAT TaKrKe Ha3bIBAIOTCA KAHOHUYECKUMU.

Mps1 BoCIIpOM3BOAUM TAOJIHILY TUIIOB M KAHOHMYECKNUX yYPaBHEHUH O~
BEPXHOCTEH BToporo nopsaka u3 [2|. Panru u Moy curaatyp 60abmoit
¥ MaJIOi KBaApPaTUIHBIX (POPM MOBEPXHOCTU OOO3HAYEHBI COOTBETCTBEH-
HO uepe3 R, X, r, 0.

W3n0XuM HEKOTODBIE JIeTaN AJTOPUTMA IPUBEIEHUS YDPABHEHUS
BTOPOTO TOPSIKA K KAHOHUYIECKON (hopMe. DTOT aJrOPUTM MOXKET OBIThH
WCIIOJIB30BAaH JJI yIPOIIEHUS YPABHEHUI C JIFOOBIM HYHCIOM I€PEeMeH-
HbIX. VcxomHas cucreMa KOODAWHAT IIPE/IIOJIATAETCH MPAMOYTOJbHOM.
IIpr Bcex 3amMeHax KOODJAWHAT TaKKe€ COBEPIIAETCS IMEPEeXO] K MPAMO-
YTOJIBHBIM CHCTeMaM KOODJIMHAT.

T'yraBHBIM MOMEHTOM SIBJIAETCA «YHUITOXKEHUE», C IOMOIIBIO IOIXO0-
JadImeil 3aMeHbl 6a3uca, YWIEHOB YPABHEHUS, COAEPKAIINX IPOU3BEICHUS
nepeMeHHbIX. OCTAHOBUMCH Ha 9TOM MOMEHTE. Y DABHEHUE IIOBEPXHOCTHU

a11x2 + 2a122y + 022y2 +2a1322 + 2a23y2+
tagzz® +2a12 + 200y +2a32 +k=0 (1)
MOXKHO 3alliCcaTh B MATPUIHON popme
ET AL +2aE+ k=0, (2)
rje

Z a1l ai2 ai3
E=|ly|, A=| a2 ax ax|, a=|a;asasl.
z a13 Q23 Q33
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Tabagumnma 2
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IJIOCKOCTEH o2 B2
«Ilapa MHEUMBIX mepece- €2 g2
KaIOIIIXCS TJIOCKOCTEN» -+ 0 212122
(npsimas yHMA) o B
IMapabonmmaeckuil AITHIDP €2 =2an 1]1
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®DopMy bl 3aMeHbI KOOPJMHAT IIPY 33aHHON MaTpHUIlE mepexoa S TakkKe
3anuiieM B MAaTPUIHOM BUJIE:

£=29¢. (3)
TTocne nmopcranosku (3) B (2) momyaum ypaBHEHEE
(E.I)TAIE.I + 2al£l + k — 0'
KoncranTa k mpu 3amene koopaunar (3) me mensercs: k' =k,
a’'=aS, A =STAS. (4)
OTBICKHBaEM OPTOHOPMHMPOBaHHBIN 6a3uc, B KoTopoM marpuna A’ nna-
roragbHa. Jjig 9Toro: 1) BRMuCIseM KOPHU XapaKTePUCTHIECKOTO yPaB-
nenus |A — AE| = 0; 2) ns KaKI0r0 KOPHS COCTABJISIEM CHCTEMY yDaB-
Hennit (A — AE)E = o n HaxonuM ee (HDyHIAMEHTAIBHYIO CUCTEMY Derie-
HU; 3) IpUMEHdAs OPOLECC OPTOrOHAJU3ANUN U HOPMUDYH MOJLy Y€HHbIE
BEKTODHI, HAXOJUM HCKOMBIA 6Gasuc; 4) n3 6a3sucCHBIX CTONBIOB COCTAB-
JsieM mMaTpuiy nepexona S. B Hosom 6azuce marpuna A’ nuaronasbHa,
HAa ee IJIABHOW JUArOHAJU PACHOJIOXKEHBI KOPHU XapPaKTEPUCTUIECKOTO
YPDABHEHUSsI, B3ATHIE C UX KPATHOCTSIME B TOM K€ MOPSJKE, YTO U COOT-
BeTcTBymoImme crojoupl B Marpuie S. KoadbdunmenTsr npu JuHEHHBIX
9jIeHaX TPeoOpa30BaHHOIO yPaBHEHUS BhIYMCIAeM 110 dopmysie a’ = aS.

Ecmu marpuna A nuaronanbna: A = diag(A1, A2, \3), TO ypaBHeHue

[IOBEPXHOCTH HE COAEPIKUT IIPOM3BEIEHIUI MEPEMEHHBIX 1 UMEET BUJ
M z? 4+ Aay? + N3z + 2012 + 200y + 2a3z + k = 0. (4)

ITostHOE ynpoueHue ypaBHeHus (1) IPOUCXOAUT B HECKOIBKO STAIIOB.

I. Ecau B ypaBHEHUM €CTh YJIEHBI, CONEPKAIIUE IPOU3BEICHNUS TIe-
PEMEHHBIX, TO 3aMeHsdeM 0a3uC C MOMOIIBI0 OPTOTOHAJIBLHOU MaTPUILHI
nepexoya S Tak, Kak onucaHo Beime. [Ipeobpa3oBaHHOE ypaBHEHUE PU-
mer Bug (4).

II. Ecin B ypaBHEHHHU y2Ke HET HJIEHOB, COJEPXKAIIUX IIPOU3BE/IE-
HUsl IEPEMEHHBIX, HO UMEIOTCA KBaJIPAThl IEPEMEHHBIX U OJHOUMEHHBIE
JIMHEHHBIE YJIeHbI, TO JOMOJHIEM 3TH Maphl YWIEHOB «I0 MOJHBIX KBaIpa-
TOB» U MEPEHOCUM HAYaJI0 KOOPAUHAT TaK, 9YTOOBI B MPEoOGpa3OBAHHOM
YPABHEHUN COOTBETCTBYIOIIUX JIMHEHHBIX YJIEHOB HE OBLIO.

ITI. Eciu ypaBHEHME yIPOIIEHO TAK, YTO B HEM €CTh KBa/IPATHL TO/Ib-
KO JBYX II€PEMEHHBIX, JIMHEUHBII 4jIeH ¢ TpeThbell IepeMeHHOl, a KpoMe
9TOr0 TOJILKO CBODOMIHBIN UJI€H, TO IEPEHOCOM HadaJjla KOOPAUHAT BJOJb
0CH, COOTBETCTBYIOIIEH JIMHEHHOMY HYJIEHY, MOXKHO OOPATUTh B HYJIb CBO-
Gonubiit wied. Hanpumep, B ypaBHeHUN

A1$2—|—)\2y2 +az+k=0
BBINOJIHAEM 3aMeHy 2 = 2’ — k/a u mosyvaem ypaBHeHUe
Mz 4+ Xy? +az' =0 (6)
6e3 cBOOOJIHOTO YJIeHA.
IV. Ecu B ypaBHeHUN mMeeTCsa KBaJIPAT JIUIIb OJHOM IepeMEeHHOH,

JINHEUHBIE YJIEHBI, CO/IEPIKAIINE APYTHe [IEPEMEHHbBIE U, MOXKeT ObITh, CBO-
OOIHBIIN YIeH, TO MOYXKHO CAEJIaTh 3aMEHY KOODAWHAT B IJIOCKOCTH, COOT-
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BETCTBYIOIIEH JIMTHEHHBIM YJIEHAM TaK, YTOOBI BCE YJIEHBI HUXKE BTOPOM
CTeleHn 3aMeHMINCh Ha oanH. Hanmpumep, yrmpocrum ypaBHEHUE

Az +ay+bz +c=0. (7)
ITonoxum

y'=pay+bz+c), 2 =p"t(~by+az), me p=+a2+ 2. (8)
@opmysbl  (8) ONpEmENSIOT OPTOTOHAJBHYIO 3aMeHY KOODJMHAT.
VYpasuenne (7) nepexonur B

Az? + py' =0. 9)

V. BBINOJIHUE ONWCAHHBIE BhIIIE JEHCTBHSA, MBI TIOJyYUM yPaBHEHUE
NOBEPXHOCTH B «IOYTH KAHOHUYECKO» dopme. [Toumu Kanonudeckumu
MBI HA3bIBAEM yPABHEHUSA, OTJIMYAIONTAECH OT TaOJIUIHBIX KAHOHUICCKUX
ypaBHeHuil, camoe GojIbIliee, YUCIOBLIM MHOMKHTEIEM, HyMepamuei Ko-
OpAUHAT, TIEPEHOCOM WJICHOB M3 OJHON YacTH PABEHCTBA B JAPYIYIO I
3HAKOM pu JjuHefiHOM d4jieHe. COOTBETCTBYIOMIMI HA3UC U CUCTEMY KO-
OpAMHAT TakKe Oy/JeM Ha3bIBATh MOYTH KAHOHHUYECKHMH. llepexor oT
NOYTH KAHOHWYECKON CHCTEMBI KOODJMHAT K KAHOHMYECKON OYEBHUJICH.
Ona mosty4aercs U3 IOYTH KAHOHUIECKON BO3MOXKHO M3MEHEHUEM HYy-
Meparun Ga3UCHBIX BEKTOPOB W 3aMEHON HAIpPaBJIeHHA KaKUX-TU00 U3
3TUX BEKTOPOB Ha MPOTUBONOJIOXKHBIE. Hadala KaHOHUYECKOH W MOYTH
KaHOHMYECKOH CHCTEMBI KOODAMHAT COBIAIAOT.

Orbickanue hopMyJ1 IEPexoia K KAHOHUYECKOH CUCTeMe KOOPAUHAT
NPOUCXOAUT OJJHOBPEMEHHO C yIIPOIICHUEM yPABHEHUS TOBEPXHOCTH U TaK-
JK€ PacIaIaeTcs Ha HECKOIbKO 3TanoB. [Ipu 9TOM MO/I€3HO MOMHHTD, 9TO:

a) IpU MOCJIEI0BATEIBHBIX 3aMeHaX KOODJUHAT MATPHITH MEPeXoa
IIEPEMHOXKAIOTCA, IPUYIeM MHOXKHATEb, COOTBETCTBYIOIIUI MOCIe Y FoIeit
3aMeHe, MUIIeTCA TPaBee;

6) mpuUMeHsis aJTOPUTM, U3JIOKEHHBIN BBIIIE, HA KaXKJIOM JTAIe MBI
HOJIy9aeM KOOPJAUHATHI HOBOTO Hadaja B IPOMEXKYTOYHON CHCTEME KO-
Op/IUHAT.

Banaua ynpomeHns ypaBHEHNsA NOBEPXHOCTH BTOPOTO MOPAIKA, CUH-
TaeTCsA MOTHOCTHIO PENIeHHON, eCIM HalieHO KaHOHMYECKOe ypaBHEHUe
HOBEPXHOCTH 11 KAHOHUYECKas CUCTEMa KOODAWHAT.

JlobGaBuM, 9TO KAaHOHHYIECKAsd CUCTEMa KOODAUHAT JJis JAHHOM 1mo-
BEPXHOCTH OIPE/EeJICHa HE OJHO3HAYHO, TAKXKe KaK U MOYTH KAHOHUIe-
CKO€ yPaBHEHHUE U TIOYTU KAHOHUYECKAs CHCTEMa KOODIUHAT.

CymecTByOT U JApyrue crnocobbl NPUBEIEHNsS yPaBHEHUS IMOBEPX-
HOCTH BTOPOT'O TOPAIKA K KaHOHHYECKOMY BHUIy. B HEKOTODBIX U3 HUX
MePeHOC Hava1a KOOPJIMHAT MpeJIeCTByeT H3MeHeHno basuca, obpama-
I0IEMY B HyJIb 9JIEHBI C IPOU3BEJICHUAMYI KOOPIUHAT. DTHU CIOCOOBI CBA-
3aHBI C MOHATHEM LEHTPa MOBEPXHOCTH. ECiu ypaBHEHHE MOBEPXHOCTH
3amaHo B popme (2), TO KOOPAUHATHI IEHTPA OIPEIEJISIOTCS U3 yPaBHe-
HUA

Ac+a’ =o. (10)
Eciin moBepxHOCTb MMEET HEHTP U COAEPKUT XOTh OJHY BEIIECTBEHHYIO
TOYKY, TO HEHTP ABJIAETCA NEHTPOM CUMMETPUHU TOBEPXHOCTH.
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Ilpusenem ofyH U3 TAKUX CIIOCOBOB YIPOIIEHUS yPABHEHUS TOBEPX-
HOCTH, 33manHOro B dopme (2). IlycTh ¢ — CAMOCONpPSIZKEHHOE Mpe-
obpazoBaHue, 33JaHHOE B CTAHAAPTHOM Oa3mce apudMeTHIeCKOTO MpOo-
crpancrBa £ marpuneii A; Q, P — 4Ap0o U MHOXKECTBO 3HAYEHUHN ITOr0
npeobpazoBanus. I[lockosbky P H Q = €, MOXKHO Pa3JI0KUTh CTPOKY a
Bcymmy a=p’ +q7, tme p3> P, a q > Q. MeroTca 186 BO3MOXKHOCTIL:

a) q=0. B srom ciysae al = p, u cucrema ypasuennit (10) cos-
MecTHa. 3amena &= &' + ¢ npusener (2) x BULy, He COfepIKAIIEMy JIH-
HEWHBIX YJIEHOB.

6) q# 0. Cucrema (10) He coBMeCTHA, TOBEPXHOCTh HE MMEET I[eH-
Tpa. B aroMm ciiygae q — coGCTBEHHBI BEKTOP MPEOOPa30BaHUs @, OT-
BEYAIOIIMI HyJIEBOMY COOCTBEHHOMY 3HAYEHUIO, U HANIETCA JIMATOHAIIH-
supyomasa A oproronassaas Marpuua S co cronbuom q / |q|. Cucrema

YPABHEHIH Ab+p=o0, (2q"+pT)b+k=0 (11)
obazaressHO coBmecTHA. Ilycts b — oxuo u3 ee pemrennii. [lociie 3amensr
&= S& +b ypasuenue (2) cTaHeT MOYTH KAHOHIIECKIM.

s memoHCTpanuy 0O0MX BBIIMIEH3JIOKEHHBIX CHOCODOB B IJIABE
«Pemrenns» pazobpanst 3amaun 11.22, 16) u 11.22, 24).

NMuBapuanrei. O0mIe cBolicTBa MOBEPXHOCTEMN
Broporo nopsiika (11.1-11.18)

11.1. IlepeuyncanTh MOBEPXHOCTH BTOPOTO TOPSJIKA, JJIsT KO-
TOPBIX:

1) R=4; 2)R=3; 3)R=2, 4) R=1,;

5)r=3;, 6)r=2; 7)r=1.

11.2. OxapakTepu3oBaTh C TMOMOINIBI0 MHBAPHAHTOB «OCHOB-
HYIO» TPYIIY BENIECTBEHHBIX IOBEPXHOCTEH BTOPOTO MOPSIIKA: JI-
JIUTICOWJTBI, TUTIEPOOJSIONIBI, TTAPAOOTOUIHI.

11.3. OxapakTepu30BaTh C MOMOIIBI0 MHBAPUAHTOB CJIEIYIO-
e TPYIIBI TOBEPXHOCTEH BTOPOTO MOPSIKA!

1) mapabosonapl 1 mapaboNInIecKue IINH/IPHL;

2) HOBEPXHOCTH, COCTOSIINE U3 TLIOCKOCTEI;

3) «MHHMBIE» TIOBEPXHOCTU: «MHHUMBIE JIJIUIICOM/IBIY, «MHH-
Mble KOHYChI», « MHUMBbI€ JITUNTUYECKNE [TUIUHAPBIY, «ITapbl MHU-
MBIX TIEPECEKAIONINXCS TIJIOCKOCTEHY, «Iapbl MHUMBIX TapaJliieib-
HBIX IIJIOCKOCTEM».

11.4. 1) Kakne u3 «MHUMBIX» TOBEPXHOCTEH BTOPOTO MOPSLJI-
Ka (cM. 3aqa4dy 11.3, 3)) He UMEIOT BeleCTBEHHBIX ToUeK ! Oxapak-
TEPU30BATh C MOMOIIBI0 MHBAPUAHTOB Ty I'PYIILY MOBEPXHOCTEI.
2) Kakne 13 «MHUMBIX» TIOBEPXHOCTEIT BTOPOTO MOPSIIKA NMEIOT
BEIIIECTBEHHBIE TOUKH U KaK 9TH MOBEPXHOCTH BHINIsAAT! Oxapax-
TEPU30BATH C IIOMOIIBI0 MHBAPHAHTOB 3Ty TPYIILY MOBEPXHOCTEI.
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11.5. OxapakTepu3oBaTh C TOMOIIBI0 WHBAPUAHTOB MOBEPX-
HOCTU BTOPOTO TOPSIKA, HE BBIPOKJIAIONINECS B IIYCTOE MHOXKe-
CTBO, B TOUKY, NMPAMYIO, IIJOCKOCTh WJIN TAPy IJIOCKOCTEM.

11.6. OxapakTepu30BaTh C MOMOIIBI0 WHBAPUAHTOB BEIECT-
BEHHBIC IOBECPXHOCTH, UMEIOIINE:

1) mBa cemelicTBa MPSIMONIMHERHBIX 0OPA3yOIINX;

2) 0fHO CeMENCTBO MPSIMOINHENHBIX 00PA3YOIIHX.

11.7. TlepeuncanTh TOBEPXHOCTU BTOPOTO TIOPSIKA, KAHOHIIE-
CKHe YpaBHEHUsI KOTOPBIX COMEPKAT HEHYJIEBON CBOOOTHBIN JIEH.
OxapakTepn3oBaTh TU MMOBEPXHOCTU C TOMOINBIO WHBAPUAHTOB.

11.8. Ilycth ypaBHEHHE TOBEPXHOCTHU 3AMMCAHO B MATPUIHOM
dopwme (2), npeobpazosantoe — B popme (4) (cm. BBemeHue K § 11).
Broipasuth koadpdunuentsr A, a’, k' gepes A, a, k, ecnn:

1) g=¢&+b; 2)&=S5&+b.

11.9. 1) Ilposepurhb, UTO CyUIECTBYIOT TAKUe YPABHEHUS BTO-
poii cTereHn, B KOTOPBIX C IIOMOIIBIO TIEPEX0/ia K HOBOI JIeKapTO-
BOM cHCTeMe KOOD/IMHAT HEJIb3sl YHHUYTOXKHUTH BCE UJIEHBI C TEp-
BBIMU CTEMIEHSIMHU TepeMeHHbIX. [lepeunmcanTh Bce THOBI TaKUX
TIOBEPXHOCTEN W OXapaKTEPU30BATh MX C ITOMOIIBI0 MHBAPUAHTOB.

2) ITpoBepuTh, 9TO CYIIECTBYIOT TaKUe YPABHEHHs BTOPOIi CTe-
TIeHN, B KOTOPBIX C IIOMOIIBIO TIepPexXojia K HOBO# JAeKapTOBOI cH-
cTeMe KOOPJAWHAT MOYKHO YHUYTOXKHUTH BCE UJIEHBI HUXKE BTOPOI
crenenu. [lepeuncanTh Bce TUNBI TAKUX TMOBEPXHOCTEH U OXapak-
TEPU30BATh UX C TIOMOIIBIO0 MHBAPUAHTOB.

11.10. 1) Kaxue BemecTBeHHBIE TIOBEPXHOCTH BTOPOTO TIOPSII-
Ka MMEIOT TEHTP CUMMETPUN !

2) CKOIIBKO IIEHTPOB CHMMETPHH MOXKET MMETh ITOBEPXHOCTH
BTOPOTO TOPSIIKA?

3) Hokazarb, 4TO JjIsl TIOBEPXHOCTH BTOPOTO MOPSIZKA OCYIIe-
CTBUMBI TOJIBKO CJIEIYIONINE BO3MOXKHOCTU. [loBEepXHOCTH:

a) He MMeeT IEHTPa CHMMETPHH;

6) uMeeT eAMHCTBEHHBII [IEHTP CHMMETPHH;

B) MMEET MPSIMYIO, COCTOSIIYIO U3 IEHTPOB CUMMETDHH;

I') UMeeT IIOCKOCTh, COCTOSIILYIO U3 IIEHTPOB CHMMETPHH.

11.11. IlepeuncanTsh u OXapaKTEPU30BATh U€PE3 MHBAPHUAHTHI
THUIBI TTOBEPXHOCTEN BTOPOTO MOPSLIKA!

1) He UMEIMUX IEHTPA;

2) UMEIOINX eMHCTBEHHBIN IIEHTP;

3) mmeromux 6ECKOHEYHO MHOTO IIEHTPOB.
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11.12. /Toka3aTh yTBEPKICHUS:

1) ecyin MOBEPXHOCTH BTOPOTO MOPsIIKA UMEET IEHTD, U OH Pac-
TTOJIOXKEH B Hadajie KOOPAWHAT, TO YPaBHEHUE TIOBEPXHOCTU HE CO-
JIEPKUT JIMHEHHBIX WJIEHOB;

2) ecam ypaBHEHHE TOBEPXHOCTH BTOPOTO MOPSIIKA HE COIEP-
JKUT JINHEHHBIX YJIEHOB, TO MTOBEPXHOCTH WMEET IIEHTP, PACIOJIO-
JKEHHBI B HavaJjie KOOPJIMHAT.

11.13. 1) Iomb3ysich pesyabratamu 3ama4 11.8 n 11.12, mosy-
YUTHh CHCTEMY YPABHEHHIl /JIsi IIEHTPA MOBEPXHOCTH BTOPOIO MO-
psaxa (1. e. ypaBrenue (10) u3 Bemenus x § 11).

2) Kak n3menuTcst cBOGOIHBII UiIeH ypaBHEeHHsT (2), ecim Hava-
JIO KOOP/IMHAT TIOMECTUTD B IIEHTD TIOBEPXHOCTH BTOPOTO TOPsiIKA?

11.14. Joxazath, uto ycaosue det A # 0 HeoOXOIUMO U JTOCTa-
TOYHO JIJTsl CYIECTBOBAHMS €UHCTBEHHOTO IIEHTPa Y MOBEPXHOCTH
BTOPOTO TIOPSIZIKA, 33JaHHOM ypaBHeHneM (2).

11.15. ObocHOBaTh BTOPOIT C€IOCOG YNPOINEHWUST ypaBHEHUS
TTOBEPXHOCTU BTOPOTO TTOPSi/IKA, M3JIOKEHHBIN BO BBegeHNM K § 11,
T. €. JIOKa3aTh KaxXKJ0€ U3 yTBEPXKICHW MyHKTOB a) u 0).

11.16. 1) YpaBHeHHE MOBEPXHOCTH BTOPOTO TIOPSIIKA 3aIIUCA-
HO B pa3BepHyToit ¢popme (1) u B maTpuanoii popme (2). Bee koad-
pUIHEHTH PAa3BEPHYTOTO YPABHEHUST YMHOKEHBI Ha 9ncyIo (i 7 0.
Yro mpouzoiiner ¢ marpuneii A? Kak u3MeHATCs TpU 3TOM KOPHHU
XapaKTepUCTHIECKOro ypaBHenus |A — AE| =07

2) YpaBHEHHE TOBEPXHOCTH BTOPOTO MOPSIIKA 3AMUCAHO B IIPsi-
MOYTOJIBHON CHCTEME KOOPAMHAT, W B HEM COBEpPINEH Tepexon K
JPYTOil PAMOYTOJbHON cucTeme. JloKa3aTh, 9TO IPU 9TOM HE U3-
MEHUTCs XapakTepucTudeckoe ypasuenne |A — \E| = 0, a mostomy
HE U3MEHATCsT ero Kopuu. Vzmenurcs: u det A?

11.17. 1) Jaso ypaBHeHHe BTOPOTO TOPSKA B MATPUIHOMN
dbopme (2). Beipasurs Marpuity B Gosbinoii KBagpaTudHoi (Hop-
MBI TIOBEPXHOCTH, 3aJIAHHOM ITMM ypaBHeHmeM, depe3 A, a, k.

2) B ypaBHEHHU TIOBEPXHOCTH COBEPIINEHA 3aMeHa KOOD/IMHAT
&= S& +b. Bemmcars maTpuity T', ¢ TOMOMIBIO KOTOPOit Tpeobpa-
3yeTcst OoJibIiast KBapaTudHasi (popMa MOBEPXHOCTH, U JOKA3aTh,
9TO MPHU MEPEX0/Ie OT OJHON MPSIMOYTOJBHON CUCTEMBI KOOPIUHAT
K napyroit det B He MeHsIeTCsI.

3) Jokazarhb, 4TO TIpU OPTOTOHAJIBHON 3aMeHe KOODAMHAT, OC-
TABJIAIONIEH HAYAJI0 KOOPAMHAT HA MECTe, He M3MEHSIETCSI XapaKTe-
puctudeckoe ypaBrerue |B — AE| =0, a moToMy He U3MEHSIOTCS
ero Ko3hUIueHTh U KOPHU.
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11.18. ITycTs B HeKOTOPOIT 0OIIIEll AEKAPTOBOI CHCTEME KOOP-
JIMHAT yPaBHEHME MOBEPXHOCTH BTOPOTO TOPSIKA TI0 (popMe COBITa-
JIAeT C OJTHUM M3 KAHOHWYECKUX ypaBHeHuii. /lokazaTh, 9To cyIre-
CTBYET JEKApPTOBa MPSIMOYTOJbHAS CUCTEMa KOOPAWHAT, B KOTOPOit
ypaBHEHHE 3TON TOBEPXHOCTH Oy/1eT KAHOHUIECKUM TOTO JKe THUTIA.

OnpesieneHre BU/1a U PaCIIONIOXKEHUS TTIOBEPXHOCTH,
3a/IaHHOI OOIIMM ypaBHEHMEM BTOPOTO IMOPHAIKA
(11.19-11.23)

11.19. ITonw3ysack pesyapraToM 3amaum 11.18, ompenennThb
THUI IOBEPXHOCTH, 3aJaHHON B 0DIIell JEKapTOBOIl cHCTEME KOOP-
JUHAT YPaBHEHUEM:

1) (x+y+2)(z—y+1252) =1,

2) (z+y)(z+y+1)=1

3) (z+y)(z+y+1)=z—y;

5 (rhytzd)(o—y+z) o+t

5 (z+y+z+1l)(z—y+2)=c+2z+1,

6) (z+y)(z—y)=2z

N (x+y+2)(z—y+2z)=0;

8) (x+2y)(z+2y+1) =z

9) (z+y)(z—T5y) = 27

10) (z+y)? =3z +2;

11) (z+2y+32)(2z + 3y +42) + 3z + 4y + 752)* =
12) (z+42y+ 3zg(2:c +3y+42) — (3z+4y +752)? =
13) (x+y)z—az° —x=0;

14) (z+y+2)2+ (z+2y+32)2+ 2z -y +2)>=0;
15) (w+y+z)2+(x+2y+3z)2+(2x+3y+4z)2=o;
16) (z+y+2)°+ (z — 2y+z) 0;

17) (z+y+2)°2+ (x+y)>+ (y+ 2)? = 1987;

18) (z+y+2)*+ (z+y)* = 1987;

19) (z+y+2)2+ (z+y)? +(2x+2y+z)2=

20) (z4+y)2+22+1=0.

11.20. B obmeit gexkapToBoii cucTemMe KOOPIUHAT THUIIEPOOJIO-
u1 3a7aH ypasHerueM (r+y+2)(z—y+2) — (22 —y +22)? = 1.
Haiitu ypaBHeHUE €ro aCUMITOTHYIECKOTO KOHYCA.

11.21. IloBepxHocTb 3ajaHa B OOINEil JeKapTOBOI CHCTEME
KOOPJIMHAT ypaBHEHHEM, cojepxKammM mapamerp k. OmpenennTsb
THI TIOBEPXHOCTH IPH BCEX 3HAYCHUAX K.

1) 22 +z3 + 4:0% +4x123 + 21973 + 221 + 229 + H23 + K = 0;

2) 222 + kx3 + 81179 + dx173 — 471 — 879 — 4T3 = 0;
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3) 3z2 + 2332 + 2333 + 4179 — 27123 + 431 + 430 + 423+ K =0
4) kz? + 873 + 2% + 163172 + 4173 + 4073 — 41 — 429 +

+ 2x3 =0;
5) 3:102 + :v3 + 6:171:102 + 2123 + 42023 + k1o + 23+ 1 =0;
6) (p) 23 — 223 — 3:103 — 4z 129 — 62123 — 221 + 49 + 623 +

+k=0.

11.22. TToBepxHOCTDH 3a/1aHA YpaBHEHUEM B JIEKAPTOBO Mps-
MOYTOJIBHOM CHUCTEME KOOpAUHAT. HaiiTn KaHOHUYIECKYI0 CHUCTEMY
KOOpJIMHAT W KAaHOHWYECKOe ypaBHeHme 3Toit moBepxuocTu. Otmpe-
JEJIUTH TUT TTOBEPXHOCTH.

1) 222 + 9y + 222 — 4wy + 4yz — 1 = 0;

2) 4y — 322+ 4oy —4dxz+ 8yz = 0;
) 224y + 422 — 2wy +drz —dyz — 22+ 2y + 22 = 0;
Yy x?+ P42 —aytazt+yz+3r+3y—32=0;
) 22 =322 —4yz — 4y +22+5=0;
Y 2? +y? 422 - 22y —dr+ 4y +3=0;
) Y2+ 2zz+20+22+1=0;
) x? + 2y + 522 + dyz + 20y + 20z — 10 = 0;
) —x% 4+ 5y% 4 522 4 8yz + 2z + 12y + 242 4 36 = 0;
0) 222 4 5y? + 522 + 6yz + 42 + 16y + 162 + 10 = 0;
1) 422 + 4y? — 4oy — 120 — 12y — 52+ 1 = 0;
2) x2+y2+z2+2xy—12x+4y+6z—3=O;
13) 4a? +9y —12xy+2as+ 10y +1=0;
14) 6my 8y — 2% 4+ 60y + 22 +89 = 0;
15) 5z? +8y +4:cy+2:c+44y 36z+65 0;
16) (p ) —z? +y + 2% —2yz + 2z + 3y — 5z-|—1—0;
17) 9y? +16z +24yz+53:+10y+5z+11 =0;
18) 1622 +9y z — 24xy — 9$—12y+4z+71—0;
19) 222 +2y + 22 — 102y + 202 — 8y + 29 = 0;
20) a: + 7y - 24yz + 2z + 120y = 0;
21) 22 —4y — 422 +10yz + 22 + 2y + 22+ 3 = 0;
22) 32 +4:cy+8:c+8y 4z =0;
23) —x2 — 9y? + 62y + 50z — 50y — 152 — 100 = 0;
24) (p) 42? +y% + 922 + 4oy — 1222 — 6yz + 22 + 6y — 62 —
—-5=0.

11.23. IloBepxHOCTH 3aJaHa B JEKAPTOBOU MPAMOYTOIHHOM
CHUCTEeMe KOOPAWHAT ypaBHEHUEM, coaepzkaiiuM napamerp k. Ilpu
JTAHHOM 3HAYEHWM Kk HAfTH KAHOHUYECKYIO CHCTEMY KOODIWHAT U
KaHOHMYECKOe ypaBHeHUe moBepxHoCTH. OTpesesnTh TUTT TOBEPX-
HOCTH TIPU BCEBO3MOXKHBIX k. ECm mMoBepXHOCTH MpeICTABIISAET CO-
60it IPAMYIO, IJIOCKOCTh WJIN Tapy IJOCKOCTel, HAlTH JTMHEWHbIE
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yPaBHEHIS 3TUX MHOXKECTB B MCXOIHON CHCTeMe KOODAWHAT.
1) 522 + 5y? + 322 4 2xy + 2222 + 2v/2yz + 262 + 34y +
+ 10v22+49 =0.
2) 222 4+ 9y% 4+ 22% —day +dyz +4x+ 2y — 42— 1 = 0;
3) dy? — 322 + 4wy —dxz+8yz+4x — 22+ k=0; a)k:—l;
6)14:-5 B) k=11.
4) 222 + 2y +22% 4 2wy + 2wz + 2yz + 4x — 4y + 4 = 0;
5) 322 +3y® + 322 — 20y — 202 — 2yz — 8z + 8y + k= 0;
a) k=4; 6) k=8.
):c +y + 422 — 2xy + 4wz — dyz — 120+ 12y — 24z+6 0;
)a: +y + 422 — 20y + 4wz — dyz + 24y — 242+ 12 = 0;
) x? +y +4z —23:y+4a:z—4yz+5x+y 22 =0;
) 222+ 2y +22% — 22y + 222 4 2yz — 62 — 6y—122+k=0;
a) k=15 6) k= 18.
0) 222 4 2% + 222 — 22y + 2wz + 2yz + 182 + 18 = 0;
1) 224 2y% + 22 — 22y — 2yz + 62 — 6y + k = 0;
a) k=8; 6) k=9.
12) 22 +2y2 + 2% — 22y — 2yz + 18z — 6y + 62 — 18 = 0;
13) 322 — Ty + 322 + 8y — S8yz — 8wz — 4z + 6y + 82 + k = 0;
a) k=-12; 6) k=-3; B) k=6.
14) 2y% — 322 — 2¢/3zy — 4xz + 4v/3yz + 502 + k = 0;
a) k=-75; 6) k=-70; B) k= —80.
15) 222 4+ 2y2 + 222 + 8y + 8xz — 8yz — 8x — 4y + 8z + k = 0;
a) k=—-4; 6) k=2; B) k=8.
16) 4z? + 4y? — 222 + 4oy — 8wz + 8yz + 120 — 12y + 242 +
+ k=0; a) k=—-42; 6) k=-36; B) k= —30.
17) 8y% + 4wy + 222 +dyz + 4+ 8y + k = 0;
a) k=0;06) k=-9.
8) 8y? +4xy +2xz+ 4dyz + 8z + 6y +42+6 =0;
19) 422 +y? +92°% + 4oy — 1222 — 6yz + 11z + 3y — 2 +1 =0;
)
)

6
7
8
9

1
1

0) 422 +y? + 922 + 4oy — 1222 — 6yz + 62 — 2y — 62+ 11 = 0;
422 + % + 922 + 4oy — 1222 — 6yz 4+ 4o + 2y — 62+ k = 0;
a) k=1, 6) k=-13.

22) —x2 4+ 10y? — 22 — 8xy + 6wz + 8yz + 24z — 8y — 162 +
+ k=0; a) k=-26; 6) k=—14; B) k=—-2.
23) 222 —y? 4+ 222 + 4oy — 2x2 +4yz + 102 — 2y — 22+ k= 0;
a)k=2; 6) k=5; B) k=8.

24) 22 +9y? — 222 + 102y + 4wz — dyz + 13z + 11y + 22 +
+ 6=0.

25) 2% +y? — 222 + 10xy + 4oz — dyz + 242 — 122 + k = 0;
a) k=-12; 6) k= —6.
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ITIPEOBPA3OBAHNUA ITJIOCKOCTH. I'PVYIIIIBI

§ 12. JIuneiinbie 1 acdppuHHBbIE
npeobpa30oBaHUS MJIIOCKOCTU

B srom maparpade ncnoab3yorcd Caeayonme OCHOBHbIE TTOHATHS:
omobpasicerue 00020 MHOJICECTBA 8 OpYzoe, NPeobpasosanue MHoice-
cmea, 0bpas INEMERMA U MHONCECTNEA, NOAHbBIT NPO0OPA3 dAEMEHMA U
MHoocecmea, eaocicenue (unseRmMueHoE 0mobpasicerue), 63aumno 00-
nosnaunoe (Guexmusnoe) omobpasicenue, Haaodcenue (cCropsexmMueHoe
omobpasicenue), npoudsederue omobpasiceruti, obpammoe omobpasicerue,
aunetinoe npeobpasosarue naockocmu, agpdunnoe npeobpazosanue, 06-
pa3 B8eKMOPa NPu AUHETHOM NPeobpasosanuu, sunelinoe npeobpa3osa-
HUE BEKMOPHOU MAOCKOCTIU, CUMMEMPUS MAOCKOCTIU OMHOCUMENDHO
NPAMOT, CUMMEMPUS NAOCKOCTNU OTVHOCUMEABHO TNOUKY, 20MOMEMUL,
NAPAANEABHBT NEPEHOC NAOCKOCTNU, CHCAMUE K NPAMOT ¢ Kodpduruen-
mom k, 0pmozonasvHoe npeobpasosanue, eaasHble HAnpasaerus aPdur-
H020 NPeobpasosarus, cobcmeenHsle 8EKMOPLL AUHETH020 NPE0bPA306a-
HUA BEKMOPHOT NAOCKOCTIU.

Omobpasicenue f: X — ) mHOXKEcTBa X B MHOXKECTBO ) — 3TO
[IPABUJIO, KOTOPOE KAXKJIOMY JIEMEHTY & € X COIIOCTABJISET €IUHCTBEH-
HBI 3ymemenT y = f(z) € ), Ha3bIBaeMbIl 06pa30M IAEMEHMA T TIPH
orobpaxkenuu f. MuoxkecTtBo X Ha3bIBaETCA 06.4aCTNBIO ONPEIENCHUS,
MHOXKeCTBO Y — obaacmvio 3navenuti omobpasicenus f. COBOKYyIHOCTH
f(X) obpa3oB Bcex 21eMeHTOB & € X' HA3BIBACTCS MHONCECTNBOM 3HAUE-
nuti omobpasicenus f (obpasom mmooicecmea X npu orobparkeHun f).
Orobpaxenue f: X — X HasbBaercd npeobpasosanuem mrogxcecmsa X .
Oeparuvenuem omobpasicenus f: X — ) na nommuoxkecrse M C X Ha-
3bIBaercsa orobpaxenue fa: M — Y, coBmanatomee ¢ f za M.

Orobpaxkenune f: X — Y Ha3bBaeTCH 6400CEHUEM (WA UHBEKMUG-
HOLM 0MOBpadicenuem), ecii u3 x1 # o crenyer f(x1) # f(z2). OTobpa-
JKeHue f Ha3bIBAETCH Hasodiceruem (WIN CIoOpsekmueHbIM 0Mobpatcenu-
em), ecim f(X)=Y. Orobpaxkenne [ Ha3bIBAETCA  63AUMHO
00Ho3HauHBIM omobpadicenuem X Ha ) (Wm Guexmusnvlm omobpadice-
HUEM), €CJI OHO SBJIAETCH BJIOYKEHUEM M HAJIOXKEHUEM.

IIpamovim (nnm dexapmosvim) npoussederuem X X Y MHOXKecTB X, Y
Ha3bIBAETCS MHOXKECTBO yropsimodeHHbix map {(z,y)|z € X,y € Y}. Huc-
JIO 9JIEMEHTOB KOHEYTHOI0 MHOKeCTBa (nopadok) obo3nadaercd 1epes | X|.

IIpoussedenuem omobpasicenutds f: X — )Y u g: Y — Z Ha3bIBaeT-
ca orobpaxkernue h = gf: X — Z, onpenensemoe pasercrsoM (gf)(z) =
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=g(f(z)) (z € X). Ilpoussenenne g ONPENEIEHO, €CIM MHOXKECTBO 3HA-
qeHU oTobpaxKeHusi f BXOAUT B 00JIACTH ONpPEIEJIeHns] OTOOPAYKEHUS g.

Toorcdecmeennoe npeobpazosarue 1 (M 1y ) MHOXKecTBa X Ompee-
JIFeTCA PABEHCTBOM (%) = & mya mo6oro snemeHTa T € X

Orobpaxkenne g: Y — X HasbBaeTCd 006pamHviM K OTODPAKEHIIO
f: X =Y u obosmavaerca f~ !, ecim qursr mobeix € X, y € Y cpases-
et pasercta f1(f(z)) =z, f(f~(y)) = y. ObpaTHoe oToGparkenue
CyIIeCTBYeT, ecit f ABJSETCS B3aNMHO OfHO3HAYHBIM: f~1(y) =z, Tme
& — eJMHCTBEHHBIH s5eMeHT u3 X, Takoii, uro f(z) =y.

IIpoo6pasom smemenTa (B reomMeTpum — TOUKH) Yy € Y mpm 0TO6Pa-
xernn f: X — ) HasbIBaeTca 06oii sstemenT x € X Takoit, uro f(z) = y.
Hoanvim npoobpasom f~1(S) muokectsa S C) Ha3BIBAaETCA COBOKYTI-
HOCTB BCEX IIPOOOPA30B BCEX AIEMEHTOB u3 S.

Touka x € X Ha3BIBaeTCA HEeNodSUINCHOT MOuKOUT MPeobpaszosarus
fi: X = X, ecmm f(x) = 2. MHO)ecTBO M C X HasbIBaeTCHI HENOJSUIIC-
HbLM OTHOCUTEJHHO TIPeoOpa3oBaHus [, €CJM BCE €r0 TOYKH HEIOIBIK-
Hbl. MHOXKECTBO M Ha3BIBAETCH UHBAPUAHMHHLM OTHOCUTEIBHO MPe0s-
pasoBanmsa [, ecym mus go6oit roukn x € M takxke f(z) € M. Jlo6oe
HEIIOJIBUKHOE MHOXKECTBO MHBAPHUAHTHO, O6paTHOE HEBEPHO.

IIycrs f — mpeobpa3oBaHme MIIOCKOCTH, Ha KOTOPOH 3a/1aHa JIEKap-
TOBa cucremMa KoopawHar. KoopamHaTbl z*, y* obpasa mpou3BOJIBHON
TOYKHM ILIOCKOCTH BBIPAXKAIOTCS 9ePE3 KOOPIAWHATHI T, Y ITOH TOUKH C
MIOMOIIHIO TIAPBI BEIECTBEHHBIX (DYHKIUI OT JABYX IEPEMEHHBIX:

* * __
*=p(zy), Y =¢(=,y). (1)
@opmyaer (1) HaspBatoTCA Koopdunamuoti 3anucvio npeobpasosa-
HUA IIJIOCKOCTHU.
Junetinoe npeobpasosanue naockocmu 3a1a€Tcd B JII000M JeKapTo-
BOIl cucreme KoopauHAT (hopmysramu

¥ =a1x+by+ci, )
y* = asx + bay + co.

Bzaumuo oHO3HAUHOE JIMHEITHOE IPe0bpa30BaHME MIJIOCKOCTH HA3HIBAET-
ca agpunnvim peobpazosanreM. JIuHeitHOe Tpeobpa3oBaHue, 3aNUCAH-
Hoe opmysamu (2), adpuHHO TOrIA U TOIBKO TOTIA, KOLIA

_lar bl
A= 4y b # 0.

Obpaszom eexmopa a = AB upu jmHefiHOM npeobpaszoBanuu f Ha3bIBa-
e .

erca Bekrop a* = f(A)f(B). B cuuy sroro, nuHeitHoe mpeoGpasoBaHue

IJIOCKOCTHU OIIPEJIENsAeT IPeobpa3oBaHne MHOXKECTBA BEKTOPOB ILIOCKO-

cru. OHO 0G03HAYaeTCd TOi ke OyKBOit f u 3amaerca dpopmyaaMu

a* =ara+bp, B* = asa+ baf3,

rue (o, 8) u (a*, 8*) — koopauHaTH! BeKTOpa U ero o6pasa. [Ipeobpazosa-
HUE MHOXKECTBA BEKTOPOB, 33J1aBaeMOe TaKuMu (DOPMyYJIaMU B HEKOTOPOM
6a3uce, HA3BIBAETC AUMHEUHBIM TTPEOOPA3OBAHUIEM.
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IIycre O, €1, €2 — ieKapTOBa CUCTEMAa KOOPIMHAT, B KOTOPOIi Ipeob-
pasosarue [ 3amaerca dopmynamu (2), f(e;) =ef (i=1,2), f(O) = O*.
Tor,qa ef (al, ag), e§ (bl,bg), o* (Cl, Cg).

Addunnoe npeobpasosanue f Ha3BIBAETCA PEOOPA3OBAHUEM NED-
6020 poda, eciu Ga3uckl €1, €3 1 f(e1), f(e2) OPHEHTUPOBAHBI OIUHAKOBO;
68mMopo20 poda — eciii MPOTUBOIOIOKHO. 151 adhdurHOrO IPEOOpPa3OBa-
Husa mepsoro poga A >0, nja npeobpasosaHus Broporo poma A < 0.

Ecmn & — durypa Ha mrockocTu, uMerImasa mwiomaas S, a S* —
wromah ee obpasza npu adbdurROM TTpeobpasosarmu f, To S* /S = |A]|.

OpmozotasbHsim HA3BIBAETCS MPEoOpPa30BaHUE IJIOCKOCTH, COXPa-
HSIOIIEE PACCTOSTHUS MeX Ay Touykamu. OpToroHajbHOE Ipeobpa3oBaHme
adGUHHO U 33/1aeTCs B IPSIMOYTOJIBLHOI crCTeMe KOOpArHAT (hbopMyiaMu

x* =xcosp —ysinp + xg, (3)
y* =zsinp +ycosy + Yo

JIJI8 Ipeobpa30BaHUs IEPBOrO POJIA U

x* =xzcosy + ysinp + zo, (4)
y* =asinp —ycosy +yo

JIJ1 Ipeodpa30BaHUsi BTOPOro Poja.

Corcamuem ¢ koappuyuenmom X > 0 x npamoti | HazpiBaeTcs ad-
dunHOEe peobpa3oBanue, 3agaBaemoe dopmysaamu ¥ = x, y* = Ay, ec-
Jin ipsiMast | BbIOpaHa B Ka4eCTBE OCH abCIMCC IPSAMOYTOJbHON CACTEMBI
koopmuHAT. (IIpm A > 1 970 IpeobpasoBaHme MOXKHO HA3BIBATH PACTSKE-
HUEM. )

Besakoe addunnoe npeobpaszoBanue [ sABISETCH TPOU3BEICHUEM
f = hihsag, Tne g — oproronajpHOE IpeodbpaszoBaHnue, a hy u ho — cxKaTUsA
K JIByM B3aUMHO NEPIEHIUKYIAPHBIM TpaMbiM. HampaBieHus sTux nps-
MBIX HA3BIBAIOTC 2406HbIMU W CUH2YAADHIMY HATIPABJICHAAMA IIPe-
obpasoBanus f.

Henynesoit BeKTOp a Ha3BIBAETCA COOCTNBEHHbIM GEKMOPOM JIMHEH-
HOrO 1peobpas3oBanus f BEKTOPHON ILJIOCKOCTH, €CJIM CYIIEeCTBYET YUC-
J0 A Takoe, 9yro f(a) = Aa. Uucio A, y10BaeTBOPSIOIIEE 9TOMY YCIOBHIIO,
Ha3bIBaeTCs COOCTBEHHBIM 3HavYeHHeM mpeobpasoBanus f. CobcTBeHHBIE
3HAYEHNS HAXOJAT KAK BEIIECTBEHHBIE KOPHU YPaBHEHUS

a9 b2—>\ =0.

a1—>\ bl ‘

IIpeobpasosaruem nodobus ¢ koappuyuernmom k > 0 Ha3bIBaeTCH
TaKoe npeobpasosanue f mrockoctu, npu koropom | f(A)f(B)| = k|AB|
i 00X Touek A, B.

B zagagax sroro maparpada yros moBOpOTa IJIOCKOCTH MIPHA 3a1aH-
HOM 6a3uce Ha IJIOCKOCTU OTCYUTHIBAETCA B HAIIPABJICHUN KpaTJaiiiero
IIOBOPOTa OT IIEPBOro 6A3UCHOTO BEKTOPA KO BTOPOMY.
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O6mue cBoiicTBa orobparkennii (12.1-12.24)

12.1. Ilycts f: X — Y — orobpakenue. Jlokazarh, 4TO:
1) ecim Ay C A2 C X, 1o f(A1) C f(A2);
2) f(ALUAz) = f(A1) U f(Az);
3) ecmn  Bi,Bs C f(X) CY, o f_1(81 ﬂBg) =
= B) N (Ba);
4) f(A1NA2) C f(A1)N f(A2). Moxer au obpa3 mepecede-

HUS HE COBIAJIATH C TIepecedeHneM o6pas3oB?

12.2. CKOMBKUMU CIIOCOHAME MOXKHO YCTAHOBUTE B3AMMHO OJI-
HO3HAYHOE COOTBETCTBHUE MEXKJY JBYyMs MHOXKECTBAMM, COIEPKA-
MU 110 1 3JIEMEHTOB?

12.3. 1) CkoOIbKO CyIIECTBYeT MPeoOpa3oBaHWUl MHOXKECTBA,
cocrosmero u3 n vjaeMeHToB? CKOIBKO Cpeau HUX B3aUMHO OJHO-
3HAYHBIX !

2) CKOIIBKO BO3MOXKHOCTEll MMeeTCsl [Tl MHOYKECTB 3HAUYEHUIH
Ipeodbpa30BaHUil MHOXKECTBA, U3 7 JJIEMEHTOB?

3) CKOIBKO CyUIeCTBYyeT OTOOPaYKeHU MHOXKeCTBA U3 M e~
MEHTOB B MHOXKECTBO U3 7 3JIEMEHTOB?

12.4. Ilycrs f: X = Y, |X| =m, | Y| =n. Moxer au orobpa-
KeHue [ ObITh:

1) Hanoxkennem mpu n > m?

2) Baoxennem npu n < m?

12.5. [lycts f: X — Y, tme X, Y — KOHEUYHBIE MHOXKECTBA,
COCTOAIINE U3 OJUHAKOBOTO HYMCJIA 31eMeHTOB. Jloka3aTe paBHO-
CHJIBHOCTD CJIEIYIOIINX yTBEPKIeHNUIt:

1) f — Bioxenne;

2) f — HajoXKeHwUe;

3) f B3aMMHO OJHO3HAUHO.

12.6. IIpuBecTu mpumepb! Takux oTobpakennii f: X' — ) bec-
KOHEYHBIX MHOXKeCTB X', ), 9ITO:

1) f aBAsIeTCS HAJIOXKEHMEM, HO HE BJIOYKEHUEM;

2) f ABiseTCs BIOXKEHUWEM, HO HE B3aUMHO OTHO3HATHO.

12.7. YcTaHOBUTH B3aUMHO OJHO3HAYHBIE COOTBETCTBUST MEXK-
/Iy MHOXKEeCTBOM BCeX HATYDPAJbHBIX UNCeJ U JAHHBIM MHOXKECTBOM:

1) MHOXKECTBO BCEX IEJIBIX UHCET;

2) MHOXKeCTBO BCEX YETHBIX UHCEJ,

3) MHOXKECTBO BCEX PAIMOHAJBHBIX YHCEI;

4) MHOXKECTBO BCEX TOYEK ILUIOCKOCTH, KOOPJMHATHI KOTOPBIX
panroHANBHBI (PAIOHAIBHBIX TOYEK );
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5) MHOXKeCTBO BCEX MHTEPBAJIOB HA MPSIMOIi ¢ PAlNOHAIBHBIMA
KOHITAMU;

6) MHOXKECTBO BCeX KPYTOB Ha IJIOCKOCTH C TIEHTPAMU B Palli-
OHAJIPHBIX TOYKAX W PAIMOHAJIBHBIMH PaINyCaAMU;

7) MHOXKECTBO BCEX MHOTOWICHOB p(Z) = ag + a1Z + ... + anz”
(n=0,1,2,...) ¢ neaounciaeHHbIMu KO3 dunuenramu a; (i =
=0,1,...,n).

12.8. J/lokazarh, 9TO:

1) Mexk1y MHOYKECTBOM BCEX IEJIBIX YHMCesI U MHOKECTBOM BCEX
riocsrefoBaTesbHocTel uyncesm 0 u 1 HEIB3d YCTAHOBUTH B3AaMMHO
OJTHO3HAYHOT'O COOTBETCTBHI,;

2) CyImecTByeT B3aUMHO OJHO3HAUHOE COOTBETCTBHE MEXKIY
MHOKECTBOM BCEX JIeMCTBUTEIBHBIX TYHCET U MHOYXKECTBOM BCEX ITO-
crnenoBarenbrHocTeit uncena 0 u 1.

12.9. Ilyctp X, Y — GeckoHeuHble MHOXKecTBa, f: X — )Y —
B3aUMHO ONHO3HAYHOE oTobpaxkenme u YN Z = &. Ilpuaymars
B3aUMHO O/IHO3HAYHOE oToOparkenne X wHa YU Z, eciu:

1) Z xonewyno;  2) Z cuerHo.

12.10. [dokaszatb, uTo y Jt0boro orobpaxkenus f: X — ) ume-
eTcd He H6osiee OTHOTO OOPATHOTO OTOOPAXKEHUS.

12.11. [IpuagymaTth B3aWMHO OJHO3HAYHOE OTOODaKeHHUe
IIPAMOI:

1) ma unrepsan (—1,1);  2) ma orpesok [—1,1].

12.12. IIpugymaTs mpeobpa3oBaHue MIOCKOCTH, KOTOPOE B3a-
UMHO OJHO3HAYHO OTOOPAXKAET TIIOCKOCTh:

1) Ha OTKDBITHI KPYT x? + y2 <1

2) ma 3aMKHYTHIT KpyT 22 4+ 92 < 1;

3) ma kBagpar |z| <1, |y| <1 (cucrema KOOpAMHAT — IPSIMO-
yTOJIbHA).

12.13. Jano nuHeiiHOe TpPeoOpPA30BaHME UNCIOBON MIPAMOIL:
f(z)=az+b (a, b — neitcrBurenbuble unucaa). Jokasars, 49TO:

1) f B3aMMHO OJJHO3HAYHO TOTJA ¥ TOJIBKO TOTJA, Korjaa a # 0;

2) f coxpaHsieT HalpaBJIeHWE BEKTOPOB Ha IpsiMoit mpu a > 0
U MEHsIET Ha MPOTUBOIOIOXKHOE TIph a < 0;

3) mpu a # 0 06pa3oM MHTEpBAJIA JIJIUHBI | SIBJISETCS NHTEPBAJ
JuHs |all.

12.14. [Jano mnpeobpasoBanue f(x)=ax+b uucioBoil mps-
Mmoit. Haitru:

1) HemoxBMKHBIE TOUKH TpeodpasoBaHus f;

2) mpeobpa3soBanue, obpaTHoe K mpeobpazoBanuio f (a #0).
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12.15. Hanucars dhopmyty, 3aJa0IIyI0 JUHEHHOE 0TOOpaXKe-
HUe nHTepBaia (a, b) Ha nHTEpBaJ (C, d) YUCIOBOI MIPSIMOIL.

12.16. /lams! auHelHBIE Tpeobpa3oBanusa [ U g IUCIOBOM Mps-
moit: f(x) =ax+0b, g(x)= cx+ d. Haiitn npoussenenust fg u gf.
B xakom cayuae fg=gf?

12.17. Orobpaxenne f IUCTOBOI MPAMOIt B TIOCKOCTD 3314
HO (DOPMYyJIaMU B TIPSMOYTOIBHOM CHCTEMe KOODANHAT: T = a.COSt,
y=">bsint (a>0, b>0).

1) Haittu o6pa3 S mpsMoit nmpu orobparkenun f.

2) dBnsiercs au oTobpakenue f BaOKeHUEM?

3) YkazaTh Kakue-Iub0 MHOXKECTBA Ha MPSMOil, KOTOPBIE B3a-
MMHO OJHO3HAYHO 0TOOparkaroTcs Ha S.

12.18. Orobpaxenne f IUCIOBOI MPAMOIt B MJIOCKOCTD 33,14
HO (hopMyIaMu B MPSIMOYTOJIbHOMN crucTeMe KoopamHat: @ = —cht,
y = sht.

1) Haittu o6pa3 S mpsiMoit nmpu orobparkenun f.

2) dBnsiercs au orobpakenne f BiaoKeHUEM?

3) Haiitu npoobpas ¢ kaxaoit Touku u3 S.

12.19. I[IpeobpasoBanme f TIOCKOCTH 3aJIAHO B MPAMOYTOJb-
HOiT cucTeMe KoopauHat opmymamu: ¥ = 2 —y?, y* = 2xy.

1) dBnsiercs nm npeobpasoBanne f: a) HaAJOXKeHUEM, 0) B3a-
UMHO OJTHO3HAYHBIM !

2) Haiitn mosHBIN Tpoobpa3 mpomsBosibHON TOukm (T*, y*)
MJIOCKOCTH.

12.20. [IpeobpasoBanme f IIOCKOCTH 3aJIaHO B MPAMOYTOJb-
HOIT cucTeme kKoopamHaT dopmynaamm: ¥ = e*cosy, y* = e siny.

1) fdsastercs u mpeoGpazoBanue f B3aMMHO OJHO3HAUHBIM?

2) Beraenanth Ha MIOCKOCTH 00JIACTH, HA KOTOPBHIX f B3aNMHO
OTHO3HAYHO.

3) Ilycrs f — orpanndenne npeobpasoBanus f Ha mosmoce 0 <
<y < 7. Haittu popmyiter, 3agasommue obpaTHoe K f 0ToBpasKeHnme.

12.21. [daner orobpaxkenus f: X =Y, g: Y—>Zuh: Z2—
— U. JlokazaTh acCONMMATUBHOCTb YMHOXKEHUs OTOOparKeHuit, T. e.

pasetctso h(gf)= (hg) f.

12.22. [lycts X', Y — HenycThle MHOXKeCTBa, Z = X X Y. OTo-
6paxenue m: Z — ) (npoekTupoBanue Z Ha )) ONpeIeseTcs pa-
BercTBoM 7((z,y)) = y. [lokasaTs, 4T0 ™ — HaJIOXKEHHE.

12.23. IToka3arh, 9TO AJIT BCIKOTO MHOXKECTBA X CYIIIECTBYET
Bioxkenne §: X — X X X.
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12.24. I'padurom orobpaxkerus f: X — ) HasbIBaeTCs MOI-
muOXkecTBO I' = {(z, f(2))|[xr € X} C X x V.

1) Haitti obpa3 mHOkectBa X mpm orobparkenun ¢: X —
— X X Y, onpenensieMoM paseHcTBoM ¢(z) = (z, f(x)).

2) Hokasars, uto f = my (ompeaenenue m cM. 12.22).

3) Hdokazath, 9T0 0TOOpaKkeHne f sIBJISIETCS BIIOYKEHUEM TOT/IA
¥ TOJILKO TOTA, KOTJA BIOYKEHUEM SIBJISIETCS (.

4) oka3aTh, 9T0 [ sBJSETCS HAJOKEHHEM TOTJA U TOJIBKO
torga, korma w(I') = Y.

T'eomeTpudeckue cBoiicTBa JIUHEUHBIX U aDUHHBIX
npeobpazoBaumii miuockocru (12.25-12.36)

12.25. Haiitu paguyc-BeKTOp 00pa3a MPOU3BOJBHON TOUKH
M (r) mpu maHHOM IPeobpa30BaHUN MJIOCKOCTH:

1) romorernst ¢ mentpoM B TOouke Mo(rg) m KodDbuImEH-
ToM k # 0;

2) meHTpasbHAs CHMMETDPHUsI OTHOCHTENBLHO ToukH Mo(rp);

3) mapaJsutesbHBIN IEPEHOC HA BEKTOD a;

4) opTOroHAJbHOE NPOEKTUPOBAHWE HA TPAMYIO I = r(+ ta;

5) cuMMeTpusi OTHOCUTEJIBHO TIPSMOH I' = r( + ta;

6) cxkaTme K IpAMOlt I = rg + ta ¢ koadpdurmentom A > 0.

12.26. Addunnoe npeobpasoBaHue IEPEBOIUT TPU TOUKHU A,
B, C, He mexanue Ha OIHOM TPSIMOI, COOTBETCTBEHHO B TOYKHU B,
C, A. HaiiTn HemoABU>KHBIE TOYKM ITOTO TpeobpasoBanusa. [lpu
KaKOM HEOOXOJMMOM U JIOCTATOYHOM YCJIOBUM IIpeoOpa3oBaHue Oy-
JIET OPTOTOHAJIHLHBIM !

12.27. Addunnoe mpeobpasoBaHme MEPEBOIUT BEPIIUHBI TPe-
yronpauka ABC' B cepemunnt K, L, M mpoTuBoiekaIyux UM CTO-
poun. Haitru o6passt Touek K, L, M u Touku O miepeceveHnst Me -
an Tpeyronbauka ABC. BBIACHUTH reOMETPUYIECKUI CMBICT 9TOTO
peobpa3oBaHUSI.

12.28. /oka3aTh, 4TO:

1) ecsiu A u B — Be pa3iudHbIe HEMOABUZKHBIE TOUKH adduH-
HOTO Mpeobpa30BaHusd, TO U BCE TOUKM MPAMO AB HENMOIBUKHBL;

2) ecin adpunHOE TIpeobpasoBaHWe f UMEET eIUHCTBEHHYIO
HEIIO/IBUKHYIO TOUYKY, TO BCe MHBAPUAHTHbBIE NPsAMBIE (€CJIU OHU
CYIIECTBYIOT) TMPOXOJAT Yepe3 ITY TOUKY;

3) TOUKa mepeceveHns BYX MHBAPMAHTHBIX MPSAMBIX adduH-
HOTO IPeoOpa30BaHUsT HETTOABUKHA.



110 I'a. 5. Ilpeobpasosarus naockocmu. I'pynno

12.29. /okasark, urto addunHOE MpPeodbpasoBaHne, NMEIOIIee
MyYO0K WHBAPUAHTHBIX MPSIMBIX, TEPECEKATOIUXCsT B Touke M, sB-
JITeTCS TOMOTETHEH C TMEHTPOM B TOUuKe M.

12.30. [JokazaTh, 9TO JMHEWHOE TTPe0OPa30BaHMe MIOCKOCTH
TOTJA W TOJBKO Torga OyaeT aduHHBIM, KOrga o0pa3 KaxKJ0ro
HEHYJIEBOT'O BEKTOPA OTJIUYEH OT HYJIs.

12.31. [Joka3arb, 4TO ABe KAcCATeJIbHBIE K JUINICY (MM T'H-
nepbosie) TapaJjuIesbHbI TOTA U TOJIBKO TOTJA, KOTJa TOYKN Kaca-
HUA U IEHTP KPUBOU JIeKaT Ha OAHON IPAMOIL.

12.32. /Joka3aTh, 9TO €CIU JLIUIC KACAETCST CTOPOHBI OTTHUCAH-
HOT'0 OKOJIO HEero IapaJiiesiorpaMMa B ee cepeJuHe, TO OH KacaeTcs
OCTAJIBHBIX CTOPOH 3TOTO IMapaJijejorpaMMa TaKiKe B UX Cepeu-
HaX.

12.33. Oxkosio smmrca ¢ 1meHTpoM O OMUCaH YeThIPEeXyTOIBHIK
ABCD. JlokasaTh, uT0 cyMMa Tomaeii Tpeyrombuukos OAB
u OCD pasra cymme miomajeit TpeyronsaukoB OBC u OAD.

12.34. [Joka3aTh, 9TO BEPIIMHBI pOMOA, OTTMCAHHOTO OKOJIO 3JI-
JINTICA, JIEYKAT HA OCAX CUMMETPHUH ITOTO JJLIUTICA.

12.35. Touku A, B, C, D mexar Ha 3jurce ¢ mneaTpom O,
npudeM mwiomaan cektopoB AOB u COD pasubl. Jloka3aTb, 9TO
mwrotaan TpeyroabHuKoB AOB 1 COD tak:ke paBHBI.

12.36. Touku A u B nexart Ha s/umnce ¢ meaTpoMm O, Iu-
HBI OOJBINOH 1 MaJioil mosryoceii KOTOPOTO paBHBI @ U b COOTBET-
crBenHo. Haiiru mommans cekropa AO B, eciu yron AO B paBeH ¢,
0< @< 7 aTouku A u B cUMMETPUYHBI OTHOCUTEIHLHO OOJBINOH
OCH 3JLTUTICA.

KoopannaTHast 3anuch JIMHEUHBIX 1 apPUHHBIX
npeobpasosBauumii miuockocru (12.37-12.62)

B zamagax 12.37-12.52 cucrema KOOPAWHAT MTPEITOIATACTCS O0OIIIeit
JEeKapTOBOH.

12.37. Banucats HopMyJIBI, 33IaM0IIMe JAHHOE TPeobpa3oBa-
HUE TIOCKOCTH:

1) romMoTeTHs ¢ IEHTPOM B Hadaje KOOPAMHAT U KOIDdurm-
eHToM k;

2) romorerns ¢ ieHTpoM B ToUKe M (20, yo) 1 Koaddurmentom k;

3) meHTpabHAS CUMMETPUs OTHOCUTeJIbHO Touku M (Zo,Yo);

4) mapaJutesibHbI IIepeHoc Ha BekTop a(a, ).

12.38. Addunnoe mpeobpaszoBaHme TIIOCKOCTH 3a,a€TCA POp-
mygamu ¥ = 3x 42y — 6, y* =4z — 3y + 1. Haittu obpassr:
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1) rouek a) O(0,0); 6) Ei(1,0); B) E2(0,1); r) E(1,1);
IL) M(_1a5);

2) mpsambix a) y=0; 6) =0; B) c—y+1=0;1) z—y—
—1=0; n)2zx+3y="7.

12.39. Addunnoe mpeobpazoBaHme TIIOCKOCTH 3aa€TCs (pop-
mynaavmu ¥ =2z + 3y — 1, y* = —3x — 4y + 2. Haittu mpoobpa3zsr:

1) Touex a) 0(0,0); 6) A(—1,2); B) B(4,—5);

2) mpsambix a) y=0; 6) =0; B) z4+y—1=0;1) x—y—
—1=0; n) z—y+1=0.

12.40. Banucare dopmyisl, 3amatone ahpduHHOE TpPeodbpa-
30BaHUe TIOCKOCTH, TepeBosinee Touku A, B, C' cOOTBETCTBEHHO
B A*, B*, C*:

1) A(1,0), B(0,1), C(1,1), A*(-3,5), B*(4,-3), C*(0,0);

2) A(3/7,1), B(1,1/4), C(2,-1), A*(—4,2), B*(-1,6),
C*(4,13);

3) A(l,O), B(_I/Qv\/g/2)7 C(_l/Qa_\/g/Q), A* =B,
B*=C, C*=A;

4) A(1,2), B(-17,4), C(3,-6); A*, B*, C* — cepeauHbl CTO-
pou Tpeyrombauka ABC, nmporusonexaiue sepummHam A, B, C
COOTBETCTBEHHO.

12.41. Haiitu BCeBO3MOXKHbIE JIHHEHHbIE TPeoOpPA3OBAHUS
mrockocTH, nepesoasnue Touku A, B, C' cooTBeTcTBeHHO B A*,
B*, C*, ecnu takue mpeobpa3oBaHus CyIIIGCTByIOT

1) A(1,4), B(-2,1), C(0,3), A*(0, 0) B*(1,0), C*(0,4);

2) A(-2,0), B(2,-1), C(0,4), A*(-2,1), B*(2,1), C (,1);

3) A(2,0), B(3,—1), C’(4, -2), A*(2 1), B*(-2,-1),
C*(—6, —-3);

4) A(0,0), B(-1,2), C(1,-2), A*(~1,-1), B*(0,0),
C*(1,1)

12.42. Haiitu Bce HemoaBuKHbIE TOUKH adpdUHHOrO mpeobpa-
30BaHUsI, 33IAHHOTO (POPMYTaMU:

1) 2" =Tz -3y, ¥ =zt

2) z*=-bx+y, y*=6z;

3) z*=-bzx+y, y*=6zx+1;

4) z*=2x—y+3, y*=-2x+2y—6;
5) z*=4x+3y—1, y*=-3z—2y+1;

6) z*=z, y*=uy.

12.43. Haiitu nHBapuaHTHBIE MIPSMbIE JUHEHHOTO Mpeodbpaso-
BaHWs, 33JAHHOTO (DOpMyIaMu:

1) 2" =2z+3y, y"'=-y;
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2)z*=—x+y, yY‘=z-—uy;

) z*=y-9, y"=9%+1,

4) " =y, y'=-z+1;

5) z*=2x+y—3, y*=2x+3y—6;

6) z*=bx+3y+1, y*=-3z—y;

7 x*=3x—2y+5, y*=2z—y+5.

12.44. Jloka3aTb, ITO ONPEAETUTENb A\ = Z; Z; JUHeHHOrO

npeobpa3oBaHnsd, 3aJaHHOTO (pOopMyIaMu
" =ax+by+c, Y =ax+bytc

HE 3aBUCUT OT BbI60pa CUCTEMBI KOODAWHAT.

12.45. Toukn A, B, C umetor B cucteme kKoopauHat O, eq,
ey xoopauuarel (1,0), (0,1), (1,1) coorBeTcTBEHHO, & B cucTeMe
koopaunar O, e, e5 — xoopmumarsr (1,—1), (—3,2), (0,1) co-
OTBETCTBEHHO. 3amucaTh (pOPMYJIbI, 33 TAIONINE B CUCTEME KOOP/IU-
Hat O, e, e addunHoe peobpasosanue f Takoe, uro f(O) = O*,
fle1) =ej, f(e2) =e3.

12.46. dawmbr GpopMyssl mepexoa OT CucTeMbl KoopauHat O,
e1, e2 x cucreme O', €], €. Bamucars dbopmynsl, 3amaoomue B
cucreme koopauaaT O, e1, €2 adduHHOE TpeobpasoBanme f Takoe,
wto f(0)=0', fler)=e}, fles)= el

Dae=d+y -2, y=22"—y' +3,;

2) x=32x"—4y -5, y=4z'+3y +1.

12.47. Banucare dopmyisl, 3amatomnme ahduHHOE Tpeodbpa-
30BaHUe:

1) mepeBoggamee mpsamble z—y+1=0, x+y—1=0 coor-
BETCTBEHHO B mpamble 3z +2y —3 =0, 2x+4+3y+1=0, a Touxy
A(1,1) — B Touky B(—1,-2);

2) mepeBongmee npsambie A1z + Biy+C1 =0 n Az + Boy +
+ C2 =0 COOTBETCTBEHHO B OCh OPJMHAT U OCh abCIUCC, a TOY-
Ky A(zo,y0) — B Touky B(1,1) (Touka A He JeKUT HA JAHHBIX
PSMBIX ).

12.48. Jano addunnoe mpeobpazoBanne x* =2z + 3y, y* =
=3z + 5y. COCTaBI/ITb ypaBHeHMre 00pa3a KpPUBOIL:
)x +y —1 2) 22 —y?=1;, 3)ay=2;

g (3x+4y—1)(4x 3y+1)=0;
) ($+y—1)($+y+1)—2
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12.49. Jano adduunoe mpeobpazoBanme z* = —x+5y+1,
y* =3z — 2y — 1. CocraBuTh ypaBHeHUs TpooOpa3a KPUBOiL:
2
atty?=4; 2 T-y?=1
3) (y+1)*=8(z—1);
4) (z4+y—1)(z—y—-1)=1;
5) (z+2y—2)(z+2y+2)=0.
12.50. 1) 3amucars dopmynst adduHHOTO MpeobpasoBaHms
2

X
TEPBOTO POJA, MEPEBOAAIIET0 SILIHIIC —- +9% =1 B cebs Tax, uToO

rouka A(1,+/3/2) mepexomur B Touky B(—2,0).
2) Pemmrh Takyto ke 3amady i adpduHHOrO npeobpasoBa-
HHUS BTOPOTO POJIA.

12.51. Banucare dpopmyasl achdUHHONO TPpeobpa3oBaHus, TIe-

peBosIero runepboy % — yz =1 B ceba Tak, uro Touka A(5,4)

nepexomuT B TouKy B(v/5,0).

12.52. Haiitu addunnoe npeobpasoBanme, eCau OHO IePEBO-
muT mapabony x? =4y B cebs u:

1) rouka A1(2,1) nepexomut B Touky Bi(4,4), a Touka As(1,
1/4) — B Touky B2(3,9/4);

2) ompejenauTesb Tpeodpa3oBaHUsa paBeH 1.

B zamauax 12.53-12.62 cucrema KOOPAWHAT MPEANOIATAETC MIPs-
MOYTOJIbHOA.

12.53. Hanucats dopmynbl, 3amaomme naHHbIe Tpeodpa3o-
BaHUs TJIOCKOCTHU:
1) mOBOPOT Ha YroJa (¢ BOKPYT HavaJa KOODJWHAT;

OPTOTOHAJILHOE MPOEKTUPOBAHNE HA OCh abCITICC;
OPTOTOHAJIBHOE TPOEKTUPOBAHNE HA TPAMYyI0 & — 3y + 1 =

CUMMETPUS OTHOCUTENBHO Tpsamoit 3x + 4y — 1 =0;
cxkaTre K ocu aberuce ¢ Koadpdunmerrom A > 0;
cxkarve K npamoit © +y — 2 =0 ¢ koaddunuenrom 1/3;
9) cxkarue K npsamoit 2z —y + 5 = 0 ¢ koadpduimerTom 2.

)
)
)
g CUMMETPpUA OTHOCUTEJBHO OCU OPJAVNHAT,
)
)

12.54. Kaxkne u3 mpeobpasoBanuii 3amaun 12.53 aBasgroTcs:
1) adpdpunabIME;  2) OPTOrOHATBLHBIME?

12.55. OxapakTepu3oBaTh T€OMETPUUECKU MTPEeOOPA3OBAHU:
) z*=z, y*=3y; 2)az*=2z y*=2y
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) xt=x—-1, y*=y+1,;
4 z*=—x, y'=y; b)a'=-z, y'=-y
6)z"=-y, y'=x; T)a"=y y =u
1 1
8 f=— - ) Y= — )
) @ \{E(w y), v \{ﬁ(ﬂy)
9 R 5 = —Y)
)t =ZF@ty), v=—7p@-y)
10) z* =3z —6, y* =3y + 2;
N S I I
11) z =5 \?_y 1, y 2x—|—2y+1,
1 1
12) z* §w+73y—1, Y ?x—§y+\/§,
13) z*=—-2—-2, y"=-y+2;
14) z* = %(213}—!—12?;) y* = %(12:114— 14y);
1
15) z* = §(2$+y—2), y =gz +2y+2);
16) u3 samaun 12.40, 3);
17) u3 3amaun 12.41, 2).

12.56. IIpu moBopoTe TWIOCKOCTH Ha yros 37 /4 BOKPYT TOYKA
A(0,1) maitTu:

1) obpassr Touek O(0,0) u B(1,0);

2) mpoobpaser Touek O u B;

3) obpasbl mpsambix £ =0 u y = x;

4) poobpasel paMbIX y =0 1 y = —2x.

12.57. Ha kaxkoit yroi Hy»KHO MOBEPHYTh HpaAMy0 3z — 4y +
+ 25 =0 Bokpyr Touku M(—7,1), aTobbl ee 0b6pas:

1) 6bLT mapaJIesaeH ocu abCIuce;

2) xacajca okpyxHOCcTH T2 + 92 = 25/27

12.58. llenTpom kBajpata siBiasiercst Touka P(—1,2), a ogna
13 CTOPOH 3a7aHa ypaBHeHNeM « + 2y = 0. CocTaBUTh ypaBHEHUS
OCTaJIbHBIX CTOPOH KBaJpaTa.

12.59. lleHTpoM TPaBUJIBHOTO MIECTUYTOJIBHUKA SBJIAETCA
touka P(v/3, 3/2), a omHa U3 CTOPOH 3aaHa YpaBHEHIEM Y = /3.
CocTaBUTh ypaBHEHUST OCTAJIBLHBIX CTOPOH IIECTUYTONHHUKA.

12.60. Berunciurs:

1) mromaas mapasueslorpaMMa, CTOPOHBI KOTOPOTO 3aaHbI
ypaBHeHUAMEU a1Z + b1y +c1 =0, asx+boy+co =0, ajx+biy +
+d1 =0, ax+by+do=0

2) (p) MWIOMAIH TPEYTOIBHIKA, CTOPOHBI KOTOPOT'O 3a,IAHbI YPaB-
HeHUAME a1Z + b1y +c¢1 =0, asx + by + co = 0, agx + b3y + c3 = 0.
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12.61. CocTaBuTb ypaBHEHWE TPAMOM, TPOXOAAIIeH depe3
rouky M (—7,13) u obpasytommeii ¢ npsimbivu 2 +y+3=0u x +
+ y — 2 =0 TpeyroapHUK momann 9.

12.62. OxpysxHOCTH 3a]aHa ypaBHeHueM 22 + Y2 — 62 4 8y =
= 0. CocTaBUTh ypaBHEHUE OKPYKHOCTH:

1) cuMMeTpUYHON JAHHOW OKPY’KHOCTH OTHOCUTEIBHO MPs-
Mot x+y —6 =0;

2) moJyYeHHOI M3 JAHHOW OKPYXKHOCTH MIOBOPOTOM Ha YTOJI
arctg(4/3) oTHOCHTEIBHO HaYaIa KOODWHAT;

3) moyUYeHHO!N M3 JAHHOI OKPY?KHOCTH B Pe3yJbTaTe MOMOTe-
i ¢ nearpoM A(6,0) u xkoaddunnenrom 4.

Onepanuu ¢ JuHeliHbIMU nNpeobpaszoBauusamu. CTpyKTypa
OPTOTOHAJIBHBIX U ad(PUHHBIX Npeobpa3oBaHmMii
(12.63-12.89)

CucreMa KOOPIMNHAT, €CTM HE OTOBOPEHO, CUMTACTCSA TIPIMOYTOIb-
HOIA.

12.63. 3anucath GopMyJIBI, 33/1a5011e Tpon3BeeHns fg u g f
JIaHHBIX adDUHHBIX Tpeobpa3oBaHuii (cucTeMa KOOpAUHAT 00MIast
JIeKApTOBA):

1) fra*=y, y*=x; g 2*=3x+4y+1, y*=—-Tx+5y—2;

2) frx*=4x—2y+6,y*=-3x+y; g v*=x—y, y* =4z +
+y+1.

12.64. Banucarh HopMyJIbI, 3aJA0IIHE TPOU3BeIeHNE fg TaH-
HbIX apdUHHBIX TpeobpazoBaHuit f n g, 1 OXapaKTEpU30BATh ITO
[IPOM3Be/IEHNE TeOMETPUIECKH (CHCTeMa KOODAUHAT 00Imast JeKap-
TOBA):

1) f — mapasuenbHbIi meperoc Ha BekTop a(—1,1); g — ro-
MoTerHs ¢ 1eHTpoM B Touke M (1,2) u kosddunnentom 3;

2) f — romorerus ¢ nenrpom B Touke M (2,—1) n xoapbunn-
eHTOM —1/2; g — HeHTpaJbHAS CUMMETPHsi OTHOCUTEIBHO TOYKA
N(3,1).

12.65. Sanucars dopmysibl, 3aatommme mpeobpa3oBanme, 06-
paTHOe K JIAHHOMY (crucTeMa KOODMHAT OOIasi JeKapTOBa), eCiu
TaKoe Hpeo6pa30BaHI/Ie CYUIECTBYET:

*=y+3,y" —a:+3y—1
2) x* —3w+4y+8 y* —5w+7y+6

1)
)
)
4)
5)

2 .

w
8

3
—fc+ y+ ,y =z ——y

x* —3x—|—5y 4 y* _5x+9y+6
x*=3x—24, y* = —x+4y+12;
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6) z* =2z —vy, y* = —4x+2y;

7) ¥ =4x — 3y, y* = 3z + 4y;

8) z* =4z + 3y, y* = 3z — 4y;

9) z* =r(xcosp —ysing), y*=r(zsinp+ycosp) (r>0);

10) z* =r(zcosp +ysing), y* =r(zsing —ycosy) (r>0).

12.66. 3ammcaTh HOPMYIIBI, 33JIAIOMINE N-10 CTEIEHD JTAHHOTO
npeobpaszoBanns (N — HATYpAIbHOE HYHCIIO):

1) z* =zcosa—ysina, y* = zsina + ycosa;

R T Y

2) a" = TS YY =5 Ty

3t =x+y,y =y; 4) 2" =31,y =v+2.

12.67. Banucarh HopMyJIbI, 33 JA0MTHE TPOU3BEcHNE f g TaH-
HBIX adUHHBIX TpeobpasoBanuii f u g:

1) f — romorerus ¢ neaTpoMm B Touke M (0,1) u Koabdunm-
€HTOM 9, § — CHMMeTpPHUs OTHOCUTEJBbHO Ipamoit x — 2y — 3 =0;

2) f — cxarue ¢ xodbdunmeHTOM 3 K TpPAMON Yy =, g —
cxkarue ¢ Kodpdunuenrom 1/3 x mpamoit x +y+ 1 = 0;

3) f — romorerus ¢ reaTpoMm B Touke M (2,—1) u koadbdunn-
erTom 4, g — mosopot Bokpyr Touku A(1l,1) Ha yromx 7/6;

4) f — cxkarue ¢ koabdurmentom 1/2 x npsamoit 2z + 3y =0,
g — romorerusi ¢ meHTpoM B Touke M (1,0) m xoadduimen-
Tom —3/2.

12.68. Hammcarb ¢opMysbl U 0XapaKTepU30BATH T€OMETPHU-
decKn mpeobpa3oBaHMdA, OOpaTHBIE K HPeoOpPa30BaHUIM 3aJa4un
12.55, 1)-15).

12.69. Hamucats dhopmyibl, 3amaromme mpomssenennsa fg u g f
OPTOTOHAJBHBIX TIpeobpasoBanuit f u g:

1) f — moBopor Ha yroa 7/2 Bokpyr Touku A(1l,1), g — ma-
paJIIeIbHBIN MepeHoc Ha BekTop a(—1,—1);

2) f — cumMeTpus OTHOCUTEJILHO IpsMoit  —2y —5 =0, g —
napaJiyIe/IbHBIN epeHoc Ha BeKTop a(2,1);

3) f — moBopor Ha yroa 27 /3 BOKPYT Hadaja KOOPIWHAT, g —
CHMMETDHSI OTHOCUTEJILHO MPSAMOi y = 2;

4) f — cuMMeTpusi OTHOCHTEIBHO mpsiMoit © —y —1=0, g —
CUMMETPUSA OTHOCUTENIBHO NpaMoit ¢ +y — 1 =0;

5) f — cumMeTpust OTHOCUTEIBbHO mpsMoit 3z —y — 1 =0, g —
CHUMMETPUSA OTHOCUTENBbHO Ipsamoit 3x —y + 1 = 0;

6) f — moBopor Ha yroa arcsin(4/5) Bokpyr Touku A(1,0),
g — moBopor Ha yrou arccos(4/5) Bokpyr Toukn B(—1,0);

7) f — nosopor Ha yros 30° Bokpyr Toukn A(1,0), g — moBo-
por Ha yroa 330° Bokpyr Touku B(0,1).
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12.70. 1) Jloka3aTh, 9TO MPOU3BEJEHNE TIOBOPOTA MJIOCKOCTH
BOKPYT HEKOTOPOI TOUKHU U MAPAIETLHOTO TIEPEHOCA, ABJISIETCS 0~
BOPOTOM BOKPYT HEKOTOPOU APYro#l TOYKU.

2) HaiiTn KoOpAUHATHI HEMOABIKHON ToUYkH P mpeobpasosa-
HUsA, 33aHHOr0 hbopmytamu (3) u3 BBegeHus K § 12, pu ¢ # 27n,
n € Z. JlokazaTb, 9TO TpeoOpa3sOBaHUE SIBIASETCSA TTOBOPOTOM Ha
yToJa ¢ BOKPYT To4ukn P.

3) OxapakTepu3oBaTh TeOMETPUYECKH MpeobpasoBaHus fg
u gf 3amaun 12.69, 1).

12.71. 1) Jlokasarh, uro npeobpa3oBaHue, 3agaHHOE (HOPMY-
JTaMu ¥ =xcosp+ysing, y*=xsing—ycosyp,
ABJIACTCA CUMMETPHUel OTHOCUTEIBHO HEKOTOPOM MPAMOM, MIPOXO-
Jasmeit yepe3 Havasao KoopauHat. HaliTu ypaBHeHMe 9TO# MPAMOLL.
2) Ilpu xakoM ycaoBuM Tpeobpa3oBanue, 3amanHoe hopMyIIa-
mu (4) u3 BBezeHus K § 12, aBisiercst cuMMeTpHeil OTHOCUTEIBHO
HEKOTOpOIt nipsamoit? Haiitu ypaBHeHUME 9TON TpsiMOii.

12.72. 1) Jokaszars dopmyist (3), (4) BBeaenns k § 12.

2) JokaszaTh, 9To J1000€ OPTOTOHAIBHOE TIPEOOPa30BAHNUE TIep-
BOTO POJIa ABJISETCS JHOO MapasieJbHBIM IePEHOCOM Ha HEKOTO-
pBIit BEKTOD, JIMOO TOBOPOTOM BOKPYT HEKOTOPO# TOUKM.

3) HdokazaTh, 4To JT060€ OPTOrOHAIBHOE MPeodpa3oBaHUe BTO-
pOTro pojia SBJSETCS MPOU3BEICHNEM JBYX MEPECTAHOBOYHBIX TIPe-
0obpa3oBaHMUil — CHUMMETPUN OTHOCHUTEIBHO HEKOTODPOil mpamoil u
[apaJsuIesIbHOTO TIePeHOCca Ha HEKOTOPBI BEKTOD (8ekmop nepeno-
ca), KOTHHeapHbIit 3Toit pamoit! ). HaiiTu BekTop meperoca a st
npeobpa3oBaHust, onpeesaeHHoro dhopmysamu (4) BBesenus K § 12.

12.73. OxapakTepu30BaTh T€OMETPUUECKU NpeobpasoBaHMe,
3a/1anHoe (hopmyTamu:

1) z*=z+1, y* = —y;

D r*=zx+1,y*=—-y+2

3) ¥ =u, Yy =—-y+2.

12.74. BrisacHUTb, KAKOT'O POJA OPTOTOHAJBLHBIMU MTPeodpPazo-
BaHUSAMMY SIBJISTIOTCA TIpeobpasoBanus f, g, fg u gf 3amaun 12.69.
OxapaKTepn30BaTh reOMeTpUYecKn (B cMbIciIe 3agaun 12.72) mpe-
obpasosanus fg u gf 3amag 12.69, 3) u 6).

12.75. Hanucats popMyIbl OPTOTOHAJIHLHOTO TPE0OPA30BAHMS
epBOTo Pojia, mepesosiero Touky A(2,0) B Touky A*(14+/2,1),

1) Ecan BekTOp mepenoca oriimueH OT 0, TO HPeoOPA30BAHME HA3BIBAIOT
croavaawet cummempued.
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a Touky B(2,2) — B Touxy B*(1,1+ +/2). Jlokazars, 910 9TO Tpe-
0o0pa3oBaHNe SABJISETCS TTOBOPOTOM BOKPYT CBOEH eIMHCTBEHHOI
HeNoIBUKHOM Toukn. HaiiTn KoOpAMHATHI 3TOH TOYKM U yTOJ T10-
BOpOTA.

12.76. Hammucats bopMyIhl OpTONOHATIBEHOTO TIPEOOpPA30BaAHS
BTOPOro posa, mepeBogsimiero Touky A(2,0) B Touky A*(1+
+4/2,1), a Touky B(2,2) — B Touxy B*(1,1+ +/2). [loxkazats, uTo
9TO peobpa3oBaHUe SBJISIETCS TPOM3BEICHUEM CHMMETPHUH OTHO-
CUTEJIBHO HEKOTOPOH NpAMOi M MapasijIeIbHOTO ITEPEHOCA Ha BEK-
TOp, KOJIMHEApHBIN 3To# mpamoit. HaliTu KoopauHATHI BEKTOpa
IIEPEHOCA U COCTABUTDH yPaBHEHNE OCU CHMMETPUH.

12.77. 1) JokazaTh, 4TO IPOM3BEIEHHE IBYX IIpeobpa3oBa-
HUH, KaXKJ0e U3 KOTOPBIX — CUMMETPHUsT OTHOCUTEIHLHO HEKOTOPOit
[IPSAMOI, SABJISETCS HapasllebHbIM IEPEHOCOM, €CIM ITH IPSIMbIe
TapaJIesbHbI, ¥ TOBOPOTOM, €C/IN TIPSAMbIe He MapasiebHbI.

2) OxapakTepu3oBaTh TIeOMETPUYECKH Mpeobpas3oBaHus fg
u gf 3amaun 12.69, 4).

3) Tor ke Bompoc s 3azaqn 12.69, 5).

12.78. 1) /Ioka3aTh, 4TO NMPOM3BEJEHNE JBYX MOBOPOTOB BO-
KPYT Pa3jINIHBIX TOUYEK Ha YIVIBI, CyMMa KOTODBIX DaBHA 27, $B-
JISIeTCsl TTapaJsiesIbHBIM IIEPEHOCOM.

2) OxapakTepu3oBaTh TIeOMETPUYECKH Mpeobpas3oBaHus fg
u gf 3amaum 12.69, 7).

12.79. Joka3arh, 9TO KBaJpaT OPTONOHAJIBHOIO IIPEOOPA30-
BaHUA BTOPOTO POJA ABJSETCS TapPAJIJIETHHBIM TTEPEHOCOM.

12.80. IlpencraBuTh maHHOE MpPEOOPaA3OBAHUE B BUJE MTPOU3-
BeJIEHUSI HECKOJBKUX IPeoOPa3oBaHmil, KayK/I0e U3 KOTOPBIX SBJIA-
€TCs 0CEeBOM CUMMeTpHUeit:

1) moBOpOT Ha yroa ¢ BOKpYT Touku M;

2) mapaJutesIbHBII TIEPEHOC Ha BEKTOD a;

3) HPOM3BOJILHOE OPTOrOHAJILHOE MPE0OPA30BAHIE BTOPOTO POJA.

12.81. HaiiTu KoOpaAnHATHI BEKTOPOB, 33TAI0NINX TJIABHBIE Ha-
NpaBJIeHNs JAHHOTO ahdUHHOrO mpeobpa3oBaHNI:
o' =3z, y'=4y; 2)z"=-3z, y'=d4y;
=3z, y*=-3y;
vr=r-y, y'=z+y;
=z, yY'=-zx+y;
*=3y—2, y*"=—Adz;
¥ =2x+5y, y*=-—1lx+ 10y;
¥ =—dx+7y, y*=8z+y;
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9) z*=—4x+8y, y'=-Tr—1ly;
10) 2* =2 +V3y+2, y*=-3v3z+3y+3.

12.82. IlpencraBuTh Kaxkmaoe u3 adPUHHBIX Tpeobpa3oBaHMil
samaun 12.81 B Bume mpowussenenus f = hohyg, Toe g — opToro-
HaJIbHOE TIpeobpa3oBanmue, a hy u hy — CKaTWUs K JBYM B3aWMHO
TIEPIEHNKYIISIPHBIM TPSMBIM.

12.83. Pazmoxuth B mpousBenenue hg, Tjie § — OPTOTOHAb-
HOe mpeobpasoBaHme, a h — roMOTeTHsI, KaXKJa0€e 13 mpeodbpa3oBa-
muit f u f1 3amaam:

1) 12.65, 7);  2) 12.65,8); 3) 12.65,9); 4) 12.65, 10).

12.84. okazaTh, 9T0 IpeoOpa30BaHIE MTOI00UsT TPEICTABIIS-
eT cobolt Mpon3Be/IeHe OPTOTOHATHHOTO IPe0OPA30BAHNS 1 TOMO-
TETHUH.

12.85. Haiitu cobcTBeHHbIE 3HAYEHNS 1 KOOPAUHATHI OTBEYa-
OIUX UM COOCTBEHHBIX BEKTOPOB JIMHEHHOTO peobpa3oBaHust (CH-
cTeMa KOODJAMHAT O0IIas JIeKapTOBa), eCIu:

1) 2* =Tz, y*=-z+5y;

2) z*=2x+y, y*=2x+3y;

3) x* =bx —4y, y*=4x—by;

4) x* =8x+ 17y, y*=17x+ 8y;

5) z* =2z, y*=2y;

6) z*=x—y, y'=-z+y;

7 z*=1lx -5y, y*=12z—y;

8) z*=Tr -2y, y"'=8zx—uy.

12.86. /lokazarh, uto addbuHHOE mpeobpa3oBaHme, 3aIaHHOE
dopmymnamu x* = ax + by, y* = br + cy, uMeeT nBa B3AUMHO TIep-
MEHIUKYJISIPHBIX COOCTBEHHBIX BEKTOPA.

12.87. Adpdunnoe mpeobpasoanme [ 3amaercss poOpMy-
gamu ¥ = a1z + b1y, y* = a2z + bay, a npeobpazoBanue fi — dop-
MyJgaMu ¥ = a1x + a2y, y* = bi1x + boy. HokazaTth, 4TO rIaBHBIE
HaIlpaBJIeHns Mpeobpa3oBaHusa f COBIAJAIOT C HAIPABJICHUSIMU
COOCTBEHHBIX BEKTOPOB MpeobpasoBanus fif.

12.88. Kaxmas Touka miockoctu M (z,y) OTOXKIAECTBISETCS
¢ KOMILTIEKCHBIM YHUCJIOM 2z = T + iy. Jloka3zarh, 4TO:

1) mpeobpaszoBarue z+— Rez = sBisieTcss OPTOrOHAJILHBIM
MPOEKTUPOBAHNEM HA OChb abCITUCC;

2) mpeobpa3oBaHue 2 — Z = & — 1Y SABJIAETCA CUMMETPHUE OT-
HOCUTEJILHO OCH abCITUCC;
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3) mpeobpasoBaHue z — z + 2p, TA€ 20 = Lo+ Yo — dukcupo-
BaHHOE KOMIIIEKCHOE HHCIIO, SBJISETCS MapajlIeJbHBIM IEPEHOCOM
Ha BeKTOD a(zg,Yyo);

4) mpeobpasoBaHne z > az, rje a — JefiCTBUTENbHOE UNCIIO,
He paBHOEe HyJIIO, SIBJISETCS TOMOTETHEH ¢ [IEHTPOM B HadaJle KOOp-
JWHAT U KO3 dunmeHTom a;

5) mpeobpazosamme 2 > (cosp +ising)z = e¥z (p — dbukcn-
POBAHHOE JIEHCTBUTEIBHOE HHCIO) SIBJISETCS TOBOPOTOM HA yTOI (0
BOKPYT Havaja KOODAMHAT.

12.89. BrIsiCHUTH T€OMETPUYECKUIT CMBICS TIpeobpa3oBanust f
KOMIIJIEKCHOIT TIIoCKOCTH (CM. 3ajady 12.88):

1) f(z) =az, toe a=r(cosp+ising), r > 0;

2) f(z) =az+b, rae a,b — KommIeKcHbIE Uncua, a 7 0.

§ 13. IlousiTue o rpynnax

B srom naparpade mcHomp3yrorcd Ciaeayomne OCHOBHBbIE IOHH-
THA: OUHAPHAA AN2EOPAUNECKAL ONEPAUUA, 2PYNNA, COUHUYHBLT dnemenm,
0bpamubil saemenm, abenesa epynna, YUKAUYECKas 2pynna, nodepynna,
20MOMOPPUIM, U3OMODPUIM 2DYNN, HOPMAAOHAA NO02PYNNA, PaKmop-
2pynna.

Henycroe muox)ecTBO G Ha3bIBaercs epynnot, ecim B G 3aj1ana 6u-
HapHas ajrebpamdecKkas Onepays (9Yale BCEro HA3hIBAEMASd YMHOMHCE-
Huem), T. €. I KaXKJI0U yHnopsanoueHHoi napsl (a,b) snemenTo u3 G
OIpeJIe/IeH €IMHCTBEHHBIN 3j1eMeHT ¢ = a-b € (G — uX mpousBeleHUE B
YKa3aHHOM IOPSI/IKE, IPUYEM BBIMOJHEHBI CJIEIYIONTe aKCAOMBI:

1. VYmuoxkenue accoyuamusho: (a-b)-c=a-(b-c) mna mobbIx
a, b, ceqG.

2. B G cymectsyer netimpasvhud (edurnusnod) ssemenm e Takoi,
uTO €-a =a-€e = a g Bcex a € G.

3. Ins moboro a € G cymecTByer obpamnwidi saemenm a~ '+ € G rTa-
Koif, 4t0 a-a ' =a"l-a=e.

T'pynna G Ha3bIBaeTCA KOMMYMAMueHOU wim abesesot, ecinu a - b =
=b-a gya 106bIX a, b € (. B abesesoii rpyIe onepamnuio THOIA Ha3bl-
BAIOT CAOJICEHUEM U CyMMYy 0bo3HavaroT ¢ + b. IIpu sTom HeliTpaabHbIT
aeMeHT obo3Havaercd HysaeMm 0, a 0OpaTHBIA K @ JEMEHT HA3BIBACTCH
MIPOTUBOMOJIOKHBIM 1 0003HAYAETCA —a.

Yucso aseMeHTOB rpynnbl G (eCiaM OHO KOHEYHO) HA3bIBAETCA NO-
padkom epynnu, G u obosnavaercs |G|. Ipynna G npu 9T0M Ha3BIBAETCS
rxonewnot. Ecaum mHOXkecTBO G 6ecKOHeuHO, TO Tpynna (G Ha3bIBAETCA
beckoreuHot.

Hensre crenenu snemeHTa a € G OUPENENAOTCS DPEKYPPEHTHO:
a’ =e, a™*! = a"a pna marypasneaoro n, " = (a~")~! ana uemoro or-
punareabaoro n. I'pynna G HazbBaeTcs yukauveckoti 2pynnoti ¢ 0bpasy-
TOULUM IAEMEHMOM G, €CJI BCE JIEMEHTHI TPyl G ABJISFOTCSH [EIBIMU
CTEMEHAMHU JIEMEHTA a.
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HauMeHbIlee HATypaJbHOE 9HCIO M, JJis KOTOporo a™ =e (eciau
OHO CYIIECTBYET ), Ha3bIBAeTCA nopadkom (nepuodom) snemenma a. Ecam
a™ # e pyis J0b0ro N, TO ¢ CAUTAETCA IEMEHTOM HECKOHe H020 NOPAJKA.

TlommuoxkecrBo H rpynnsl G HasbiBaercs nodzpynnot rpynnst G,
eciin H siBisieTcs rpynIoit OTHOCUTENIBHO onepanuu, 3aanHHoil B G. Ilox-
rpynna H rpynmet G HaseiBaeTcsa Hopmaavhol B G (Wmm Hopmasvhbim
deaumenem rpynusl G), eciu jyist a06bIx saemenTos h € H, g € G aae-
menT ghg~! Takxe npunanmexxur H. Diement rpymnsl Buga ghg ! Ha-
3BIBAETCA CONPANCEHHBIM C HIIEMEHTOM h TIOCPEJICTBOM ¢.

Jpe rpynmbt G 1 Go (¢ onmepanusaMu - U * COOTBETCTBEHHO) HA3bI-
BAIOTCHA U30OMOPPHOLMU, €CIIU CYIMIECTBYET TAKOE B3AUMHO OJIHO3ZHAYHOE
(6mexTmBHOE) OTOGpakenue p: G — G, 9TO MJs JOOBIX JBYX JIEMEH-
TOB @ u b u3 (G BBINIOJIHAETCS PABEHCTBO

p(a-b) = p(a)*p(b).

O6o3unauenune nzomopdusma rpynn: G = Ga.
Ilycres H — moarpynmna B G. JIe6oiM cCMENCHBIM KAGCCOM INEMEHNA
g € G no nodepynne H Ha3bIBaeTCs MHOXKECTBO

gH ={gh:he H}.

Amnanornuaso onpenensercs npaswdl cmeorcnuidl kaace Hg = {hg: h € H}.

T'pynna G pa3buBaercss Ha IMOMAPHO HE IIEPECEKAIOIIMECS JIEBBIE
(mpaBble) CMeXHBIE KJIACCHI TI0 ToArpymme H, mpudeM MOITHOCTH JIHO-
6oro cMmexkHOro KJjacca pasHa momntHoctu H. Orcioma ciuemyer meopema
Jazpanoica: nopadokx koneuwnot epynnot desumcs na nopadox 110601 ee
nodepynnot.

B obmem cayuae gH # Hg; ecnn moarpynna H wopmasbaa B G, TO
gH = Hg nns Bcex g € G. Ilpu atom MHO)kecTBO G/ H CMEXKHBIX KJIACCOB
rpyunst G 1o noarpymnmne H sBjisiercd rpynmnoil OTHOCHTEILHO OTePAIN
YMHOKEHUS KJIACCOB, OIIPEJIEIseMOl PABEHCTBOM

(aH)(bH) = (ab)H.
OTa rpynma HaswiBaeTca @axmopepynnot epynnwv. G no Hopmasvrol
nodepynne H.

Ilycts S,, — COBOKYIIHOCTH BCEX B3aMMHO OJJHO3ZHAYHBIX IPEoOpa3o-
saunit muoxkectsa X = {1,...,n}. JIoboe npeobpaszoBanue o € S,, omnpe-
Jenser nepecmanosky (it,...,i,) wmucea (1,...,n) (cm. § 14); camo mpe-
obpa3oBaHye o Ha3bIBaeTCs nodcmanoskol (WK TakKe nepecmanoskoti)
cmenenu n 1 1300parKaeTCs ABYXPSJIHBIM CUMBOJIOM, YKAa3bIBAIOIIIM 00-
pa3 jroboro uncia k (1< k< n): o= ( L2 .mn )

11 12 ... Upn
YMHOXKEHUE IEPECTAHOBOK OIIPEIEISIeTC TaK YKe, KaK U JIJIsl JIF00OBIX Ipe-
obpazoBanwuii. OTHOCUTEJIFHO OIEPAIUN YMHOXKEHIASI MHOXKECTBO Sy, 00-
pasyer IpyIiy — CUMMEMPULECKYIO 2PYNNY CMENEeHY Nn.

13.1. O6pasyer Ju rpynily OTHOCUTEIbHO OTEPAIINN YMHOMXKe-
HUS TaHHOE MHOXKECTBO IIPe0OPA30BAHUN IIJTOCKOCTH:
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1) MHOXKECTBO BCEX MapaJlieJbHBIX [IEPEHOCOB;

2) MHOXKeCTBO BCEX MapaJIJIeIbHBIX IIEPEHOCOB Ha HEHYJIEBbIE
BEKTOPBI;

3) MHOXKECTBO BCEX MOBOPOTOB BOKPYT (PUKCHPOBAHHOI TOUKH;

4) MHOXECTBO BCEX TIOBOPOTOB;

5) MHOXKeCTBO BCEX OPTOIOHAJIBHBIX NPe0bpa30BaHMil;

6) MHOKECTBO BCEX OPTOTOHAJBHBIX IIPeobpa3oBaHMil BTOPO-
TO PO7a;

7) MHOXKECTBO BCEX OPTOTOHAJBHBIX MpPeo0pasoBaHmii, MMe-
UX OOIIYI0 HETIOABUKHYIO TOYKY;

8) MHOXKecTBO Beex addUHHBIX Mpeobpa3oBaHmil;

9) MHOKECTBO BCEX JIMHENHBIX Peobpa3oBaHmil;

10) MHOXKECTBO, COCTOSAIIEE U3 TOKICCTBEHHOTO TIPE00Pa30Ba-
HUS U CUMMETPHUU OTHOCUTEJIbHO HAHHON MPAMOIL,;

11) MHOXKECTBO MOBOPOTOB ILIOCKOCTH BOKPYT IEHTPa IMpa-
BWJIBHOTO N-YTOTHHUKA, COBMEIMIAIOIAX 3TOT N-YTOJLHUK C CAMUM
coboit (BpallleHUs TPABUIBHOTO N-YTOIbHUKA);

12) MHOXKeCTBO Bcex mpeobpasoBaHmii moao6ms?

13.2. Ob6pasyer i rpymIly OTHOCUTETBHO OTEPAIINN YMHOMXKE-
HUSI MHOYKECTBO TIPe0Opa30BaHmil TJIOCKOCTH, 33JaHHBIX (DOPMyTaMm:
) ¥ = Az, y* = Ay;
=y, y = AT, AA0;

T=Az, Yyt =y, AF£O;

Y=z, Yyt = ATty

*=ax+ by, y* =cx+dy;

*=azx+by, y* =cx+dy, ad—bc # 0;

*=ax — by, y* =bx +ay, a®>+b>#0;

*=r(xcosp —ysing), y*=r(rsing+ycosy), r>0;
*
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)
)
)
) =mr+biy+ec, ¥y =ax+byy+co, arba—ashb =17
3.3. O6pasyer Jiu rpyTIy OTHOCUTETHHO OMEPAIINNA  CJTOXKEHUST:
) MHOXKECTBO BCEX JIeHiCTBUTEILHBIX IHCEJT;

) MHOKECTBO BCEX HEOTPUIATEHHBIX eHCTBUTETHHBIX UHCET,

) MHOXKECTBO BCEX PAI[OHAJBHBIX UHCEJ;

) MHOXKECTBO BCEX LEJIbIX JHCE;

) MHOXKECTBO BCEX UETHBIX JHCEJ;

) MHOXKECTBO BCEX HEUETHBIX JHCEJ;

) MHOXKECTBO BCEX KOMILJIEKCHBIX UHCEIT;

) MHOXKECTBO BCEX UMCTO MHUMBIX KOMIUIEKCHBIX UHCEJ;

) MHOXKeCTBO U3 ofHOro uncia 07

13.4. O6pasyer Jin rPyIITy OTHOCUTETHHO OMEPAIN YMHOYKEHVIS:
1) MHOXKECTBO BCeX JMEeHCTBUTEIHHBIX UHCEIT;

© 00~ O TS W
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) MHOXKECTBO BCEX MOJOXKHUTEIbHBIX JeHCTBUTEIBHBIX YUCE;
) MHOXKECTBO BCEX PAI[OHAJBHBIX UHCEJ;

) MHOXKECTBO BCEX HATYDAJbHBIX UHCE;

) MHOXKECTBO BCEX HEHYJIEBBIX KOMILIEKCHBIX JIHCEJ;

) MHOKECTBO BCeX KOMILIEKCHBIX UACeJT, IO MOJYJIIO PABHBIX 1;
) MHOXKECTBO BCEX HEHYJIEBBIX UMCTO MHUMBIX KOMIIJIEKCHBIX

8) MHOKECTBO KOMIUIEKCHBIX KOPHeil n-if cremenn u3 1 (n —
HATYPAIbHOE YNCII0)?

13.5. Jlokazath, uTO B Jit00O0I TpyTIIIE:

1) eAMHUYHBINA JIEMEHT € ¢THHCTBEHEH;

2) mis OBOTO dMeMeHTa a OOpATHbLIN TeMeHT a ' emuH-
CTBEHEH;

3) paBeHCTBO ax = b PaBHOCHILHO T = @~ 'b, a PABEHCTBO Ta =
= b paBHOCHIBHO T = ba ™!}

4) s MOOBIX JIEMEHTOB @ W b BBINOJHSETCST PABEHCTBO
(ab)~t=b"ta"L.

13.6. JlokazaTh, YTO €CJaU KBAIPAT JTIOOOTO I€eMEHTA TPYIIIIhI
PaBeH eIMHUTHOMY JIEMEHTY, TO Tpymna abesena.

13.7. lokazaThb, uT0 Bce adduHHbIE TPEOOPA30BAHUS ILJIOC-
KOCTH, TIPU KOTOPBIX JAHHBII TPEYTOJbHUK MEePEeXOTUT B cebsi, 00-
pasyior HeabejeBy rpymmy. HaiiTn mOpsaoK 9TOM TPYNIIbBL.

13.8. JlokazaTh, UTO JABE TPYIIIbI H30MOP(MHBI:

1) rpynna KOMILIEKCHBIX YHCEJI OTHOCHTEILHO OIEPAIUN CJIO-
JKEHHUsI W TPYIIa MapaJjelbHbIX MEPEHOCOB MJIOCKOCTH OTHOCHU-
TEJILHO OIEPAlNH YMHOKEHUsT (KOMIIO3UIHN);

2) rpynma KOMIUIEKCHBIX 9HCEJI, IO MO/IYJIFO PaBHBIX 1, OTHOCH-
TEJIbHO OIEPAINN YMHOXKEHHUS W TPYIINa MOBOPOTOB TLJIOCKOCTH BO-
KpyT (PUKCUPOBAHHON TOYKYM OTHOCUTEHHO OTIEPAIIH Y MHOXKEHUSI;

3) rpymnmna HeHyJIEBbIX JeHCTBATENbHBIX YHCEJ] OTHOCHUTEIHHO
OTIepaIii YMHOXKEHUS U TPYNIa TOMOTETHH C IIEHTPOM B JAHHOMN
TOYKE OTHOCUTEIHHO Olepannu yMHOXKeHus (KoadduuueHT romo-
TETHN OTJIUIEH OT HyJIsl);

4) Tpymna HeHYJIEBbIX KOMIIJIEKCHBIX YHCeJ OTHOCUTEIBHO OIe-
paIliil YMHOXKEHUsI U TPYIIa TpeoOpa3s0BaHMi MI0CKOCTH, 3aIaH-
ubix bopmymamvm z* = ax — by, y* = bz + ay (a® + b? > 0), oTHOCH-
TEJIbHO OMEPAINN YMHOXKEHHST;

5) rpymnma AefiCTBUTEIBbHBIX HHCEJ OTHOCHTEIBLHO OIEPAIHN
CJIOXKEHUsT W TPYIIIA MTOJIOKUTETHHBIX JAEHCTBUTENBHBIX YHCES OT-
HOCHUTEJIFHO OTIEPAIINU YMHOYXKEHUST;
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6) rpynmna C,, BpaleHHUil IPaBUILHOTO N-YTOJbHUKA OTHOCH-
TeJIBLHO OTlepaIuu yMHOXKeHus u rpymnna U, KOMILIEKCHBIX KOpHel
n-#i cTeneHn n3 1 OTHOCUTEIBHO ONEPAITMH YMHOXKEHUSI.

13.9. JlokazaTh, 9TO CYIIECTBYIOT TOJBKO JIBE HEM30MOP(MHBIE
TPYIIIBI, COoepKalIne YeThipe dmeMenTa. [IpuBecTn npuMeps! miis
000UX CIIyIaeB.

13.10. JokazaTh, UTO HaHHAsA TPYIIa SBJSETCH ITUKJINYIE-
CKOIl, M HaliTh ee OOPA3YIOIIUI JIEMEHT:

1) rpynma BCex IEJIBIX YHCEJ OTHOCUTEIBHO CIIOXKEHMUS;

2) rpymnna nZ nesblx Yuces, KpATHBIX JAHHOMY HATYPaJIbHOMY
YUCIY 7, OTHOCUTEJBHO CIIOXKEHUST;

3) rpymma U, KOMIIJIEKCHbIX KOpHeii cTeneHu n u3 1 oTHOCH-
TEJIbHO YMHOXKCHUS;

4) rpymnmna C,, BpalleHnii IpaBUILHOTO N-yTOJbHHUKA.

13.11. Haiitu Bce moarpymnms! rpynn u3 3agadn 13.10.

13.12. /Ioka3arh, 4TO:

1) Beskasi GecKOHEYHasl IUKJIMYECKasi TPYINa u30MopdHa
TPYyIIe MEJbIX YHUCET;

2) BCe KOHEYHBIE TUKJINIECKHE TPYIIIBI OIUHAKOBOTO MOPSIIKA
n30MOP(MHBI APYT APYTY.

13.13. doka3arh, 4TO:

1) BesIKast TIOATPYTINA [UKJIMIECKON TPYIIIbI CAMa  TIUKJIMIECKAsT;

2) mopsAAOK JF060# TTOATPYIITbl KOHEYHOH UKJINIECKOH TPy
TIBI SIBJISIETCST IEJNTEJIEM TOPSiIKA TPYIIIbL.

13.14. Ilycts H — nemycToe mogamHoOXKecTBO Tpynmbl G. [o-
KazaTh, uro H saBiasercs moarpymnmo#t 8 G TOordaa U TOJIHKO TOTJIA,
KOT/Ia BBIMIOHSIIOTCS JABa ycaoBust: a) ecan hy, hg € H, 10 hihy € H,
6) ectu h € H, To h™' € H.

13.15. Ilycts H — HemycToe mOAMHOXKeCTBO rpymmbl G, 3a-
MKHYTO€ OTHOCHTEJIbHO YMHOXKEHHUs (T. €. BBIIOJHEHO YCJIOBHE a)
sagaun 13.14). JlokazaTh, 4TO mpu JIOOOM U3 CJIEAYIOMNX YCIIO-
Buit H 6yner moarpymnmnoit B G:

1) H — KOHEYHOe MHOXKEeCTBO;

2) Bce ameMeHTh! 13 H MMeT KOHeYHbIe TTOPSIIKH.

13.16. IlokasaTn, yTO:

1) rpynma BceX OPTOTOHAJBHBIX IIPeoOpa30BaHmil, COXPAHSIIO-
X JAHHBIN IPABUIBHBIN N-YTOJBHUK (Ha3bIBaeMasl €ro IPYIIIOi
CHUMMETDHH, a Takke epynnot dusdpa cmenenu n, Dy,), comepxut
2n mpeobpa3oBaHMii;



§ 13. Ionamue o epynnax 125

2) rpynna C,, BpalleHnii MpaBUILHOTO N-yTOJIbHUKA SIBJISETCS
HOpMaJIbHOM TtoArpynnoit B D,,.

13.17. Ilycrs |G| =2n nm H — noarpynna B G mopsiika n.
Jokazats, uto H — HOpMaJibHasi IOArpyma rpymmsl G.

13.18. okazaTsh mipu moMoIu Teopemsbl Jlarpamxka, 9ro:

1) HMOPSIIOK KOHEUHO( IPYIBI AEJNTCS Ha MOPSIIOK JII060T0 ee
9JIEMEHTa;

2) Tpymma mpocToro MOPSIKa ABJIAETCS TUKIMIECKOI.

13.19. Ilycts G = D3 — rpyla CUMMETPUU TPABWIHLHOTO
TpeyronbHEKa (cM. 3amady 13.16), a H — ee moarpymma, cocTo-
AIAs U3 TOXKIECTBEHHOTO TPeoOpPa30BaHUs 1 U CUMMETPHUH OTHO-
CUTEJILHO OJHO M3 BBICOT TPEyrojbHUKa. Haiitu pasdbuenune rpyr-
nbl G Ha JIeBble U MIpaBble CMeXKHbIEe Kaacchl 0 H u ybequThes B
ToM, uT0 H He sIBJIseTcs HOpMaJbHON moArpymmoit B G.

13.20. Joka3arh, 4TO:

1) mapaJiiesbHBIE IEPEHOCHI 00PA3yI0T HOPMAJBHYIO IOArPYTI-
Iy TPYIIIbI OPTOTOHAJBHBIX MPeoOpa30BaHmil MIIOCKOCTH,;

2) mpeobpa3oBaHus, UMEIONUE OOIIYI0 HEIOABIKHYIO TOUKY,
00pa3yoT TMOATrPYNIY TPYNIbl OPTOTOHAJBHBIX TpPeobpa3oBaHuUit
IJTOCKOCTH, HO OHA HE SABJISETCH HOPMAJbHOI.

13.21. /loka3arh, 4TO:

1) ecim KoHEUHOe MHOXKeCTBO adUHHBIX TpeobpasoBaHMil
IJIOCKOCTH 00pa3yeT TPYIINY, TO BCe MPeoOPa30BaHMs U3 ITOTO MHO-
2KECTBA MMEIOT OOIIYIO0 HETIOABUKHYIO TOUKY;

2) BcsIKasi KOHEYHAsI TPYIINIa OPTOrOHAJIBHBIX IIPeobpa30BaHmit
IJTOCKOCTH SIBJISIETCS TPYIIIOH CUMMETDPUN WJIA TPYTION BpaIleHuit
HEKOTOPOTO MPABUJIBHOTO MHOTOYTOIbHUKA.

13.22. Haiitu (¢ TouHOCTBIO 710 m30MOpdu3Ma) hakToOprpy-
ny G/H, ecim:

1) G — rpymnma Bcex KOMILJIEKCHBIX UHCeJI C OTeparyedi croxe-
Hus, H — moarpymnma Bcex BEIeCTBEHHBIX UHCE.

2) G — rpynna HeHyJIeBbIX KOMIUIEKCHBIX YHCeJ C Oleparueit
YMHOKeHUsI, H — TOArpymia MooKUTETHbHBIX BEIIeCTBEHHBIX THCEIT.

3) G — rpymnmna HeHyJEBbIX KOMILIEKCHBIX UUCEJ ¢ Oleparueii
yMHOXKeHust, H — moarpymnma 4mces, o MO0 PaBHBIX 1.

4) G — rpynma BcexX BEIeCTBEHHBIX UHCeJ C omeparyedi cio-
Kenns, H — moarpymnmna meabix duces.

5) G=7 — rpynma IeiblX YHUCEJ C Oleparyeil CI0KEHUs,
H =nZ — noarpynma 4mces, KPaTHBIX JAHHOMY HATYpPaJbHOMY
YUCTY N.
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6) G — rpymna Bcex OPTOrOHAJIbHBIX IPeoOPa30BaHMil ILIIOCKO-
CTU TIEPBOTO POJIA C Omepalmeil yMHOXKeHUs mpeobpaszoBanuit, H —
TIOATPYNNA TTapaJIeIbHBIX ITEPEHOCOB.

13.23. 1) Jokasarb, 4TO MHOMXKECTBO S, BCEX MOJCTAHOBOK
CTETIEHN N SIBJISIETCS TPYTIOI OTHOCUTEHHO OTEPAITIN YMHOXKEHUST
npeobpasoBanuii (cummempuueckoti epynnot cmenenu n). Haiirn
TIOPSI/IOK 3TO# TPYTIIIHI.

2) Jlokazarh, 94TO Ipynmsbl Sy, HEKOMMYTATHBHBI IPH 1 > 3.

13.24. Brruucanrs:

)(17): o

1
3) (2
2 (1 . 4\, (1234) (1234
2 4321 4321 2341)
13.25. /loka3arhb, YTO BCe UETHBIE IIEPECTAHOBKH (CM. BBEJIE-
Hue K § 14) obpasytor HopMmasbHYO Tioarpynmny A, B Sp, u HaifiTn
ee TIOPSI/IOK.
13.26. Ilycts V — Henukamdeckas MOATPYIIIA Y€TBEPTOTO TIO-
psanka B Sy. Jlokazars, gro:
1) V.C Ay;  2) V nopmanbua B Sq;  3) S4/V = Ss.
13.27. HaiiTu:
1) Bce moarpynmsl B S3;
2) BCce HOpMAJIbHBIE HOATPYIILI B Sy.



I'masa 6
MATPUIIBI

§ 14. Onpenenuresn

B sTom maparpade uCrnosb3yrTcs CIeAyIOMue OCHOBHBIE TOHATHUS:
MAMPUUE, TOOMAMPUYG, CMPOKE MAMPUYDL, CMOAOEY, MATNPULDL, Tepe-
CAHOBKG, YETNHAA UMY HEUETHAA TEPECTNAHOBKG, YUCAO HAPYWeHUT
nopadka 8 nepecmanosxke, onpedesument (demepmunanm) xeadpammnot
MAMPUUDL, MUHOP MATNPUUDL, INEMEHMAPHDBIE NPEOOPA30BAHUA MATPU-
Uybl, mparcnoruposanue mampuys. B 3amagax 14.33-14.44 ucmosp3yrorT-
Cd W ApyTHe ONEPAIANA C MATPUIAMUA ¥ HEKOTOPBIE CIIENUAbHBIE BUIBI
MaTPHUIL; COOTBETCTBYIOIMNE 0OO3HAYEHNUS W OIPEIEICHAs JaHbl BO BBe-
ngenun K § 15.

KBanparnas MaTpuia nopsmka n

ai; @12 ... A1p
as1 a e a
A= 21 @22 2n

ap1 Ap2 ... Qpp

ob6o3HavaeTcss Takxke 4depe3 ||a;;|| win (ai;). DaeMeHTHL ;1. .. ,0in 00-
pa3yIoT {-10 CTPOKY, JIEMEHTBI A1j,...,0n; — j-i cTOJIOEN MaTpuupbl A.
TosopaT, 4To 3;IeMeHT a;; JTeKNUT Ha IepecedeHun ee - CTPOKH 1 j-TO
crosibria. Berony B 9T0i1 ri1aBe, KpOMe HECKOJIBKUX CIIEINAJIBHO OTOBOPEH-
HBIX CJIy4Ya€eB, IIPpEAIo/jaracTCd, 9To 3JIEMEHTBI MaTPUI] — BEIIECCTBECHHbIE
MWJIN KOMILIEKCHbIe yucia. Oupenemurens maTpunbl A obo3HavaeTcsa ge-
pes det A, |A| nin

Apl Ap2 ... App

IIpuBenem ocHOBHBIE (DOPMYJIBI It BBIYUACICHUSA OIIPEIEIUTEIEl:

ab
= ad — bc; 1
cd‘ ’ (1)
a by
b _ b2 as co as bo
G202C2 | =01, . 1 gac Cll gaba | =
as b3 s 3 €3 3 €3 3 U3
= a1b203 — a1b302 + a3b102 — agblcg + a2b361 — agbgcl. (2)

Pexyppenrabie dhopmyast:
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det A=y " (=1)"*ay M, 3)
k=1
(popmyaa pasaoorcenus onpedesumenn no i-t cmpoxke),
n
det A= (—1)*ay; My; (4)
k=1

(popmyaa pasaooicenus onpedesumens no j-my cmoabuy). B dbopmymnax
(3), (4) uepe3 M;j, 0603HAYEH OIOIHATENBHBIN MUHOD JIEMEHTA U, T.€.
OIIpeIe/IUTE b MATPHIBI TOPAIKA 1 — 1, MOy 4eHHON u3 A BBIYEDKUBA-
HUEM CTPOKH WM CTOJIONA, B KOTOPBIX PACIIOIOKEH JJIEMEHT Uk -

......... = Y )Y e, (5)

anl---Anpn (i15--sin)

— Popmyaa noanozo pazaosicerus (AT NOAHOZO PA3EEPMBIBAHUA) OTIPE-
JIEJTATEIs, BBIPAKAIOIIAs ONPEIETUTE b MATPHIIBI 1-T0 TIOPAIKA 9e€Pe3 ee
aseMenThL. B ciraraembix opmysibt (5) 3HAYEHWUS HHIEKCOB 41, ..., iy 06~
Pa3yOT BCEBO3MOXKHBIE II€PECTAHOBKHM wwmces 1,2,...,m, a dYepe3
N (i1, ..., in) ODO3HAUEHO YUCJIO HAPYIIEHUH MOPSIKA B IIEPECTAHOBKE
(41,...,%n ). HanomuuMm, uTo mepecTanoBKa (i1, ..., in) HA3BIBAETCH “4em-
noti, ecim wncno N (i1, ..., in) 9I€THO, U HeuemHol B IPOTUBHOM CIIydae.

IIpuBenem dopmyanposky Teopemsl Jlannaca. Munopom nopsadka s
(s < n) maTpunp A HA3BIBAETCS ONPEIEINTENb MATPUIBI, 00pa3yroMedi-
Cs B IIEPECEYEHNN KAKUX-JIn00 § CTPOK 1 § cTosbnos marpunsl A. Ecim
3T CTPOKU UMEIT HOMEPA (i1,...,%s), & CTOIOMBI — HOMEPA (J1,.-,]s),

© 2] yeeeyls
TO COOTBETCTBYIOIUN MUHOD 0603HaYaeTca yepes L jll, ’ jst
s

1] 5eesls
le»m»js -

i1.is . i]..is8
Yepes M jll is 0003HaYaeM MUHOD, JIONOJHUTENBHBIN K MUHODPY L ]i s

T. €. OIPEJIEIUTE/Ib MATPUILI TIOPSAIKA N — S, TOJyYEeHHON U3 A BbIYEp-
KUBAHUEM BBIJIEJIEHHBIX CTPOK U CTOJOIOB. g 1106010 HATYpPaJIbHOIO
qucna § (s < n) u moboro bUKCMPoBaHHOTO HAGOPa CTPOK ¢ HOMEPAMHU

11y...,0s TAKUX, 9TO 11 < i3 < ... < ig, COpPaABEIIBA (POPMYJIa
— 1)1+l tistis pileis g ri1ds
det A = Z ( 1) an]sMnsz’ (6)

(415-++>38)

rae cymMma GepeTcs 10 BCEBO3MOXKHBIM Ha0OpaM 3HAYEHWH WHIEKCOB
J1s--+3Js, TaREM, 9T0 1 < 1 < ja < ... < Js < n. Popmyay (6) MOKHO Ha-
3BaTh (DOPMYJIOHf DA3JIOKEHUs ONPEJEUTENA 1O JAHHBIM § CTPOKAM.
Anajstornusa GopMyia pa3iioKeHus OUPEIeIUTeNd 110 TAHHBIM § CTOI0-
am:
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det A = Z ( ]_)’1"‘]14‘ +ls+]sL’1 llel

319877 J1 -+ Js
(il,‘..,is)

3/1ech WHIEKCHL ji,...,Js (DUKCHPOBaHBI, a cCyMMa Oepercsd 1O BCEBO3-
MO>KHBIM HabOpaM 3HAYEHUH WHIEKCOB i1,...,1s TAKUM, 9T0 1 < i < ...
L <ig <.

ITepecranoBku (14.1-14.3)

14.1. 1) /Ioka3aTh, 4TO TMOCIEIOBATEILHO MIEPECTABIISAS COCE-
JIHHUE YUCIIa, MOYKHO TTIOMEHSITh MECTAMHU JIFOObIE /TBA SJIEMEHTA TIEPECTa-
HOBKH, COXPAHUB IIPU 3TOM PACIIOJIOXKEHNE OCTATHHBIX JIEMEHTOB.

2) Jloka3aTh, 9TO YETHOCTH [IEPECTAHOBKU M3MEHUTCS, €CJIM B
Hell TOMEHATh MEeCTAMHU JIBA JIEMEHTA.

14.2. 1) JToka3zarb, 410 KOHEUHOE 4ncio (k) pa3 mepecTaBiisis
COCETHME YHCJIa, MOYKHO PACIOJIOXKUTD JIEMEHTHI TIEPECTAHOBKHU B
nopsigike Bo3pacTtarus. OIHO3HAYHO JIU OnpeeseHo k7

2) Ilycrh s — 4umcsio HapyIIEeHnit OPsiIKa B IepecTaHoBKe. J1o-
Ka3aTh, 9TO YUCIa k U § UMEIOT OJMHAKOBYIO YE€THOCTD.

3) YkazaTh IIOCJIEI0BATENLHOCTh U3 § IEPEMEH MeCT B mapax
COCETHUX YHCeJI, B Pe3yJIbTaTe KOTOPOI BCE JIEMEHTHI TIePECTAHOB-
KU OyJ/IyT PaCIoOOXKEeHbI B MOPSJIKe BO3PACTAHUSL.

14.3. TlocaemoBaTe bHO TIEPECTABJISAS COCEIHIE TUCTA, PACIIO-
JIOXKUTh JIEMEHTHI CJIEIYIONINX TIePEeCTAHOBOK B IMOPSIAKE BO3PAC-
tauus. HafiTu wnciao HapyIeHnit OPsIIKa U ONPEIEeUTb IETHOCTh
epeCcTaHOBKU:

1) (54321); 2)(645231);
3)(124563) 4 (124359876);
5)(987654 21);, 6)(432159876);
7)(n,n—1, 1),

8) (1,3, 5, . ~1,2, 4,6, ..., 2n);

9) (2, 4, 6, . 2n135 o 2nt1).

Beruucisienue onpenenureseii (14.4-14.32)

14.4. BorunciauTh ONPEeUTeb BTOPOTO MOPSIKA:
1) 2) [Agl;  3) |A7;
4) [As1l;  5) [A7r];  6) |As].

14.5. Boruncaurs |A7g| mpu e = e

mi/3

14.6. Ilycts © =rcosy, y = rsing. Borancants skobuan

Ox/0r O0x/0p
dy/Or Oy/dp |
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14.7. BoIunciauTh ONPEIEUTENb TPETHETO TOPSIIKA:
1) [Aool;  2) |A201];  3) |A2o2;  4) |A203];

5) [A2oal;  6) [A205];  7) |A200];  8) |A210];

9) |Ases|;  10) [Asgeal;  11) |Asgel;  12) |Ases]-
2mi/3

14.8. Boruncants |Aszes| mpu w =€
14.9. Ilycts = =rcospcostyy, y=rsinpcosy, z=rsiny.
Ox/0r 0x/0¢ Ox/0Y
Borancnuts sxobuan | dy/0r dy/0¢p Oy /0y |.
0z/0r 0z/D0¢ 0z/0Y

14.10. PemmmTh OTHOCUTENHHO HEM3BECTHOTO A\ yPaBHEHHE:

1) |[A211 —AE| =0; 2) |A212— AE| =0;

3) |A213 — )\El =0.

14.11. CKOIBKO ClIaraeMbIX BXOIWUT:

1) B popMyJIy MOIHOTO PA3JIOXKEHUsI ONPE/ICTUTENS IeTBEPTO-
TO TIOPSiIKA;

2) B hopMyJIy IOITHOTO PA3JIOKEHNUS OTIPEIETUTE TSI TIATOrO MO~
psiaka?

14.12. 1) Nwmetorcst mm B hopMyJie IIOTHOTO PA3IOZKEHHsT OIIPe/Ie-
JIATeJIst MATPHIIBL ||a;;|| TsITOrO MOpsiika ciaraeMble  @15012034021043,
a550120340210437

2) C kaKMMH 3HAaKaMH BXOJAT B (POPMYJy IIOIHOIO pas-
JIOXKEHUSI OTPEJICTUTEsT MATPHUIIBI ISITOTO MOPSIIKA CJIaraeMble
@12021034045053, 0150230340410527

14.13. [lycts B MaTpume A MOpsiIKa N TOYHO 7, IJIEMEHTOB
paBHBI 1, a ocTajgbHbIE — HYJU. deMy MOXKeT ObITh PaBeH OIIpejie-
aurens Marpuibl A7

14.14. Joka3aTh, 9TO ONPEIEINTETb JUATOHATHHON MATPHUIIHI
paBeH MPOU3BEIEHNUIO €€ INATOHAJbHBIX JJIEMEHTOB.

14.15. /Ioka3aTh, UTO ONPeAETUTE]b TPEYTOJbHON MATPHUIIbI
pPaBeH MPOU3BEIEHNUIO €€ IUATOHAJbHBIX HJIEMEHTOB.

14.16. 1) Kak uaMeHUTCS ONPEETUTEN b, €CIN B MATPHUIIE TIe-
PECTaBUTH JBE CTPOKU?

2) Kak M3MeHHUTCsI ONpeIenTe b, €CJIi K OTHON CTPOKE MaT-
pHUILI TPUOABUTE APYTYIO?!

3) Kak u3aMeHUTCs ONpeIe/IUTe b, eCIN OHY CTPOKY B MATPH-
I[e YMHOXKHUTH Ha UHUCTIO A7

4) Kak OymeT m3MeHSATHCS ONPeJeIUTelb, €CJIH CO CTOIOIAME
MAaTPUIIhI COBEPIIIATh TAKUE K€ JIEMEHTAPHBIE MTPEOOPA3OBAHMUS!

14.17. V3MeHUTCS U OTIPEAEINTENh, €CJIU MATPHUILY TPAHCIIO-
HHUPOBATH !
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14.18. Kak u3MEHUTCS OIPEIESIUTENb, €CIU BCE IJIEMEHTHI
MAaTPHUIBI 3aMEHUTh KOMILIEKCHO COMPSI?KEHHBIMU YUCTAMU ]

14.19. CchopmynupoBaTh HECKOJBKO JOCTATOYHBIX YCJIOBHUI,
TIpU KOTOPBIX omnpefnenuTens mMarputibl A pasern 0. Chopmynupo-
BaThb HEOOXOAMMOE M JOCTATOYUHOE YCIOBHE.

14.20. IIycts det A # 0. lokazaTh, 9TO, MPUMEHSST K CTPOKAM
MAaTPUIIBI HIEMEHTAPHBIE TPe0OPA30BAHUSI, COXPAHSIIOIINE OTTpeIe-
JIUTEJIb, MOYKHO MOJIyYHTh: 1) TPEYTOJbHYIO MATPHILY; 2) JHaro-
HAJIBHYIO MATPHUILY.

14.21. BpryaucanTb onpegennTeh Y€TBEPTOrO MOPSIIKA:
1) [Agzol;  2) |Aaz];  3) |Aaz2|;  4) |Aassl;

5) |Aazel;  6) |Aazr|;  7) |Aazsl;  8) |Aazl;

9) |Aggol;  10) |Agar];  11) [Agza;  12) [Asgal;
13) |Agasl;  14) |Agaa|;  15) |Augs|.

14.22. BpUuc/IuTD ONMPEaenTe b TATOTO MOPIIKA:

1) [Assol;  2) |Ass2ls  3) |Asssl;  4) [Asarl;  5) |Assel-

14.23. BpryaucanTb onpeaenTeh TOPIIKa 1

1) |Aeool; 2) |Aeot]; 3) |Aewo]; 4) |Ae11]; 5) |Aeusl;

6) |Aosl; 7) |Ae1al;  8) |Ae1sl;  9) |Ae22];  10) |As3sl;

11) [Ag2s|;  12) |Ae26]; 13) |Ae2a|; 14) |Agas];

15) |Aga1]; 16) |Aesel; 17) |Aesgl;  18) |As21] (n = 2k).

14.24. Beraucantb onpeesuTessb Iopsaka 1 (IoIe3H0 Mory-
YUTHh PEKYPPEHTHYIO (hOpMYITy):

1) |Ae2sl;  2) [Ae20l;  3) |Agul;

4) |Aes2|;  5) |Aesal;  6) |Asssl;

7) |Agaa| («merepmunanT Banmepmonmas );

1—alb? 1—alby
1—a1b1 1—a1bn
8) | v ;
1—a™  1-—a™"
l—a,b1 =~ 1—a,b,
1+2p ... 1427
n
9) 1+zo ... 1475 :
1+zp ... 1+2]
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2cosp 1 0O ...0 O
1 2cosp 1 ...0 O
11) 0 1 2cose ...0 0 ;
0 0 0 1 2cose
2chp 1 0 0 0
1 2che 1 ...0 O
12) 0 1 2Chg0 ... 0 0 > 13) (p) |A638|-
0 0 0 ...1 2chy

14.25. ITokasaTh, 4TO OmpeIeauTe b MATPHUIBl A mopsaka n
paBen 0, ecsin B Heil UMeeTCs HyJieBas TOAMATPUIIA pa3MepoB k X [
nk+1!>n.

14.26. Borunciurs det A, 3masg, uro B Mmarpume A cymma
CTPOK C YETHBLIMU HOMEPAMHU PAaBHA CYMMe€ CTPOK C HEIETHBIMU
HOMepaMU.

14.27. Kak W3MEHWUTCsI OIPEIENTENb, €CIU TePeCTaBUTh
CTOJIOIIBI MATPHUITHI, PACTIONIOKHUB X B OOPATHOM MOPsIKe?

14.28. Kak u3MeHHUTCS OMPEIeIUTENb, €CIM MATPUILY TPAHC-
MMOHUPOBATH OTHOCUTEIHFHO BTOPON JHATOHAJIH !

14.29. Yucma 1081, 1403, 2093 u 1541 gensrca ua 23. O6b-
SICHUTH 0€3 BBIMHUCIEHUI, TTOUEMY YHCIIO

1081
1403
2093
1541

TaKXKe JIeJTUTCs Ha 23.
14.30. Ilycts M;; — ROTNOMHUTENbLHBI MUHOD 3JIEMEHTa @jj
n

marpunsl A. JlokazaTh, 4TO Zaijij(—l)iH =0mnpu k#1i (n —
j=1
nopsamoK A).

14.31. 1) ITycTh BCe /1€ MEHTBI MATPUIBI BTOPOTO TIOPS/IKA SB-
Jsttorcst audepeHnupyeMbIMU (PYHKIUSAME OT OJHON TIepeMeHHO
t. JlokazaTh, 9TO Jijis IPOU3BOIHOM OT OMPEEIUTENsT, PACCMATPH-
BaeMOTO KakK (pyHKIHS OT ¢, mMeeT MecTo (hopMyIa
a(t) b(t) | _[a'(8) ¥(6)] | a(t) b(t)
c(t) d(t) c(t) d(t) d(t) d(t)

2) CocraButh u mokaszarb Gopmyiry auddepeHInpoBaHs
OTIPEIEJIUTEIIS TTOPSIIKA 1.




§ 14. Onpedeaumenu 133

14.32. [okazarb, uro det(A — AE) — MHOTO™WIEH OT A, U BbI-
YUCIUTH €r0 KOY(PUITHEHTHI.

3a/1aun, B KOTOPBIX YIIOTPEOJSIOTCS OIllepaiuu C
MaTpUIlAMU ¥ clenualbHble Buabl marpur (14.33-14.44)

14.33. CrpaBeymBBbI JIi TOXK/IECTBA (N —-- TOPSIOK MaTpuIpl A):

1) det(A+ B) = det A + det B,
2) det(AA) = Adet 4;

3) det(AA) = A" det A4;

4) det(A*) = (det A)*?

14.34. Ilycts A — KBajpaTHasi MaTpHIa MOpsAaKa n; by —
JIOTIOJTHATE/IBHBI MIUHOD €€ 9JIeMEeHTa d;j; C;; — ajredbpamdeckoe
JIOTIOJTHEHTIE SJIEMEHTA @j; U3 HIX 00pa30BaHbl MaTpHIsl B = (b;;),

C = (cij). Hoxazats, uro det B = det C' = (det A)" L.

14.35. Joka3aTh, UTO ONMPEIEIUTETb IPMUTOBON MATPUITHI —
BEIIECTBEHHOE TINCJIO.

14.36. okazaTh, YTO OIPEIETUTE]H KOCOCHMMETPHUIECKO
MaTpPHUIBI HEYETHOrO TOpsaKka paseH 0.

14.37. Jlokazath, dYTO ecam MaTpuia A yHUTApHA, TO
|det A| = 1.

14.38. /lokazarh, 4To jiJist JTIOOOH BeIeCTBEHHON MaTpuIhl A
seimonaero det AAT > 0.

14.39. Ilycts  By,...,Br ~—  KBagpaTHble  MATPWIIBI,
By o

H= — OJ10YHO amaroHaJbHas Marpuia. Jlokazars,
o By,

aro det HY = det By ... det By,.

14.40. ITycts A, D — xBagpaTHble MaTpunbl, H = Hg gH -

6s109HO TpeyrofibHas MaTpura. JokasaTb, 9T0

det HY = det A - det D.

14.41. Ilycts A — KBagpaTHas MaTpUIlA MOpsaka n, det A =

=a, H =‘ 3’?4 ZﬁH Boruncsnts det H.
14.42. Tlycts A — kBagpartHas maTpuia, A2, A3, A% — ee

A A%

A3 44| Borancours det HD,

crenenu, H = ‘
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14.43. 1) IIycts A, B, C, E — kBagpaTHBIE MATPHUIIHI TTOPSITKA

. Jokazars, uTO

n, E — egquununaa matpuma, H =‘ é g
det HY = det(A — BC).

2) Beerma s cripasemBo paserctBo det HY = det(AD —
B

o

— BC) gna 6nounoit marpuner H =

A
C

14.44. Bpipa3uTh ONIpeIeIuTe b KPOHEKEPOBCKOTO MPOU3BE-
nenns A ® B depes onpegenurenn marpurt A, B.

§ 15. Onepaliuu ¢ MmaTpullaMu

B sTom naparpade ucrosb3yrTcs CIeAyONue OCHOBHBIE TOHSTHUS:
MAMPUYA, PAZMEPLE MATNPUYBL, NOOMAMPUYE (6AOK, KACMEKG MAMPUYDL),
INEMEHMAPHBLE NPEOOPA3OBAHUA MAMPUUDL, CYMME MAMPUY, NPOU3EE-
denue Mampuys, HA YUCAO, NPOU3BEIENUE MAMPUY, NEPECTIAHOBOUHDLE
(Rommymupyrowue) mampuysl, 06PAMHAL MAMPUYA, CAED MAMPUYDL,
MHO20MAEH OM MAMPUYb. B HEKOTOPBIX 33/1a9aX IIPEIIOIAraeTcsa 3Ha-
koMcTBO ¢ ajropurmoM aycca. [Togpobroe usnoxkernue ajgropurma ['ayc-
ca JIaHO BO BBeJeHUH K § 16.

IIpuBenem HEeKOTOpHIE 0H6O3HAUYEHNS U onpedeseHus. Marpura

aip a1z ... a1p

a a oo a
A= 21 22 2n

Am1l Gm2 .- Amn

COZIEPZKUT M, CTPOK ¥ 7 CTOJIONOB, UMEET pasMepsl (pa3Mep) m X n, min-
puny n u Bbicory m. Paccmorpum marpunst A, B, C' ¢ snemenTaMu a;j,
bij, cij COOTBETCTBEHHO.

Marpuna B HasbBaeTca npousdsedenuem mampuuyvt A na wucao a,
€CJIH JIJIA BCEX JIEMEHTOB STHX MATPHUIL BHIIIOJTHEHbI PABEHCTBA b;; = ua;;
(pasmepsr matpun A, B onunakosbie). O6osHadenue: B = aA.

Ilycte A, B, C — marpunsl 0auHAKOBBIX pa3mepoB. Marpuma C'
Ha3bBaercd cymmoti marpun, A u B u oboznauaerca C'= A+ B, ecin
JIs BCEX 3HAYEHUIt WHJIEKCOB ¢, BBIIIOIHEHBI PABEHCTBA Cij = Gi; + jj.

Ilycts wmcno n cronbios Marpunmbl A paBHO 4YHCIy CTPOK MaT-
punpt B. Marpuna C HasbiBaercs npoussedenuem A na B (cnpasa),
C = AB, ecnu i BCeX 3HAYEHUN WHJIEKCOB 4, ] BBIOJHEHBI PABEHCTBA

n

cij = Zaikbk]‘. Ecmu A nmeer pasmepsl m X n, a B — pa3smepsl n X p,
k=1
to Marpuna C = AB umeer pasmepsl m X p. Marpunst A u B xommy-
mupytom, eciu AB = BA.
Crenytomue j1Ba Tna Ipeodpa3oBaHMil CTPOK HA30BEM OCHOBHbLMU
INEMEHTNAPHBIMU NPEOOPAZOBAHUAMY, CMPOK MATPUIIBL:
1) yMHOXKEHHUEe CTPOKH HA YUCJIO, OTIAIHOE OT HYJIS;
2) npubaByieHne K KaKOH-JIM00 CTPOKE MATPUILI IPYTO ee CTPOKH.
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K ssieMeHTapHBIM IPEOOPA30BAHUAM CTPOK OTHOCIT TAKKe:

3) mepecTaHOBKY JBYX CTPOK MATDHIIHI;

4) npubaBienne K KaKo#-m60 CTPOKE MATPHUIBI IPYTO €€ CTPOKH,
YMHOXKEHHOI Ha YHUCJIO.

Marpunia B Ha3bIBaeTCS MPAHCNOHUPOBAHHOT, IO OTHOIIEHHUIO K
marpune A u obozuauaerca B = AT, ecim crpoxamu Marpunsl B aBis-
FOTCS COOTBETCTBYIOIIHE CTOJIOIBI MATPUIBI A, T. €. JjIs BCEX 4, j BBITION-
HeHBbI paBeHCTBa b;j = a;;. Onepanus nepexona or A xk AT HasbiBaerca
mpancnonuposaruem mampuys, A. Ecim A nveer pasmepsr m X n, TO
AT mmeer pasmepsr 1 X m.

Martpuria B Ha3bIBaeTCA KOMNAEKCHO CONPANHCEHHOT TTO OTHOIICHUIO
K KOMILIEKCHOM marpune A n obosnauaerca B = A, eciu njia Bcex i,]
BBIIIOJTHEHO PABEHCTBO b;; = a;;. MaTpuna B Ha3eIBaeTCA 9pMUMOB0 CO-
npasicennoti o oTHOIEHMIO K Marpure A u obosnauaerca B = A7, ecm

B= AT, T. €. I BCEX %,j BBIOJHEHO b;; = jj;.

Marpuna HasbiBaerca Hyaesot, A = O, eciiu Bce ee IEMEHTHI PaB-
ubel 0. Marpuna A HaseBaeTcsa mampuunoti edunuyeti ¢ THIEKCaMU ig, Jo
u obosHavdaerca A = E; j,, €ClII BCe ee IeMEHTHI, KDOME ;. , HYJIEBBIE,
a a;y;, = 1.

DJIEMEHTBI a11,022,-..,0n, 00pasyoT (24a6hyr0) duazonaab Kead-
pamnoti mampuuyse A = ||a;;|| nopsaxka n u HazpIBaOTCA ee UAZOHAND-

HOUMU INEMEHTLAMU. CyMMa JAUATrOHAJIBHBIX JIEMEHTOB Ha3bIBa€TCA CAE-
n

dom mampuyve A u obosnadaerca tr A. Takum obpasom, tr A = Zaii‘
i=1

KBagparHas MaTpuia Ha3bIBaeTCs Jua20HaAbhot, eCliu BCe ee HeJir-
aroHaJjbHBIE 1eMeHThl paBHbI 0, T. €. a;; =0 npu ¢ # j. Jlmaronass-
Hasl MaTpuIa nopanaka n obosnadaerca diag(ai1,...,any, ). JuaronansHas
MaTPUIA OPSIKA 71, Y KOTOPO# BCE MArOHAJIbHBIE JIEMEHTHI PAaBHBI 1,
Ha3bIBaeTCd edunuyholi u obosnadaerca F umu E,,. DiemeHTh equHII-
HOM MaTpuipl obo3HavaoTce 055 B = ||6;5]],

dij = { 1 npu Z::‘]:’
0 mpu i # j.

IIycte A — xBagparHas Marpuna nopsaaka n. Marpuna B Ha3bl-
Baerca obpammoti k A u obosmauaerca B= A1, ecu AB=BA=E.
DJjieMeHTH 06PATHOI MAaTPHUIBI MOXKHO BBIUYHCIUTH 110 (DOPMYJIE:
(—1)"7 My,

detA
rae Mj; — JOIOJHUTEIbHBIA MUHOD dJIEMEHTa aj; B Marpuie A. Marpu-
na A obpamuma, ecau det A # 0.

Mycrs p(t) =ag+ait+...+apt* — wmmoroumen. Marpuma B =
=aqF+a1A+...+ akA’c HAa3BbIBAETCA MHO20YAEHOM OM MAMPUYDLL An
obosHauaercsa B = p(A).

Ilepevncanm HEKOTOpBIE CIIENUAJIBHBIE BHJBI KBaIPATHBIX MAaTPHUIL
A =|a;|| nopsaka n:

b,‘j =
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ckanapraa: A =diag(),...,\), nme A — HEKOTOpOe YuCIIo;

swuipooicdentan (ocoban): det A = 0;

neswviposdicdennan (neocobas): det A # 0;

yHumodyaspras: det A =1;

MAMPUUAE NEPECTNAHOBKU: MATPANA A OTydeHa N3 e IMHNIHON MaT-
puiel E mepecTaHOBKOM CTPOK;

snemenmapran mampuya: Marpuna A, nonydennad u3 E sneven-
TAPHBIM [IPe0OPA30BAHKIEM;

6epITHAS mpeyeoavras: a;; =0 opu ¢ > j;

HUCHAA mpey2oavHas: a;; =0 mpu ¢ < j;

cummempuueckan (mmm cummempuunas): AT = A;

Kococummempuueckas (mm xococummempuunan): AT = — A;
apmumosa: AT = A;
xocoapmumosa: AT = —A;

opmozonasvnan: AT = A™1;

ynumapnas: A7 = A~

neompuyamenvras: a;; > 0 Ipu Beex i, J;

n
cmozacmuueckas (maprosckan): a;; > 0 npu Beex 4,j u Zaik =1
k=1

mpu ¢t =1,...,n;

nuavnomenmuas: A¥ = O mpm mekoropom marypambHoM k (Ham-
MEHbIIlee U3 TAKUX Kk HA3BIBAETCH NOKA3AMEAEM HUABTLOTMEHMHOCTIU
mampuyse A);

nepuoduneckas: A¥ = E npu mexoropom matypasbroMm k (k Hasbl-
BAETCs NEPUOdoM mampuyss A).

Marpuia B HasbiBaercs 040410t (Kaemownol), ecim ee d1eMeHTa-
MU SBJAIOTCA Marpunpsl B;; pasmepos m; X nj. Ilpm sTom BCe Marpm-
upl B;;, mpuHagexamye ogHol CTpoke B, IMeI0T 0MHAKOBYIO BBICOTY,
a BCe MaTpHUUbl B;;, IpuHAJIeKaIe OJHOMY CTONIOIy B, mMmeroT onu-
HakoByt mmpuHy. Onepanuu ¢ GJI0YHBIME MATPHUIAMU OIPEIEISIOTCH
II0 TE€M K€ MPABUJIAM, YTO U C OOBIYHBIMY YHMCIOBBIMU MaTpuiaMmu. Fc-
Jin 4ncsoBas Marpuna A pasbura ropr30HTAJBHBIMU U BEPTUKAJIBHBIMUI
IpAMBIME Ha, 6J10KH B;;, 3aHyMepPOBaHHbIE €CTeCTBEHHBIM 00pa3oM, I 13
s1rux 6s10K0B chopmupoBana Giounas marpuna B = || B;;||, To roBopum,
uqro Marpuna B nonydena u3 A pazbueruem na 6a0xu. Ilycrs, Ha060poT,
nana 6iounas Marpuna B = ||B;j||. I3 snementos marpu B;; MOXKHO
€CTeCTBEHHBIM 00pa3oM c(pOpMUPOBATH YNCIOBYIO MaTpuy A paszmepos
Zmi X an. B srom ciiygae Mbl roBopuM, 4To MaTpuna A mosyde-

i J

Ha obsedunenuem 6aoxoe Marpunpl B u mamem A= B, Korma mis
[y TAHUIBI HET OCHOBAHUIN, 3HAYOK — OIIYCKAEM, W YUCJIOBYIO MATPUILY
o603Ha"aeM TOi ke OYKBOM, 9YTO 1 HJIOIHYIO.

ITycre A = ||a;j]| m B — uucinossle marpuusl, C' = ||C;;|| — Gaounas
MaTpHI, onpenesenHas pasencrsamu Cj; = a;;B npu Bcex 4, j. Yncio-
Bas MATPUIA, IoydaeMas obbenuHeHneM 0/10koB MaTpuilbl C', Ha3bIBa-
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ercst (npasvim) Kporexeposcrum npoudsedenuem (MR NPAGHLIM NPAMbBLM
npoussedernuem) marpun, A u B u o6o3navaerca A® B.

OcHoBHBIE onepanuu ¢ MAaTPUIAMU: yYMHOXKE€HIE Ha
YKCII0, CII0XKeHNe U yMHOXKeHue marpur (15.1-15.24)

15.1. ChopmynupoBarh TpebOBAHUSI, KOTOPbIE HAIO TPETb-
SIBUTh K MATPHUIAM JJIsI TOTO, ITOOBI UX MOYKHO OBLIO CJIOYKUTH.

15.2. BoruncanTh JUHERHYI0 KOMOWHAITUIO MATPHIL:

2 0
12] |32 01
B T
)218 —15 524—7—1
—6 11 1 -2 7
4) Aig + Ago; Ay —A1;  6) 2 573—A571;

1
7) 5(051 +c52).

15.3. Omucarh ycaoBHUsA, TPH KOTOPBIX BEPHBI CJIEIYOIHE
TOXKJIECTBA, W JI0Ka3aTh Tu ToXKjectBa (A, B, C — maTpwuipl,
a, B — uncria):

1) A+B=B+A4; 2)A+(B+C)=(A+B)+C;

3) a(BA)=(ap)A; 4) a(A+B)=aA+aB;

5) (a+B)A=aA+ BA.

15.4. 1) MoXKHO 1t yMHOXKHUTH CTPOKY JIJIMHBI 1M Ha CTOJIOEI]
BBICOTHI 17
2) MO2KHO JII yMHOKHTB CTOJIOEI] BBICOTBI 1WHA CTPOKY JUTHHBL M7

15.5. BoruncauTh mpousBeeHne MaTPHIL:
4

Dz =3 offj 12 =3 0l);

H HH H 4) ArAr2;  5) AgAszgs;  6) Asaacies;

7) A1oAi2;  8) AzAzs;  9) Aazecies;  10) Ago1Aeo2;
11) Ago14605; 12) AgosAso1;  13) (Az06)%  14) (A200)%;
15) (A617)2; 16) (A645)2 upum € = 627rz/n.

15.6. KakuM ycaoBUsiM JOJXKHBI YIOBJIETBOPATH MATPHUIILI A
u B, aTobbr:

1) cymecrBoBaso npousseneane AB;

2) cymecTBoBasio pouseeeHue BA;

3) cymecrBoBasn nponssenerns AB u BA?

15.7. Beipasursh pasMepbl MaTpuipl A B depes pasmepbl A u B.
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15.8. Marpumnesr A, C' uMeroT pazMepbl COOTBETCTBEHHO 111 X
Xn u p X ¢, u cymectByer npoussegenne ABC. KakoBbl pazmepbl
matpur, B, ABC?

15.9. IIposeputs cnpasenmuBocTh Toxkaecra (A, B, C, D —
MaTPHUIBI, O — YUCJIO):

1) a(AB)=(aA)B; 2) (AB)C =A(BC);

3) A(B+C)=AB+ AC;

4) (A+ B)C = AC + BC;,

5) A(B+C+D)=AB+ AC+ AD.

15.10. IIpoBeputh, CyIIeCTBYeT Ji TPOU3BEIEHNE, U €CIIH 1A,
TO BBIYNC/IUTD €ro:

12 Wll2 2 2
o Ze 2nf 2 3 uf )
2
2l Tz 4l 9 Ardsesas.
15.11. Berunciants: 5
I L1 8 (1) (1] 8
1)H11 ? 2)888 3000
0000
4) (A5)";  5) (A1z)™  6) (A" 7) (Am)™;
8) (A601)"; 9) (Ae14)™;  10) (Ag13)™.
15.12. TpaHCIOHUPOBATH MATPHUILY:
0 A !
7 —4 . 2
D Al ) I R H |
" 4

5) Ag;  6) Asgo;  T7) Asaa;  8) Ags2.

15.13. IIpoBepuTh CIIpaBeJIUBOCTH TOXKIECTBA:

1) (aA)T =aAT; 2) (AB)T = BT AT,

3) (ABC)T =CTBTAT; 4) (A+B)T = AT + BT.

15.14. Berancsurs matprny P = E — (e; —ex) T (e; — ey,) (ue-
pe3 e; 0b03HAUEHA i-g1 CTPOKA eJMHUYIHOM MaTpuisl F).

15.15. Ilycts a, b — cTonbIiel onuHAKOBOM BBICOTHI U H =
= ab”. Jloxkazats, uro H? = \H ns HEKOTOPOTO umCIa .

15.16. Beerma sim BepHO MaTpuyHOe paBeHCTBO AB = BA?
[IpuBecTn mpuMepbl KOMMYTHPYIOIUX W HEKOMMYTHPYIOIIUX MaT-
puiI.

15.17. Yro MOXKHO cKa3aThb 0 pasMepax maTrpul] A, B, ecnm
AB = BA?
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15.18. Beruncints marpuiyy [A,B] = AB— BA (kommyma-
mop marpury A, B), ecan:

1) A:Alg, B = A;; 2) A:Ago, B = Aqs.

15.19. IIpoBeputh CIpaBeIMBOCTL TOXKIECTBA (CM. 3asa-
qy 15.18):

4) [A,(B+C)] =[A,B]+[A,C].

15.20. Boranemrs matpmiy {A, B} = 3(AB + BA) (npous-
sedenue Hopdana marpur A, B), ecim:

1) A:Alg, B = As; 2) A:Ago, B = Aqs.

15.21. [TpoBepuTh CHpaBeINBOCTD TOXKJIECTBA (CM. 3aJady
15.20):

4) {A,(B+C)}={A,B}+{A,C}.

15.22. Berancints f(A ) ecm/I:

—2t+1, A—H H

)=
2) f(t) =+
) f(t)=t 3t+2 A= AH,
) f(t)=(t—e)?, A= Ag;
)f@)= t2+t+1, A= Aoe.
5.

3
4
)
1
f(A), ecrm:
1) f(t)=1t*—t, A=Az 2) f(t)=t*+2t-3, A= Ao
15.24. HpOBepI/ITb CIIPaBeJJIUBBI JII MaTPUYHBIE TOXKIECTBA:
1) (A+B)?= A2+ 2AB + B?;
2) (A+B)(A—B) =(A-B)(A+ B);
3) A BQ—(A+B)(A—B);
4) (A+E)}=A343A*+3A+E.

CBsi3b YMHOXKE€HMSI MATPUI| ¥ 3JIEMEHTAPHbBIX
npeobpazosBauwmii (15.25-15.38)

15.25. Jokasats, uto k-it cTomben Marpunsl AB pabeH mpo-
usBeneHnio MaTpuikl A Ha k-it cronbern B.

15.26. CchopmyupoBaTh W J0Ka3aTh MPEIJIOXKEHNEe, aHAJO-
ruaHoe 15.25, I CTPOK.

15.27. Jokazath, uto k-ii cromber marpunbi AB paBeH Jjn-
HelHOM KoMOuHAIMHN CTOI6I0B MaTpuIhkl A ¢ KosddpunmeHTamMu u3
9JIEMEHTOB k-TO cTosibia MaTpunbl B.
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15.28. CchopmynupoBaTh W JOKA3aTh AHAJOT TIPEIOKEHUS
15.27 nna cTpok.

15.29. /loka3aTh, 4TO:

1) mpu mepecTaHOBKE JBYX CTPOK MATPHILI A COOTBETCTBYIO-
e cTpoku B AB Tak»Ke MepecTaBIsaioTCs;

2) ecsn k-10 CTPOKY MaTpHUIBI A yMHOXKUTH Ha 9UCIIO A, TO k-
cTpoka AB TakKe YMHOMKUTCS Ha A;

3) ecnm K k-it cTpoke MaTpuipbl A TpuOABUTEH ee j-I0 CTPOKY,
To ¢ Marpurieit AB mpousoieT TO XKe JTeMeHTapHOoe Mpeobpas3o-
BaHUeE.

15.30. CchopMynupoBaTh M JOKA3aTh AHAJOTH MPEIOKEHUA
15.29 nnsa cTonbIoB.

15.31. 1) /Ioka3aTh, uTo npubaBieHne K CTPOKE MATPHIIBI JIU-
HelfHOM KOMOWHAIMY OCTAJIbHBIX €€ CTPOK MOXKET OBITh OCYIIe-
CTBJICHO IIPU IOMOIIU II0CJIEZOBATEILHOIO IIPUMEHEHUI OCHOBHBIX
3JIEMEHTAPHBIX TPE0OPa30BaHUN CTPOK.

2) JlokasaTh aHAJOIMYIHOE YTBEPXKIEHWE I HIpeobpa3oBa-
HUS, COCTOSIIIIETO B IEPECTAHOBKE JIBYX CTPOK MATPHUIIHI.

15.32. Beraucantb Tpou3BeIeHNe eiAeZ JJId TIPOU3BOJIBHOMN
marpunbl A (depe3 e; 0603HaYUEHA i-51 CTPOKA €MHUIHON MATPUIIBI
TIO/IXOJIATIIETO Pa3Mepa).

15.33. i mpousBoabHOM MaTpuibl A U MATPUIHON €IuHU-
bl Fjj TOAXOAAIEero pasMepa BHIYHCIUTD TPOU3BeICHHe:

1) EijA;  2) AEj;.

15.34. [lycts maTpumpr A 1 B TaKOBBI, YTO JJIsT TTPOU3BOJIE-
HBIX CTOJIONOB & W 1) TTOIXOJSINEH BBICOTHI BBITIOTHEHO PABEHCTBO
£TAn=&TBn. Iokazats, uro A = B.

15.35. Ilycte A — maTpuna pasmepoB m xXn, E, n E, —
€IMHUYHBIE MATPHUITLI TIOPSAIKA 1M U N COOTBETCTBEHHO. /loKa3aTh,

uro B,A=AE, = A.

15.36. Ha kakyio maTpuily cjeayeT YMHOXKHTh MaTpuily A,
YTOOBI B PE3Y/IbTATE MTOMYUNUTh:
1) mepssrit cronbery A;  2) mepByto cTpoky A?

15.37. IlomobpaTsh asmeMenTapuyo Marpuity K Tak, 9TOOBI
maTpuna K A nogyyasach n3 A:

1) mepecTaHOBKOIl JBYX IEPBBLIX CTPOK A;

2) mpubAaBJICHUEM IIEPBOii CTPOKU KO BTOPOIi;

3) ymHO)KeHmeM 1iepBoit crpoku A Ha uncio A # 0.
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15.38. IlonobpaTs sseMmeHTapHyio MaTpuily K Tak, 9TOOBI
npousBeqenne AK momydanoch n3 A Ipu MOMOIIH 3aJaHHOTO JIe-
MEHTapHOTO TPeoOPa30BAHNS CTOIOIIOB.

O6parnas marpuna (15.39-15.65)

15.39. IlpuBecTu mpuMepbl BBHIPOKIEHHBIX U HEBBIPOXKIEH-
HBIX MaTpWII.

15.40. Ilycte A — BBIPpOXKJIEHHAsI MATPUIA BTOPOTO MOPSII-
Ka, m — HaTypaﬂbHoe qncio. JlokasaTh, ITO CYIIECTBYET UUCIO A
takoe, a0 A™ = A" 1A s Bcex m.

15.41. Obparuma Ju TPSIMOYTOJIbHAST MATPHUIIAT!

15.42. Jlokazarh, uTo ecau Marpuiia B, obparHas K A, cyrie-
crByet, To det A # 0, det B # 0, det B = (det A) !

15.43. 1) Jokazats, uto eciiu A, B, C — kBaapaTHble MaT-
putti u AB=F, AC=E, 0o B=C.

2) BosmoxHO sin paBeHcTBO AB = E Jyis1 TIPSMOYTOIBHBIX
marpun? CrnpaBenBo Ju yTBEPXK/ICHUE 1) JIs IPSIMOYTOTBHBIX
MaTpHIL?!

15.44. Jlana kBagpaTHas marpuna A = ||a;;||. Bemmcars cu-
cTeMy ypaBHEHHIt, KOTOPOIl yIOBIE€TBOPSIOT IEMEHTHI j-TO CTONIO-
a MaTpuisr A1

15.45. BBI‘{I/ICJ'II/ITB’

2 -1 o o a7
H ;o2 0 211 5 3 - ;
-1 -1 1 An 0
) (Asa)™'; B) (Ar)™h 6) (Ae)™Y 7)) (Aoor)™h

8) (A203) 1; 9) (A202)_1; 10) (A227)_1.

15.46. [JokasaTb, 9TO MaTpuIia, obpaTHas K JEMEHTAPHOI,
€CTb JIEMEHTApPHAs MATPUIIA.

15.47. Boruncauth 0OpaTHYIO K JAHHON IJIEMEHTAPHON MAaT-
purie:

1 -20
20 1 10

1) ‘; 2) H H 3) ’; 4) |10 10];
01 10 31 0 01
300 100 1 00 100

5)lo1o0f: 6)[[o10l|; 7)][0o—-10]; 8 |[001];
001 20 0 01 010

9) A1z;  10) Agz;  11) Aggo.
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15.48. IIpoBeputhb, CIIpaBeIUBO JIM TOXKIECTBO:

1) (AT L= (AT, 9) (@A)t = iAL

3) (AB)"'=B7147l; 4) (ABC)"'=C"'B7 147}

5) (A)E = (AN 6) (A+B)=A" 4B,

15.49. 1) Jokasarh, 9TO KBaJPATHYIO MATDPHUIYY C TOMOIIBIO
97IEMEHTAPHBIX MPeoOPA30BAHMI CTPOK MOXKHO TIEPEBECTH B €JIU-
HUYHYIO TOT/Ia M TOJHKO TOTJA, KOT/Ia OHA HEBBIPOKIECHA.

2) CopmyaupoBaTh U JI0KA3aTh AHAJOTMIHOE YTBEDPIK/EHUE
JIJIsE 9IEMEHTAPHBIX TPeoOPa30BaAHUN CTOJOIOB MATPUIIHI.

15.50 (p). JokasaTh, 4T0 BCsiKasl HEBBIPOXKIEHHASI MATPHIA
€CTh IPOM3BEIEHNE JJIEMEHTAPHBIX MATPHII.

15.51. Pa3ioKuTh JaHHYIO MATPUILY B TPOU3BEICHUE JTEMEH-
TApHBIX MATPUIL;:

100
11 1 -1 0 —2
CI ORI MY R ARl RS

15.52. 1) ITycte A, B — MaTpHIBI OHOTO MOPSIKA U MATPH-
11a A ¢ TIOMOIIBIO IETTOYKU SMEMEHTAPHBIX MTPeobpasoBaHuii CTPOK
nepeBesieHa B eIMHUYHYIO MaTpuily . B Kakyio maTpuiyy nepese-
JIET Ta K€ TENOYKa JIEMEHTAPHBIX Mpeobpa3oBanuit maTpuiyy F?7
Matpuiy B?

2) OTBeTUTH HA Te YKe BOMPOCHI JJIS TETOYKH SJIEMEHTAPHBIX
mpeobpaszoBanuil cToabnos Marpunbl A, nepepogamux A B E.

15.53. 1) Onucarb u 06OCHOBATH CIOCOD BBIYUCICHUS MAaT-
puter A~!) ncnompsytomuit aneMeHTapHBIe TPeOGPA30BAHNA CTPOK
marpumst || B E||F.

2) Omncars u  00OCHOBATH — CHOCOD — BBIYMCJICHUS  MaT-
pumsr A~ ucnomb3yronuit smeMenTapHbIe TPeoOpPa3OBaHM CTOIO-

O
IIOB MaTPUIIbI E

15.54. BeruucanTs:
0 0-10]" 1110t 11...1¢
0 0 01 -1210 01...1

Dt o ool 2| 14103 ... )
0-1 00 0003 00...1

4) (Aazo)™Y 5) (Aaso)™h 6) (Ausz)™ 7)) (Aaza)™h

8) (Aaz9)™ " 9) (Aeor)™";  10) (Agra)™5  11) (Agog)

12) (Agos) ™' 13) (Ae1s) "

15.55. Ilycts A2+ A+ E = O. JJokaszats, uro marpuna A He-
BBIPOXKJEHA, W yKa3aTh MPOCTEHIN CIOCOO BBIYUCICHUS AL
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15.56. Ilycts A™ = O. Jloxaszats, ato (E—A)"'=E+ A+
o AL

15.57. Marpuria A kommytupyer ¢ B. JlokazaTh, 4TO TO-
rna A~ kommyTupyer ¢ B~! (npeamomaraercs, 9TO MaTpHITLI 06-
paTUMBI).

15.58. IIposeputh dopmyay (S~1AS)™ = S-1A™S.

15.59. Ilycts S™'AS =B u f(t) — muorounen. Jloxasath,
aro f(B) =S~ 1f(4)S.

15.60. IIycts a, b — cronbubl OIMHAKOBON BBICOTHI, 1/p =
=1+bTa+#0, B=E +ab”. IIposepurs CIpaBeIHBOCTH PABEH-
crBa B~ = E — pab”.

15.61. ITycts a, b — cToabubl BHICOTHI N, A — obpaTuMast
matpuria mopsaxa n, 1/p=1+bT A" la£0u B= A+ ab”. IIpo-
BEPHUTH CIpaBeIMBOCTh pasercta B 1= A"l — yA~labT AL

15.62. 1) Omucarh 1 060CHOBATD CIIOCOD BBIMHUCJICHUS TPOU3-
Begenns A~ B, ucnomp3yrommii dIeMeHTAPHBIC TPeoOpPa30BAHII
cTpox Marpuust || B E||F.

? Omnucarb 1 060CHOBATH CITOCOO BBIUUCIECHUSI TPOU3BEICHIST
AB™", ucnonb3yromuyii 3MeMeHTapHbIE TPeobpa30oBaHus CTOIOIOB

O
MATPHIE! ||
15.63. BbI‘II/ICJ‘II/ITb TIPOM3BEJIEHNA MAaTPUIL:
-1
25 -
H 13 2) AsosAgs;  3) AjgzAz0s;

A210A205, 5) ApoAazt;  6) AsisAgry;
15.64. [lycts maTpuier A, C HEBBIpOXKIEHHBIE. PermuTh MaT-
pUYHOE YpaBHEHUE:
1) AX=0; 2)AX=B; 3)XA=B5;
4) AXC=B; 3)AX+C)=
15.65. Haiitu ManI/IILy X w3 ypaBHeHUsI:

25 25| |21
B R N
12 0 100
ofeife-l2h o 33-Ji )
0-2 5 010
2 2 -1
5y X[ 2 -1 2 =Hgg_fH;
12 2
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11 Hl—lH

oxii=|i 5] olsifx=xfoi

8) AipX =45, 9) XA —A12, 10) X 1ApX = Ag;
11) A1 X = Agog;  12) AgpeX = 14116; 13) Az03X = cs3;
14) A126X = Azz0;  15) A113X = Ag1z;  16) X Aoy = Aggg.

JIpyrue onepanuu ¢ MaTpUIaMy U ClIENHUAIbHbIE BHUJIbI
marpur (15.66-15.130)

15.66. Ilycts A, B — quarosajbHbIe MaTPHUIIHI OJHOTO TIOPSII-
Ka, a — gnciyo. JlokazaTs, uro MmaTpunsl aA, A+ B, AB, BA Toxe
nuaroHaJbuble u AB = BA.

15.67. ITycrs A = diag(\1,...,\y). JokazaTs, 4ro:

1) cronbrpt MaTpumpl BA momydalTcs yMHOKEHHEM CTOJIOIOB
Marpuibl B Ha qucaa Aq,...,An;

2) crpokn marpunpl AB TOMy9aloTcs YMHOXKEHHeM CTPOK B
Ha 9UCTA Al,..., Ap.

15.68. ITyctb A — nmaroHasbHasg Marpuia, f(t) — MHOrO-
aen. JlokazaTth, 9To Torga Marpuna f(A) Takyke auaroHaJbHA.

15.69. Ilycts Marpuiia A nuaroHaJjbHa, BCE €€ JUATOHATbHbIE
s7eMeHThI pa3nuyunbl 1 AB = BA. Jloka3aTb, 9TO TOTIA U MATPUIA
B auaronasbHa.

15.70. Marpunia A mepecTaHOBOYHA C JIOOOH TUATOHATBHOM
MaTpuneit nopsaka n. Jlokaszars, 4To A — auaroHajbHas MATPUIA
TIOPSIIIKA 70.

15.71. Marpumia A mepecTaHOBOYHA CO BCEMU MaTPUYHBIMU
eJIMHUIIAMY TIOpsiaKa 1. Jlokas3aTh, uTo A — CKajspHas MaTpHIIA.

15.72. Marpunia A mepecTaHOBOYHa € JI0OOH MaTpurneii mo-
panka n. JlokaszaTh, 4To A — cKaJsgpHas MaTpHIA.

15.73 (p). Haiiti Bce MaTpuubl, mepecTaHOBOUYHbIE C KaKIO0M
HEBBIPOXKJEHHOI MaTpulleil opsaiaka n.

15.74. Haiitu MaTpuily, SpPMHUTOBO COIPSXKEHHYIO JTaHHOM
MaTpUIIE:

1) Asa;  2) Age;  3) Asg;  4) Asi.

15.75. IIpoBepuTh CIpaBeIMBOCTh TOXKJIECTBA!

1) (A+B)T = AF 1 BH. 9) (aA) @AM, 3) (AT)H = 4;

1) (A-B)H = BHAH; 5) (AH)=1 = (A1),

15.76. OmnpenenuTh, SIBJSIETCS JTU YKa3aHHAS MATPHUIA BTOPO-
o MOpPsAIKa AUArOHAJbHON, CKaJIAPHON, TPEYTroJbHONM, CUMMETDPHU-



§ 15. Onepayuu ¢ mampuyamu 145

YEeCKOH, KOCOCUMMETPUYECKON, SIPMUTOBOM, KOCOIPMUTOBON, YHU-
TapHOM, OPTOrOHAJBHON WM MaTpPUIle MepecTaHOBKM:

1) Aga;  2) Ara;  3) A187; 4) Agg;  5) Arr; 16) Ays;

7) Ag;  8) Aszz; 9) 7§A88§ 10) Ago;  11) \/_§A16-

15.77. Joka3arh, 4TO:

1) Bce AMATOHAJIBHBIE JIEMEHTHI KOCOCUMMETPHIECKON MaTpy-
116! paBHbI ()

2) AraroHaJIbHbIC 9JIEMEHTDBI SPMHTOBOﬁ MaTPHUIIbI BEINTCCTBCHHBI]

3) IMArOHAJIbHBIE JIEMEHTBI KOCOIPMUTOBOIT MATPHUITHI MHUMBIE.

15.78. oka3arh, 4TO:
1) ecam marpura A spMuTOBa, TO MaTpUNA 1A KOCOIPMUTOBA,
2) ecam maTpuna A KOCOSPMHUTOBA, TO 1A 3pMUTOBA.

15.79. 1) Haiitu o6uuii Bu SpMUTOBBIX MATPUI] BTOPOTO TIO-
psKA.

2) Haiitn o6muii BT KOCOSPMUTOBBIX MATPHI] BTOPOTO TIOPSIT-
Ka.

3) YKa3aTh BCe MATPHILI IEPECTAHOBOK BTOPOTO TIOPSIIKA.

Hoxkazarh yTBepxkaeHus 15.80-15.86.

15.80. Eciin maTpuiia A quaroHajbHa U BCE €€ JMarOHAJIbHBIE
97eMeHTbI oTmdHbI 0T 0, To A™! CYIIECTBYET W SIBJISIETCSI JIMATO-
HaJIbHOM.

15.81 (p). Eciim marpuna A BepxHsIsl TpeyrojbHast U BCE ee
JIMATOHAJIbHBIE 3IeMeHTh oTmudHbl oT 0, To A~! cymecTByer n
SABJIACTCS BEPXHEN TPEyroJbHOMI.

15.82. Ecin A — HEBBIPOKJEHHAST CUMMETPUYECKAsT MATPU-
na, 70 A7 — TakyKe cHMMeTpUUECKas MATPHUILA.

15.83. Eciin A — HEBBIPOXKIEHHAS KOCOCUMMETPUYIECKAST MAT-
pura, To A~! — TakKe KOCOCHMMETPUYECKAsS MATPHUIIA.

15.84. Eciin A — oproronanbnas marpuia, To A~ cymecrsy-
€T M OPTOTOHAJIbHA.

15.85. Ecin A — yrurapras marpura, To A~! cymectsyer n
yHUTapHA.

15.86. Ecin A — marpuia nepecranosku, To A~ cymecrsyer
U TaKXKe SIBJISIETCS MATPUIEH MEPECTAHOBK.

15.87. JlokazaTb, YTO JaHHAs MATPUIA OPTOTOHAJIbHA U Hail-
i obpatHyto K eit: 1) A77; 2) Asi3; 3) Asis; 4) As2o; 5) Aass.
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15.88. /lokazarh, YTO JaHHAs MaTPHUIA YHATAPHA W HANTH
obpaTHYIO K Heli:
1
1) Ajo3;  2) —=Auss.
) 103 ) \/5 488
15.89. Ilycts maTpuiet A u B — BepxHEe TpeyroiabHbIe. Boi-
pasuTh MeMeHThl MaTpuiibl AB depes smementsl MmaTpur, A u B.

15.90. Ilycts matpuisi A m B — BepxHue tpeyrosbube. Jlo-
Ka3aTb, 9YTO0 Marpullbl A+ B u AB — TakKe BepXHUE TPEYTOJIb-
HBIE.

15.91. Ilycrs marpuist A u B cuvverpuyeckre. JlokasaTs, 9ro:

1) A+ B — cummeTrpuvecKkas MATPHILA,;

2) AF — cuvMerpreckast MATPHIIA TIPH JTFOGOM HATYpATbHOM k;

3) matpuna AB sBJIsieTCsl CHMMETPUYECKON TOT/Ia M TOJIBKO
TOorma, Korma MaTpuibl A 1 B mepecTaHOBOYHBI.

15.92. Ilycts maTpumst A u B kococummerpudeckue. Jloka-
3aTh, UTO:

1) A+ B — KocoCMMMeTpUYecKas MATPUIIA;

2) AF — kococmmmerputeckas MaTpuIa MpHM HedweTHOM k i
CUMMeTPHUIECKass MATPUIA TPU IeTHOM K;

3) matpuna AB sBjsieTcsl CHMMETPUYECKON TOT/Ia M TOJIBKO
Torga, Korma A u B mepecTaHOBOYHBI.

4) CdopMyanpoBaTh U J0KA3aTh HEOOXOIUMOE U JOCTATOUHOE
YCIOBHE KOCOCUMMETPUYHOCTH TIpou3BeieHus Matpul, A u B.

15.93. [lycts A — mpoumsBosibHAST KBaApaTHas MaTpuia. Jlo-
kazarh, uro Marpuisl A+ AT u AAT cummerpirdeckue, MaTpua
A — AT kococmmMeTpuaecKast.

15.94. okazaTh, 4TO JIOOYIO0 KBaJPATHYIO MATPHUILY MOXK-
HO PAa3JIOXKUTh B CYMMY CUMMETPUYECKON M KOCOCHUMMETPUIECKOM
MaTpull. EIMHCTBEHHO JIU 9TO Pa3/IoKeHue?!

15.95. Pa3moxxuTh JaHHYIO MATPUILy B CYMMY CUMMETpUUE-
CKOIl ¥ KOCOCUMMETPUIECKON MaTPHIL;:

1) Asg;  2) Ars;  3) Adaa.

15.96. Ilycts S — HeBbIpoXKIeHHast Marpuna u STAS = B.
Jlokazarh, 4TO KaxKJ0e M3 CBONCTB: CHUMMETPUYHOCTb, KOCOCHUM-
METPUYHOCTh — BBITIOJTHAETCA IJis MaTpul, A 1 B 0ZHOBPEMEHHO
(T. €. ecaM OHO BBITIOIHEHO JIsl MATPUIBI A, TO BBITOJIHEHO W /s
B, u o6patHo).

15.97. /lokasaTh yTBEpKIeHME: BCIKAS IPMUTOBA, BEIIECTBEH-
Hasl MATPUIIA SIBJISIETCST CUMMETPUYIECKOIA.
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15.98. Ilycte maTpumst A u B spMuToBsl. Jlokazarh, 4To:

1) marpuna A+ B spmuToBa,

2) marpuna AB siBisieTcsl S3pMUTOBOI TOr/Ia M TOJIBKO TOTJIA,
Koryia MaTpunbl A 1 B mepecTaHOBOYHHI.

15.99. Ilycts A — spmuroBa marpunia u A = B +iC, npu-
gem B n C' — BemecTtBenuble Marpuiibl. JlokazaTs, uto B — cuM-
MeTpuyeckast MaTpura, a C — KOCOCUMMEeTpUYIECKas.

15.100. [doka3aThb, 4TO JIOOYIO KBAAPATHYIO MATPHUILY MOYKHO
PA3JIOKUTh B CYMMY SPMUTOBOH U KOCOIPMHUTOBOMH. EINHCTBEHHO
JIN 9TO pasyioxkenne?

Hoxkazarh yTBepxkaeHus 15.101-15.104.
15.101. BermecTBeHHass yHUTApHAasi MAaTPHUIA OPTOTOHAJILHA.

15.102. Ecaiu marpunpl A u B opToronaiabHbl, To AB op-
TOTOHAJIbHA.

15.103. Ecau marpuriet A u B yuutapusl, 1o AB yHuTapHa.

15.104. Tlycts A — opToroHaabHas MaTrpuna. Lorma cymMma
KBaJIPATOB 3JIEMEHTOB JII000# ee CTPOKM paBHA 1, a cyMMa Iomap-
HBIX TPOU3BEIEHNI COOTBETCTBYIOUINX 3JEMEHTOB JABYX Pa3jInt-
HBIX CTPOK paBHa 0. SIBIISIIOTCS ST 9T CBOWCTBA, OIPEIEISIONUME !

15.105. ChopmyampoBaTh 1 J0Ka3aTh CBOWCTBA CTOIOIOB Op-
TOTOHAJIPHOM MaTpuUIlbl, aHAJOrmYHbIe 15.104.

15.106. ChopmyampoBarh U JOKa3aTh CBONCTBA YHUTAPHOMN
MaTpPUIBI, aHAJOTHYHBIE cBoiicTBaM 15.104, 15.105 opToroHaIBHOI.

15.107. Joka3aTb, ITO MATPUIIA TIEPECTAHOBKN OPTOTOHAJIBHA.

15.108. J/lokazaTh, uro eciim A m B — MATpUIIBI TTEPECTAHO-
BOK, T0O AB — Tak»e MaTpHUIa MePECTAHOBKH.

15.109. UsBecTHO, uro Marpuna A AuaroHajgbHA W OPTOrO-
HaJbHA. UTO MOXXHO CKa3aTh O €€ JUATOHAJBHBIX JEMEHTAX ;7

15.110. Marpurnia A auaroHajgbHa U YHUTAPHA. UTO MOXKHO
CKa3aThb O ee JUATOHAJBHBIX JTEMEHTaX A;7

15.111. IIpoBeputhb, SBASIETCS JU JaHHAST MaTPUIA TIEPUO-
JUYHOU, HUJIBIIOTEHTHON MJIM CTOXaCTUYECKOH; HallTh mepuoj, mo-
Ka3aTeJb HUJIBIIOTEeHTHOCTH:

1
1) Aoy 2) Aig;  3) 51412; 4) As;  5) Arr;
6) Aggz;  T7) Azzs;  8) A2371; 9) Azze;  10) Ay3o;
11) Agz1;  12) Ags7; 13) ;A434; 14) Ag13.
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IIpoBeputh cBOiicTBa KBaAPATHBIX MATPUI, CHOPMYINPOBAH-
HBIE B 337a9ax 15.112-15.121.

15.112. HunpmoTeHTHAS MaTPUIIA BCET/IA BBIPOXKIEHA, TTEPU-
OJIMYHAs — HEBBIPOXKIEHA.

15.113. Ecin A — HUIBIIOTEHTHAS MATPHUIA BTOPOTO TOPSI/I-
Ka, To A2 = 0.

15.114. TpeyrosbHasi MATPUIA HAJIBIOTEHTHA TOT/A W TOJhb-
KO TOTJIa, KOTJIa BCE €€ JUArOHAJbHBIE JJIEMEHTHI HYJIEBBIE.

15.115. Ecau maTpuier A, B HUIBIOTEHTHBI U TIEPECTAHOBOY-
HbI, T0 A+ B 1 AB HUJILIIOTEHTHHI.

15.116. Ecau matpuiist A u B mepuogudecKne W mepecTaHo-
BouHble, T0 AB — mepmommyeckas MaTpuia. BbIpasuTh Kaxoii-
aubo ee TIEpUo, Yepes3 mepnoasl MaTpul A, B.

15.117. Ilycts A™ + A™ ! + ...+ E = O. Jloxkazats, uto A —
MIEPUOJIITIECKAsT MATPUIIA.

15.118. Bceaxas MaTpuIa mepecTaHOBKU MEPUOAMTHA.

15.119. Ilycts maTpuma A sBasSeTCS OJHOBPEMEHHO YHUTAD-
HOM 1 9pMuToBOH. JlokasaTh, uTo A mepuogmyHa.

15.120. Ilycts S — HeBBIpOXKIeHHAs MaTpuma 1 S~ LAS = B.
Torma KaXXmoe U3 CBOWCTB: MEPUOAUYHOCTH, HUJIBIIOTEHTHOCTH —
BBIMOJTHsIETCST It MaTpul; A 1 B onHOBpeMeHHO (T. €. eCJi OHO
BBITIOJTHEHO JIJTsl MATPHIILI A, TO BBITIOIHEHO U Jyisi B, 1 06paTHO).

15.121. Ilycts maTpuret A u B HeoTpunarebubie. Torma A +
+ B, AB — Take HEOTPHUIATETbHbIE MATPHUIIHI.

15.122. Ilycts I — cTonber u3 eqUHAIL, U MaTpula A HeOTpH-
narenbHas. JlokasaTs, uto yciaosue Al = I — HeobxXoauMoe u 10-
CTATOYHOE YCJIOBUE CTOXACTHYHOCTH A.

15.123. JlokazaTh, uTo eciim MaTpunbl A n B cToxacTudeckue,
To MaTpura AB TakXke CTOXacTUYIECKas.

15.124. Tlycte wmatpuiia A croxactudeckas. CyrmecTByeT
a A='? Byner mu A~! croxacTmdecKoi, ecm oHa CyIiecTByer?

15.125. B KakoM ciIydae CTOXacTHYecKasl MAaTPHUIA SBJISETCS
OpPTOTOHAIBHO !

15.126. /loka3aTh CIpaBe I TUBOCTb TOXKIECTBA!
1) tr(A+B)=trA+trB; 2) trAB=trBA.

15.127. Ilycts A — TpeyrosbHas MaTPHIA, M — HATYPAJIbHOE
qncnio. Berancauts caen MmaTpuibr A™.
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15.128. Ilycts A — npousBoIbHASI MATPUIIA. BBIYUCTUTS:

1) tr(ATA);  2) tr(AH A);

3) Jloxaszath, uro ecmm tr(A7 A) =0, To A= 0.

15.129. J/lokazaTh, 9T0 eciii A — HUJIBIOTEHTHAS MATPUIA
BTOPOTO Tmopsizika, To tr A = 0.

15.130. /lokasarb, uTo He cymiecTByeT MaTpul, A u B Takux,
uro AB— BA=FE.

Buaounbie marpuns (15.131-15.141)

15.131. Ilycts A m B — 61049HBIE MATPUIIBI BTOPOTO TIOPSIIKA.
ChopmymupoBath yCa0BUSs, TPU KOTOPHIX ITH MATPUIIBI MOYKHO TTe-
peMHOXUTH. JloKa3aTh, UTO €CU CYyIECTBYeT mpoussencHue AB,
to (AB)Y = AVBY.

15.132. Ilycts A u B — BepxHMe GJI0YHO TPEYTOIbHbIE MATPU-
IIbI BTOPOTO Topsiaka u mpoussenenne AB cymectsyet. [logyunTs
bopmyiy ast Beraucienns mMarpubi ADBY.

15.133. Ilycts A — 6s109HAS MATPUIA BTOPOTO MOPsIIKa, B —
6/I0YHAST MATPHUIA — CTOIOeI U3 JIBYX OJIOKOB.

1) CchopmymupoBaTh yeaoBust, IpU KOTOPIX OMPEIETIEHO TPO-
n3BecHne AB.

2) MoxasaTs, uto eciu AB cymectsyer, To (AB)Y = AYBU.

3) HMomyuntb HopMysy st BEIYUCICHUS APBH.

15.134. [Iycte A w B — 6J04YHO AMarOHAJIBHBIE MATPUIIHI.
ChopMympoBaTh yCIOBUS, TTPU KOTOPHIX:

1) ompeneneno npoussenenne AB;

2) (AB)Y = AU B",

3) ompenenensl npoussenenus AB u BA;

4) AB = BA.

15.135. [IpoBepuTh CHpaBemIMBOCTD TOXKIECTB (A—l—B)D =
=AY+ BY, (AB )D = AYBY 1151 ponsBosbHBIX GIOMHBIX MATPHIL.

15.136. PasbuBasi jamHble MaTPUIBI Ha OJOKU, BBIYUCIUTD
MIPOU3BEJICHIE:

1) AgzoAaz1;  2) AazaAaso;  3) AasoAass;

4) Ags1Aas2; 5) AaseAasr;  6) Aszodssi

15.137. Haiimu marprmy (HP) ™!, ecimn H — Gowmast Marpuia:

(marpuuer A n C' 06paTnMsl).
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15.138. [Iycte £ — envHWYHAsg MaTpuIa mopsaka 7; D —
MPOM3BObHAS MATPHUIA pasMepa T X §; 0, b, x — cronbier. Pe-
MUTH ypaBHEHNE:

1) |ED|Cx=0; 2) |ED|x=b.

15.139. Beraucanth KPOHEKEPOBCKOE TTPOU3BEIEHNE MATPHIL:

1) Air®cr;  2) cr®@ A1, 3) Ais®cs;  4) cg® Ags;

5) Air® A1g;  6) A1s® A1y T) A13® A,

15.140. Iycte a= ||a1,...,a,|, b=]b1,...,bp||T. Boramc-
auth a® b, b® a u cpaBrUTL ¢ ba.

15.141. [IpoBepuTh COpaBeIINBOCTEH TOXKIECTBA:
1) (¢d) ® B=a(A® B);

2) (A+B)®C=A®C+B®C;

3) A (B+C)=AQB+A®C;

4) A (BRC)=(A®B)®C,

5) ABCD = (A®C)(B® D),

6) (AB) '=A"1@B L

§ 16. Paur marpunbl

B sTom maparpade HCHOIB3YIOTCS MOHATHSA: PaH2 MAMPUUbL, 06G-
3UCHbl MUHOP MAMPUUDL, OA3UCHBIE CTNOAOUBL U CMPOKYU MAMPUUDL.
IIpwu perennu 3a1a4 1M0JI€3HBI TEOPEMBI O CBSI3U ITHUX MOHATUHN, & TAKKE
OCHOBHO (HaKT, COCTOAIIMN B TOM, 9TO PAHI' MATPUIIBI HE MEHSAETCS IIPU
JIEMEHTAPHBIX MPE0OPA30BAHUAX €€ CTPOK M CTOJIOIOB.

Haaum onmcaHne HEKOTOPHIX METOJOB YIPOILIEHUS MATPUILI C I10-
MOIIIBIO JIEMEHTAPHBIX Pe0OPa30BaHUIl €€ CTPOK.

Msr roBopuM, 4T0 MaTpuna A pa3sMepoB m X n UMeeT Ynpou,eHHvil
6ud, ecnu: 1) mexkoropsie r (r > 0) ee CTOIOLOB SABIAIOTCA LEPBHIMU T
CTONOIAMY €AMHUIHON MATPHUIBI TIOPSAAKA M, 2) mpu r < M MOCIeTHAe
m — T ee CTPOK HyJieBble. PAHI yIIPOIIEHHON MATPUIBI PABEH T.

Meros, npuBeeHrs MATPUIBL K YIPOIIEHHONH (hopMe, HA3BIBAEMBI
memodom Laycca—2Kopdana, cBOIUTCA K MIOCTIEI0OBATEIBHOMY BBIIIOIHE-
HUIO [IAr0B, KaXKJIbII 13 KOTOPBIX IIPEBPAINAET OJUH U3 CTOJIOIOB JTAHHON
MaTPUIBL B CTOJIOEI] €IUHUIHON MaTPUIIBL.

Onunrem cHavasia oauH mar npeodbpasoBanus. IIpeasapureabHo oT-
METHM, 9TO, XOTs HOCJIEe KAXKI0r0 JIEMEHTAPHOIO TPe0dbpa30BaHus MOy~
YaeTcd HOBasg MATPHUIEA, JJIsd MPOCTOTHI M3JI02KEHUsSI Mbl COXPAHAEM JIJIst
BCeX Takux Marpui obosnadeHue A = ||a;;]|.

ITycrs BEIOpaH HEKOTOPELI HEHyJIeBOM deMeHT a;; Marpunsl A. Ha-
30BEM €ro BeAyluM 3jieMeHTOM nanHoro mara. Ctpoky u crosiber ¢
HOMEpaMu ¢, j, B KOTOPBHIX OH PAaCIIOJIOXKEH, Oy/IeM Ha3bIBATh BEIy-
meit crpokoit u BemymuM crosibroM. OuH mar COCTOUT U3 CJIeLY FOIIIX
3JIeMEHTapHBIX npeobpazoBanuii. 1) Bemymas crpoka mepecraBisercs
Ha HOBOe MecTo. HoBBIlT HOMED Beyleil CTPOKHM paBeH HOMEPY Imara.
2) Bemymas crpoka yMmHOXKaeTcd Ha uuciao (a;;)”!, B pesyibraTe uero
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BeJLyIUil JIeMeHT CTAaHOBUTCA PaBHBIM exuaumne. 3) K kaxmoil crpoke,
OTJIMYHOM OT Bexylieil, mpubaB/sieTCd BeayIasi CTPOKA, YMHOXKEHHAsI
Ha, HEKOTOPOE YuCJIO \. UHCIOBble MHOXKUTE/M BBIOMPAKOTCS TaK, 4TOOBI
obparuts B () BCE 2JIEMEHTHI BEIYIIETO CTOIOIA MATPUIIBI, KPOME BEIy-
wmiero snemenTa: ajs k-it crpokn (k # i) momaraem A = —ay;.

B pesysbraTe mpeobpazosannii 1)-3) j-it cronben marpumsr A mpe-
BPAIAETCH B S$-il CTONOEI] eIMHUYIHON MATPUIBI, TJe § — HOMEp IIara.

Teneps mamum obiree ommcaHue OJHON U3 BO3ZMOXKHBIX MOCIEI0BA-
TeJbHOCTEN MIaroB.

Ecau Bce cronbipr marpunbl A HyseBbie, To A MMeeT ynpomeHHbII
Buz, r = 0. B nporusHOM Citygae, mpocMaTpUBast CTOIOIBI MATPHUIIHI CJle-
Ba HAIPaBO, HAXOJMM IIEPBBIil HeHyJeBOil crosber. IlycTs ero HOMeD pa-
BeH J1. B KadecTBe BeyIIEro 3JIEMEHTa, [IEPBOTO MIara BEIOUpaeM JIFo0o
HEHYJIEBOI 3JIEMEHT 3TOr0 CTOJIOIA W BBINOJHSEM IEPBBIA Iar mpeod-
pasoBanus. Tenepb B Marpuiie mepBbie j; — 1 CTOJOIOB HyJIEBBIE, & j-U
crosi0er; paBeH IEPBOMY CTOJIOIY €IMHIYIHON MaTpuibl. Ecian npu sTom
m =1 W B CTPOKAX C HOMEPAMH 2,...,M HET HEHYJIEBBIX JIEMEHTOB,
TO 7 = 1 ¥ NIpUBeJeHNE K yIPOIIEHHOMY BHy 3aKOHYEHO. B mpoTnBHOM
ciydae BhIOEpEM CaMbIil JIEBBI CTOJIOEI] C HOMEPOM ja > j1, ¥ KOTOPO-
ro uMerTcs orimdabe 0T () 9JIeMEeHTHI HUXKe TePBoii cTpoku. JI1060it u3
THUX HJIEMEHTOB MOXKET OBITH B3AT B Ka4eCTBE BEIYIIErO JIEMEHTA BTO-
poro mara. BeImogHHB BTOPOI mIar Hpomeayphl YIPOIIEHNS MATPHILBI,
MOXKHO IIPOJIOJI?KUTH IPOCMOTP OCTAJbHBIX CTOJOIOB M IIPH HEOOXO/IM-
MocTu nepeidtu K Tperbemy mary. [Ilar ¢ Homepowm r Oyaer mociaenHuM,
€CJI T = M WU eCJIh B CTPOKaX C HoMmepamu 7+ 1,...,m He ocTaHercs
HEHYJIEBBIX 3JIeMEHTOB. Ha 9TOM mporecc ynpoieHus MaTpPUIIBl 3aKaH-
YHUBAETCS.

Hpyrum ynorpeOuTeIbHBIM CIOCOOOM YIIPOIIEHUS MATPHUILI C I0-
MOIIBIO HIEMEHTAPHBIX Peobpa30BaHmii CTPOK sBisieTcss memod Iaycca.
Beruncnenna pacnamaiorca Ha aBa dtana. Ha mepBom sTame, Ha3biBae-
MOM npamvim rodom merona [aycca, Mbl BBIIOJHSEM, KAK U B METO/IE
laycca—2Kopnana, r maros. IIpu BEIOpaHHOM BeIyIeM SJIEMEHTE ;; S-
il mar cocrouT M3 Tpex AeHCTBHIL: 1) BEAYILYI0 CTPOKY MEPEHOCHM HA
$-€ MeCTO; 2) JIeJMM 9Ty CTPOKY Ha a;j; 3) U3 KaXKION CTPOKH C HOMe-
POM, OOJIBIIIAM Y€M S, BEBIYUTAEM S-F0 CTPOKY, YMHOXKEHHYO Ha HEKOTOPOE
quciao A. MHOKuTE I A BBIONPAIOTCA Tak, 4T00bI 00paTuTh B 0 BCe dJe-
MEHTBI BEIYIIEro CTOJIOIA, PACIIOJIOKEHHBIE HUXKE BEIYINErO JIEMEHTA.
IlocnenoBarenbubiit BHIOOP BEAyNIMX CTOJIOIOB M BEIYIIMX JIEMEHTOB
COBepIIIaeM TOYHO TakK ke, Kak U B Mmerone laycca—2Kopmana. Ilocie
nocyteiHero (7-ro) mara MaTpuia IPHOOpEeTaeT TaK HA3BIBAEMBIN CMmy-
nenwamoiti 6ud.

Benymume crosbupl crymeHdaToil Marpuipl 00pasyrT IEepBbIE T
CTOJIOIOB BEPXHEH TPEYroJIbHOW MAaTPHUIIBI, y KOTOPOH BCE IMATrOHAJIb-
HbIE 3j1eMeHThI paBHbI 1. Bee cTpoku cTymneH4aToii MaTpUIlbl C HOMepaMu,
OosbIIIMU 9eM T, HyJeBble. PaHr cTymeH4YaToil MaTpPUIlbI PaBEH 7.

IIpu oTpicKaHUN paHTra MATPUIIBL JOCTATOYHO IIPUBECTHU €€ K CTYIIEH-
qaroit popme.
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Hutst TOro 9T0OBI IPUBECTH CTYNEHYATYIO MATPUILY K yIPOIIEHHOMY
BHJIy, MOYKHO UCIIOJI30BaTh obpamuwit xod merona [aycca. On cocrout
u3 r — 1 maros. Ha s-m mare BeaymumM CTOIOIIOM SABJISIETCST CTOJIOEIT C HO-
MEPOM Jr_s+1, & BEAYIIEHd CTPOKOIT — cTpoka ¢ HomepoMm 7 — s+ 1. Ilpnm
9TOM M3 KaXKJOW CTPOKU C HOMEDPOM, MEHbIIUM 7 — S+ 1, BhIAMTAETCH
BeJyIasi CTPOKA C TAaKUM MHOXKUTEJeM A, 9T0ObI obparuTs B 0 BCe 1e-
MEHTBI BEIYyIIEro CTOJOIA, PACIIOJIOXKEHHBIE BBIIIE BEIYIIErO JJIEMEHTA.
Ilocne r — 1 maroB Bce BeyInue CTOIONBI IPEBPATATCA B CTOJIOIBI €11~
HUYHON MaTPUIBI, & JaHHAd MaTpHuia A mpuobpeTeT yIPONIEHHBIH BUL.

16.1. /Iats onmucanune Bcex MaTpull panra 0.
16.2. /laTh ommcaHure BCceX MATPUIL paHra 1.

16.3. BosmoxkHO s, 4TOOBI B MaTpuile He OBLIO HA3UCHOTO
MUHOpa?

16.4. Yka3aTb KaKOH-HUOY/Ib OA3UCHBI MIHOP U OMPEIETUTD
PaHT MATPUIIHL:

1 -1 1
olook ezl ofet]

0
1
2
2
4
2

1 111 1

1123
Z 0 2234
1111
16.5. Ykasars GasucHble CTPOKH B Marprmax 1)-7) sagaqm 16.4.
16.6. Ykasars GasucHble cTonOIpI B MaTpunax 1)-7) samaqm 16.4.

16.7. YkasaTb 6a3UCHBIN MUHOD, 6a3MCHBIE CTOJOIBI U Oa3uc-
HbIe CTPOKHU B KBAJIPATHON MATPHUIE C OMPEJCTUTETIEM, OTINIHBIM
ot 0. YeMmy paBeH paHT Takoil MATPHIIHI?

HoxazaTh yTBepxKAeHusa 16.8-16.13

16.8. Paur nuaroHajbHOM MATPUIIBI PABEH HUUCTY €€ dJIeMeH-
TOB, OTJINYHBIX OT HYJIA.

16.9. Eciin B MaTpulile paBHBI HYJIIO BCE MUHODPBI TOpsiaKa k,
TO ¥ BCe MUHOPBI TIOpsifika k + 1 paBHBI HYJTIO.

16.10. Panr maTpuiibl He MEHBITIE PAHTa, JTIOOOM ee TTIOIMATPHUITHL.

16.11. IlpunuckiBaHre K MaTPHUIE HYJEBOTO CTOJIOIA HE Me-
HSIET ee paHra.

16.12. I[IpunucbiBaHme K MaTpHUIE CTOJOIA, PABHOTO JIMHE-
HOM KOMOMHAIINU ee CTOJIOIOB, HE MEHSIET €€ PaHTra.

16.13. Ecmn cTonbupl Marpunbl B SABJISIOTCS JTHHEHHBIME
KOMOMHAIMAMY cTOOI0B MaTpuibl A, To rg B < rg A.
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16.14. Onenuts panr matpunst ||A B||Y «epes panrn mar-
pun A u B.

16.15. Ilycts MaTpunbl A u B UMEIOT OIMHAKOBYIO BBICOTY,
n paHr A He MEHsIeTCsl MOCJe TPUINCHIBAHUS K Heil JIo00ro m3
cron6ros B. Jloxasats, uro rg||A B||P = rg A.

16.16. /Joka3aTh ClemyIoIue CBOMCTBA PAHTa MATPHUIIHL:

1) YMHOXKEHHE KaKON-IMO0 CTPOKM MATPHIBI Ha YHCIIO, OT-
JINYHOE OT HYJIsI, He MEHSIET ee PaHTa.

2) TlepectaHOBKa CTPOK MATDPHUIIBI HE MEHsIET €e PAHTa.

3) Ipubasienne K Kakoii-mmbo CTPOKE MATPHUIBI JIUHEHHO!
KOMOMHAINN OCTAJIBHBIX CTPOK HE MEHSIET ee PaHTa.

4) PaHr MaTpuIpl He MEHSIETCS IPU JIE€MEHTApPHBIX IIpeobpa-
30BAHUSX €€ CTOJIOIOB.

16.17. Onucarh crocod BBIYUCIEHUST PAHT MATPHUIILI C UCIIO-
JIb30BAHUEM JIEMEHTAPHBIX MTPEoOPa30BaHUil €€ CTPOK U CTOJIOIOB.

16.18. Bpraucautb paHT MaTPUIIHL:

1) J1of;  2) [0L0];  3) Aar;  4) Aoy 5) Aug;

6) Aiz;  7) A7z 8) Agi;  9) An; 10) Agoe;

11) Agps;  12) Agsz;  13) Aoia;  14) Aoze;  15) Ases;
16) Asge;  17) Agog;  18) Agsa;  19) Agzs;  20) Agss;
21% Asas;  22) Agsa; 23) Awas; 24) Asgr; 25) Asss;

26) Asaa;  27) Asga;  28) Aes2;  29) Aesa.

16.19. BeryaucanTh paHT MATPHUILI TPU BCEBO3MOXKHBIX 3HATE-
HUSX TTapaMerpa:

1) Azg;  2) Aser;  3) Ases;  4) Ases;

5) Asos;  6) Ae20;  7) Apas.

16.20. Beraucauts panr marpuisl A — AE npu Bcex 3HAUYEHH-
X TapaMerpa A, eciiu:

1) A=A47; 2) A=A211; 3) A=A431.

16.21. JoxasaTs, uro ecin det A = 0, To cTpoku MaTpuibl A,
TaK JKe KaK U ee CTOJIOIbI, JINHEHHO 3aBUCUMBI.

16.22. Marpuma A mMeeT MOPSIOK N M COJEPIKUT HYJIEBYIO
noaMaTpuily nopsimka n — 1. OueHnTh panr A.

16.23. Martpunia A mMeeT MOPSIOK 70 U COAEPYKUT HYJIEBYIO
moMaTpuIly mopsiaka s. OueHuTs paHr A.

16.24. Marpuna A uMeeT HMOPSIOK 7 U COAEPXKUT IOAMATPH-
Iy mopsaka n — 1, nmeromyto panr 1. Onennth panr A.

16.25. 1) OueHuTh paHT MPOM3BEAEHUs IBYX MATPUI Yepe3
PaHIru COMHOXKUTEJIEH.
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2) IlpuBecTn mpuUMepHI, KOIJA BBIIOJHEHBI COOTHOIICHMSI:
rgAB <rgA, rgAB<rgB, rgAB <min(rgA,rgB), rgAB=
=rgA, rgAB=rgB.

16.26. 1) IIycts a — crpoka, b — cronben. Borancaurs pasr
MaTpuib ba.

2) (p). Ilycte rg A = 1. Jlokasars, uro Matpuiia A paBHa mpo-
U3BEJIEHUI0 HEKOTOPOTO CTOJIONA Ha HEKOTOPYIO CTPOKY.

16.27 (p). Ilycrs A, B, C — marpuupi, det A # 0 u onpesese-
ubl pouseesienns AB, C A. Jlokasats, uro rg AB =rg B, rgCA =
=rgC. MoxeT i1 OBITH BBITIOJTHEHO KaKOe-JHO0 U3 3TUX PABEHCTB,
ecau det A = 07

16.28. Jlokazath, 94TO ecau rg A =r, TO MUHOD, CTOAIIWH Ha
TIepecevYeHn T JIMTHEWHO HE3ABUCUMBIX CTPOK U 7" JIMHEIHO HE3aBU-
CUMBIX CTOJIOIOB MaTpunbl A, ornuuaen ot 0.

16.29. Ilycts MaTpuiia A COCTOUT U3 T JTMHEHHO HE3ABUCUMBIX
cTonibrioB, B — w3 7 JUHEHO HE3aBUCHUMBIX CTPOK. deMy paBeH
paur AB?

16.30. Marpuriet A u B uMeroT pasMepbl COOTBETCTBEHHO
mxrurxn, urgAB =r. Haiitu paaru matpuny A u B.

16.31. Paznoxenne matpuribl A B mpousBenenne A = BC' Ha-
3bIBaeTCS cKeaemmvim, ecin rg A =rg B =rgC u marpuret B u C
MMEIOT TTOJTHBII PAHT (T.€. DAHT, PABHBIN OTHOMY U3 Pa3MepOB MaT-
PHILBI).

1) JokazaTh, 4TO BCAKYH MATpuily A MOXHO TpEJCTABUTH
Kak Mpou3BejieHre MaTpullbl M, cocTosimiei n3 Oa3ucHbIX CTPOK A,
Ha HEKOTOPYy1o Marpuiyy K (CKeseTHOe pa3jioyKeHHe MaTPUIBI IO
CTPOKaM).

2) CopmyamupoBaTh U I0Ka3aTh AHAJOTWYIHOE YTBEDPIKICHUE
JUUTSI CKEJIETHOTO PA3JIOYKEHUsI MATPHUIIBI IO CTOJIOIAM.

3) Kak cBsi3anbl MeXKIy co0Oil pasmuHble CKEJIETHBIE Pa3Jio-
JKEHUsI OJTHON MATPUIIHI!

16.32. Haiitn xakne-HUOY/Ib CKeJETHBIE PA3JIOXKEHUsT (CM. 3a-
Jady 16.31) mo cTrpokam u CTOIOIAM IS CJIEIYIOMINX MaTPHIL:

1) Ay 2) Agsi; 3) Asst; 4) Asos; 5) Ausa.

16.33. /lokazaTh, 4TO JIIOOYI0 MATPUILY PAHTA 7" MOXKHO MIPE-
CTAaBUTH B BUJE CYMMBI I MaTpuIl paura 1.

16.34. YkazaTh, KaKie U3 BBIMHUCAHHBIX HUXKE COOTHOIIEHUIH
BO3MOXKHBI. Kakme M3 HUX BBITTOJHEHBI JJIsT TPOU3BOJIBHOM Taph
MAaTPHUIl OJUHAKOBBIX Pa3MepPOB?
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( )=

( )= max(rgA rg B);
EA-I—B% _rgA+rgB
( )

6) rg(A+B) <rgA+ rgB
16.35 (p). Ilycrs marpuner A 1 B uMeroT pasmepsl COOTBET-

CTBEHHO M XN U n X p, u nyctb AB = 0. Jlokazatb, uTo rg A +
+ rgB < n.

16.36. /lokasarh, 9TO
sin(a; +b1) sin(a; +b2) ... sin(a; +by)

sin(an, +b1) sin(an +b2) ... sin(an +by)
16.37. Toka3arh, ITO

O
A O
gllo B =rgA+rgB.
16.38. Iokazarh, ITO

AC
2l o B >rgA+rgB.

16.39. Ilycts A — kBagparHast MaTpuIa. /lokasarb, 4To
o g

A3 A4 = I'gA

16.40. [Ilycts E — enunanunasi, A, B — TpOM3BONIbHBIE KBA/I-
paTHBIE MaTPUIIBI TIOPsAKA 1. JlokazaTsk, 9TO

E B |”
AAB| —™
16.41. /Toxa3arh, ITO
O
3‘?4 _BB =rgA+rgB.

16.42. ITycts A HeBBIPOXKIECHHAs KBaJIpaTHAs MATPUIA II0-
psanka n, a marpuikl B, C' u D — npsmoyronbubie. Haiitn Heob-
XOAUMOE U JOCTATOYHOE YCJIOBHE JJIsT TOTO, YTOOBI

A B
C D

=n.




I'masa 7
CUCTEMBI JIMHEMHBIX YPABHEHUM

B 3700l ryiaBe MCHOIB3YIOTCH CIIEAYIONINE TOHATHS U TePMUHBL: 00-
HOPOOHGA T HEOOHOPOOHAA CUCTNEMA AUHETHBT YpasHeHul, OCHOBHAA
mampuya cucmemos (mampuua Kodpduyuenmos), onpedesument cu-
cmembl N TUHEHHBIX YPABHEHUI C 1 HEU3BECTHBIMHU, PACWUPEHHAA MATN-
PUYA CUCTNEMDBL, CTNOAOEY, C80BOOHBLT YAEHO8, COBMECTIHASL U HECOBMECTT-
HGA CUCTEMAa YPABHEHUI, 9K6USAAEHMHLE CACTEMBI yPABHEHHI, 4acmHoe
pewerue u obwee pewenue CUCTEMBI JIMHEHHBIX yPaBHEHUA, Byrndamen-
MANbHAA CUCMema peweruli 1 PYHOAMERMANLHAA MAMPUUE OTHOPOI-
HOM CHCTEMBI JIMHEHHBIX YDPaBHEHUM, 0a3ucHble HEU3BECTHLIE U TMAPG-
mempuueckue (c60600Hbie) HEU3BECTHDIE, OJHOPOIHAA CUCTEMa JIMHEH-
HBbIX YPAaBHEHUM, CONPAANCEHHAA JTAHHOU.

OCHOBHBIE TEOPEMBI: TEOPEMA O CYIIECTBOBAHUU M €IUHCTBEHHOCTH
DEIIeHns] CUCTEMBI 1 INHEHHBIX YPABHEHNUI ¢ 1 HEM3BECTHBIME (TEOpEMa
Kpamepa), a Takke n1Ba KpUTEpUA COBMECTHOCTH CUCTEMBI 11 yDaBHE-
Huil ¢ n Hen3BecTHbIMU: TeopeMa Kpouekepa—Kareanu u Teopema Ppei-
rOIbMA.

IIpusenem mHekoTOpbIe POPMYJIBI 1 OOO3HAUEHUS.

Cucrema m JMHEHHBIX YPABHEHUIA C 1 HEM3BECTHBIMHU

41121 + ... + a1y = b1,

Am1T1+ oo+ Qo Ty = by
MOXKeT OBITH 3alMCaHa B MATPUIHOM BUIE:
Ax =D,

e wepes X u b obosradensr cTonbupt ||z ... 2,[|T u ||by...by||T coor-
BeTCTBeHHO. MaTpuirsr

A=, w |Ab| = oo

Am1l -+ Qmn A1l -+ Gmn bm
HA3BIBAIOTCA OCHOBHOU W PACWUPEHHOT, MATPUIIAMH CHCTEMBI ypaBHe-
Huii. Pewenuem CUCTEMBI (1) HA3BIBAETCS YIOPSAJI0YEHHBI HAOOP dYu-
CeJl, TaKO, 9TO IMOC€e TMOJCTAHOBKHU ¢-I'0 YUCJa BMECTO HEM3BECTHOHN I;
IS KaXKJIOTO ¢ BO BCE YPABHEHUS MbI IIOJIyYUM 1M UCTUHHBIX PABEHCTB.
OTH YUC/Ia HA3BIBAIOTCS KOMNMOHEHMAMU peuwleHus. PereHne cucreMbl
yPaBHEHHUH 3aMUCHIBa€M B BHE CTOIOIA. MHOXKECTBO BCeX pereHuit of-
HOPOJIHOI CHCTEMBI JIMHEHHBIX YPaBHEHUN C N HEU3BECTHBIMU 33JaeTCs

dopmy.roit

X=mXi+...+hppXp_p. (2)
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3necw: cronbupl Xq,...,X,_, — JAHEHHO HE3ABUCUMBIE YACTHBIE Pe-
IIeHUsa JAHHOW OJHOPOMHOM cucrembl, hy,...,h,_, — TPOU3BOJBbHBIE
MOCTOAHHBIE UnCTa (mapaMeTpsl), r =rgA — pane cucmemv,. MHOXKe-
crBo {Xy,...,X,_,} Ha3BIBaeTca gyndamenmanavhoti cucmemoti pewe-
Huli OXHOPOJHON CHCTEeMBbl ypaBHeHuil. Bce pemenus OZHOPOIHON
cHUCTEeMbI 00PA3yIOT JIUHEIHOE TOAIPOCTPAHCTBO B IIPOCTPAHCTBE CTOJIO-
[IOB BBICOTHI 1; (DyHIAMEHTAIbHAS CUCTEMA PEIIeHUN eCTh 0Aa3UC B 9TOM
noxnpocrpadcTie. Ilpasas gacTh Gopmyssl (2) HasbIBaeTCA 06UUM pe-
wenuem 00ropodnoti cucmemv. Popmyse (2) MOKHO IPHAATH MATPUY-
HBII BAI

X = ®h. 3)
3nece ® — marpuna us croabuos Xi,...,X,_,, a h — crosber; BbICO-
TBHI 1 — 7" U3 IPOU3BOJIBHBIX IIOCTOAHHBIX N1, ..., ,_,. MaTpuna ® Ha3bI-
Baercd  pyndamernmanvroti  mampuuett  00HOPoOHOT  cucmemol

ypasreHudl.
O6iee pereHne HEOTHOPOIHOM CUCTEMBI JIMHEIHBIX YPaBHEHUN MO-
KeT OBITh 3alMCaHO B BEKTOPHON popMme

X=mXi+...+ hp_r Xp_r + X (4)
WK B MaTPU9IHOU dopme
X = &h + X, ()

rae Xo — HeKOTOpoe (MPOM3BOJIBHOE) YACTHOE PEIIEHNe HEOTHOPOTHOM
cucTeMbl ypaBHeHuit, a h1 X1 + ...+ hy—r X, —,, = Ph — obmiee permenue
COOTBETCTBYIOIIEN OJHOPOIHOI CHCTEMBEI.

Cucrembl ypaBHEHUH, MUMEMOIINE OJHO M TO YK€ MHOMKECTBO Pelle-
HUIl, HA3bIBAIOTCH IKEUBAAEHMHHMU. DTO IOHATHE OTHOCUM JIUIIH K COB-
MeCTHBIM cucTeMaM. MBI rOBOpUM TakzKe, 94TO cucTeMa ypasHeHuii (B)
caedyem u3 (A), ecium mHOKecTBO pernenuil (B) comepxxur MHOXKECTBO
pemrennii (A). IIpu pereHnn HEKOTOPBIX 33134 TIOJIE3HBI YTBEPIK ICHUSI:
IIOJICUCTEMa €CThb CJIeJCTBUE CUCTEMBI; IPUCOeJUHEHNE K CHUCTeMe ypaB-
HEHUIl ee CJIeJCTBUI 3aMeHAET JaHHYI0 CUCTEMY Ha SKBUBAJIEHTHYIO.

OCHOBHBIM aIMAPATOM IIPHU KUCCIEJI0BAHUN COBMECTHOCTU CHCTEMBI
JINHEWHBIX yPABHEHWI M OTBHICKAHUU €€ PEeIIeHHil CiryKaT mpeobpa3oBa-
HUd CHCTEMbl YPABHEHUH, COOTBETCTBYIOIIME dJIEMEHTAPHBIM Npeobpa-
30BaHUAM CTPOK pacmupeHHoi marpuibl. [Ipu stux npeobpaszoBaHusax
HEeCOBMeCTHas CHCTeMa IIePeXOUT B HeCOBMECTHYIO, a COBMECTHas — B
COBMECTHYIO CUCTEMY YPaBHEHHI, SKBUBAJEHTHYIO JaHHOM.

C moMoIpio 3J1eMEHTAPHBIX IPe0OpPa30BaHUil CTPOK PaCIINpPEHHAS
(# OJIHOBPEMEHHO OCHOBHAsi) MATPHIA CUCTEMBI MOXKET OBITH TPUBEICHA
K ynpomennoit ¢popme. Cucrema ypaBHEHUil, COOTBETCTBYIOIIAS YIIPO-
IIEHHOW PACIIMPEHHON MaTpulle, Ha3bIBACTCA YNpPowerHHotl.

st TOoro 94Tobbl PEINTh CUCTEMY yPABHEHMIA, MOXKHO HPUIAEPIKU-
BaThCA CeAyIoeil CXeMBbl.

1. PacmupeHHYI0 MaTpHIy CHCTEMbI C IIOMOINBIO IJIEMEHTAPHBIX
npeobpa30BaHUl CTPOK MPUBOAUM K yIPOIIEHHOMH dopme.
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2. IIpoBepsiem COBMECTHOCTH YIPOIIEHHON CUCTEMBI, HOJIb3YsACh Te-
opemoit Kponekepa—Karmemau. IIpusHakoM COBMECTHOCTH CHUCTEMBI SIB-
Jisiercsd Hajmdre 0a3MCHOrO MHMHOPA PACHIMPEHHON MAaTPUIBI BHYTDU
OCHOBHOM MaTpPHUIBI CUCTEMHI. CI/ICTeMa. HECOBMECTHa TOrJa U TOJIBKO TO-
13, KOTJa B YOPOIIEHHBINH BUJ PACIIMPEHHON MAaTPHUIIHI BXOJUT CTPOKA
[00...01]

3. Pemaem ymporenuyo cucteMy ypaBHEHWIl, €C/iu OHa OKa3aJIacCh
COBMECTHOI1.

HomycTum, 9T0 GA3UCHBIMU SBJISIFOTCS IIEPBBIE T CTOJIOIIOB MaTpPU-
bl A coBMecTHOM cucrembl. Torna ynporenHas paciimpeHHas MaTPUIa
uMeeT BUJI,

10...0 a11 ... Xlpn—p ,81
01...0 Q21 ... QA2 n—p ,82

00 ...1 ap1 -vv Qppr |G|l (6)
00...0 0 ... 0 0

Eit cooTBeTcTBYeT ynpoiieHHas CUCTEMa yPABHEHUH

T+ 0nTrg1 o QLT = P,

.................................. (7)

Ty + Qp1Trq1+ oo+ Q& = /Br-
HeussectHsbie 1, ...,2,, COOTBETCTBYIOIIE DA3UCHBIM CTOJIOIAM MATPHU-
IIbI, HA3BIBAKOTCA 6A3UCHBLMU, OCTAIHHBIE HEU3BECTHBIE — Lpi1,. .., Ly —
¢680600nbIMU. 3anaB 3HadeHud hy,...,h,_, CBODOIHBIX HEU3BECTHBIX, HA-
x07uM Ga3uCHBbIE HEU3BECTHBIE U3 cucTeMbl ypasHenuii (7). Obmee perre-
HUE TOJIyYUM B IapaMeTpudeckoit hopme

T = _allhl Tl T al,n—rhn—r +/817
.................................... 8
Ty = _arlhl _---_ar,n—rhn—r'f'ﬁry ( )
Typy1 = h17 ceey T = hn—’r,
rae hi,...,hp_, — npomsBosnbHble nocrosiHHble. OOmee pemenue (8)
MOXKHO 3aIuCaTh B BeKTOPHOI (4) m marpuunoit (5) dopme, momoxus
B —Qi1 ... —Q1pop
) 5 ..................
_ _ r —COr1 Qpop—rp
X = ) XO - (K b= 1 0 ’ (9)
T
0 0o ... 1

X; — crosbubr P.

Iycre r=1rg A, i1 <is<...< i, —HOMepa 6a3UCHBIX CTOJIOIOB A,
ipp1 < ...<1i, — HOMEPA OCTAJbHBIX ee CTOJOIOB. PyHIaMeHTAIbHAA
MaTpPHIA, CTPOKH KOTOPOH C HOMepaM# ip41 < ... < i, 0Opa3yioT enu-
HUYHYIO TIOAMATPUILY, HAa3BIBAETCA HOPMALbHOT dyndamenmanrvorot
MaMPUYeti, COOTBETCTBYIOUIEH Oa3UCHBIM HEU3BECTHBIM I, ,...,T;

e
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Croibusl HOpMaaBHOH DyHIAMEHTATBHON MATPHUITEI 06PA3YIOT HOPMAAD-
HY10 PYHOAMENMAALHYIO cCuCMeMy peuweruli OTHOPOIHON CHCTEMbI yPaB-
nennit. B wactaocTn, ® B dbopmyse (9) — HOpMaTbHas QyHIAMEHTATE-
Has MaTPHIA OJHOPOIHON CHCTeMBbI

1 +a11%r41+...+ A1 n—rTn = 0,
................................. (10)
Ty + @1 Tr 1+ oo+ A Tn =0,

COOTBETCTBYOIIAs 6A3UCHBIM HEM3BECTHBIM I1,. .., L.

Hopmasasayio dyunnamentaapuayio marpuny ®, sacraoe pemrenue X
u opmyJiry OOIIEro pelreHns: MOXKHO BBIMUCATH IPAMO 10 PACIINPEHHON
marpure (6). Ecan pacmupenHyo MaTpuily KpaTKO 3alUCaTh B BUIE

E. D|B
O Oflo
TO
_|| =D _|IB
o-|s2 ] -2
u (5) npumer Buj
— -D B )
X= E,_, h+ o (57)
3necy E,., E,_, — equHUYHbIE MATPUILI IOPSAIKA T U 1L — T COOTBET-
CTBEHHO, & 3 — crosnber us gucea By,...,0 .

O6mee pemenne cucrembl ypasHenuii B dopme (4) u (5) MOXKHO
noiay4auTh u3 cucreM ypasrenuii (7), (10) 6e3 oGpamenus K dopmyie
(8). YacrHoe pemrenne MoOxKHO HaifiTh u3 cucremsbl (7), 3a7aB KaKuM-
HUOY 1> 06Pa30M CBOGOIHBIE HEU3BECTHBIE (€C/IM MBI IPUPaBHsEM uX K 0,
TO MOJIyIMM YaCTHOE pelnerne, onpejensgemoe dopmysoit (9)). Croabust
dyHIaMEHTAILHON MATPUIIBI MOXKHO HaiiTn Kak perrenns cucremsl (10),
npugaBag MapaMeTpUIeCKUM HEU3BECTHBIM 3HAYEHUS, 0OPa3yIOIIue B CO-
BOKYITHOCTH HEBBIPOKICHHYIO0 MATPHILy. B 4acTHOCTH, €CJI MPUPABHATD
3HaueHUu || T, 41, ..., 2,||7 K cTON6IAM eruHIHO MATPHIIBL, TO PeIneHns
cucremsl (10) o6pa3syor dyHmameHTaIbHY 0 MaTpuy (9).

Bameganue. JlomycTum, 9To JaHHAA CACTEMA yPABHEHUIT COB-
MeCTHA, HO Ga3UCHBIMY ABJIAIOTCA He MEPBbIC T' CTOIOIOB OCHOBHON MaT-
PUIIbI, & KAKHe-TO Apyrue. B 3ToM ciiydae, 9TOOBI PEITUTh YITPOIICHHY O
CHCTeMy ypaBHEeHHUil, MOXKHO JeficTBOBaTh OJHUM U3 JIBYX CIOCOGOB.

Cnonoco61. Anagormuso m. 3 cocraBiisieM YOPOINEHHYIO CHCTE-
My ypaBHeHuil, Ha3bIBaeM OA3UCHBLIMU HEU3BECTHBIEC, COOTBETCTBYOIINE
6a3uCHBIM CTOJIOIAM MATPUIBI CHCTEMbI, BhIPaKaeM 0a3UCHbIEC HEU3BECT-
HBle 4Yepe3 OocTajibHble (CBOOOIHBIE) W 3aNMCHIBAEM OOINEe DEIIeHHe B
dopwme (4) mwim (5).

Cnoco62. HeusBecrunie, coorBercTByOMUE HA3ZUCHBIM CTOJIO-
IaM MaTPHIILI CHCTEMBI, 0003HAMaeM 9epes ¥y, . . . , Yy, OCTATbLHBIC — depe3
Yrt1se--,Yn. 1lOCITE ITOI 3aMEHBI HEU3BECTHBIX IIOIY9IAE€M YIPOIIEHHYIO
cucreMy ypaBHeHuii Buza (7), pemaem ee u jiejiaeM OOPATHYIO 3aMEHY.
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Takum 06pa3oM, CyIIecTByeT MHOIO ITyTell HOJIydeHus: oOIero pe-
II€HUA CHCTEMBI JIMHEHHBIX YPABHEHUN M MHOTO PA3JIMIHBIX (POPM €ro
3anucu. Huzke paccMOTpeH mpuMep HEOIHOPOIHONW CHCTEMBI JIMHEITHBIX
ypaBHeHuil, nmeromeil 6eCKoHedHOe MHOXKeCTBO pernenwuii. Obmiee perre-
HHE [OJIy9eHO B napameTpudeckoii (8), BekropHoii (4) n maTpuaHoii dbop-
me (5).

st coKpaleHus 3anucu B 9TOM IJIaBe CUCTEMbI JTUHEHHBIX yYPaBHE-
HUI ¥ OTBETHI K HUM JIAIIb YACTUYHO [IPUBEJIEHBI B Pa3BepHyTOi hopme
(1) u (8). Hekoropas 9acTb CuCTEM yDABHEHUIl 334aHA C IOMOIIBIO PACc-
IIAPEHHOW MATPUIbl. B oTBeTax K 9TUM yIPaKHEHUAM MbI HOMEIIAEM
GYHIAMEHTAIBHY O MATPHUILY PEIIEHUA OJHOPOIHONU CUCTEMBI Y PABHEHUM
U cTOJIOeI KAKOr0-1ub0 YaCTHOTO PelIeHusi HEOHOPOIHOM cucTembl. Kak
B YCJIOBHSIX 33J1a49, TAK M B OTBETAX MATPHUILI M CTOJOIBI HE BHIUCAHBI
HEIIOCPE/ICTBEHHO, a YKA3aHbI UX HOMeDPa B OaHKe.

II p u M e p. Cucrema ypaBHeHU#l 3a/1aHa PACIIMPEHHON MaTPHUIIEH
|| Ass1|css|| (3amaga 19.6, 42)). B Ganke Haxommum

1 3 5 7 91 20
|[Assiless]|=]1 —2 3 —4 5| -5
2 11 12 25 22| 65

DTa paclHIMpeHHas MATPUIE COOTBETCTBYET CUCTEME YPaBHEHUN

21+ 32 + 5x3 + Txy + 925 = 20,
x1 — 229 + 3x3 — 4x4 + S5 = -5, (ll)
2@y + 11z 4+ 1223 + 2524 + 2225 = 65.

IIpumensasa anroputm ['aycca, mpnBoauM pacIIMPeHHYI0 MATPUILY K YIIPO-
IIEHHOMY BHJY:

19 2 33
10 — - — 1|5
5 5 5
2 11 4 (12)
1 = = Z
0 5 5 5 g
00 0 0 OO

3amMedaeM, UTO CHCTEMa COBMECTHA, TaK KAaK B PACIIMPEHHOI MaTpu-
1e (12) Ga3sucHBIME ABJIAIOTCA JBa NEPBBIX cTosbna. Pacimpennas mar-
puna (12) coorseTcTByeT CHCTEME yDAaBHEHUIT

19 2 33
T1+—x3+ x4+ —x5=25,
5 5 5
5 1 (13)
.1‘2+—.1‘3+—.1‘4+—$5=5
5 5 5 ’
9KBUBAJIEHTHON JaHHON. Ba3ucHble HEM3BECTHBIE — X1, L3, CBODOIHBIE —
T3, T4, 5. OOO3HaAUMM mociaemuue deped hy, ho, hs; moaydaem obiiee
pelenue:
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19 2 33
=——hy——-ho——hs+5
1 5T ghe = hs +9,
2 11 4
=—Zhi——hy—=h 14
To ghi—whe—chst 9, (14)
x3=h1, ®4=ha, z5=hs.

O6mee pemenne cucreMsl ypasHeHunit (13) MOXKHO HOXYIUTh JPYTUM CIIO-
cobom. CHagasia, monoxkwus B (13) x5 = x4 = x5 = 0, HAXOAUM €€ JaCTHOE
pellieHue:

5
5
Xo=0 (15)
0
0
Jlasee pacCMOTPHM OJHOPOJHYIO CHCTEMY
- +19w +2x +33x —0
1 5 3 5 4 5 5—Y,
205+ S+ 25 =0
T2 5-T3 5 X4 51’5 =0.
Tlonoxus x5 =1, 4 = x5 =0, Haxomum 1 = —19/5, 29 = —2/5. Iloao-
x)uB 23 =0, 24 =1, x5 = 0, HAXOmMUM 1 = —2/5, 9 = —11/5. Tlonoxus
xg =24 =0, x5 =1, Haxomu™m 1 = —33/5, x2 = —4/5. Takum obpasom,

MBI HAXOJUM TPU JIMHEHHO HE3aBUCUMBbIX YaCTHBIX PEIIeHUs OJHOPOJHON
cucrembl ypasHeHui (byHIAMEHTAIBHYO CHCTEMY DEIeHHI ):

—19/5 || || =2/5 || || -33/5
—2/5 || | —11/5 | || —4/5
[, o |, o
0 1 0
0 0 1

Temepp MOXKHO 3amucaTb obIIee PereH

(11) B BekTOpPHOIT hopme

~19/5 ~2/5

—2/5 ~11/5
X=h| 1 |+he ©
0 1
0 0

We JAHHON CHUCTEeMBI YpaBHEHHUI

-33/5

—4/5

(16)
0

5
5
+ h3 0 +10
0
1 0

OueBngno, aro (16) ects qpyras 3anucek dopmyst (14).
Hakomnel, MOXKHO TOJy4YATH OOINEe PEIICHHE CUCTEMbI ypPaBHEHUIt
(13) cpasy B marpuunoit ¢popme (5’). B manHOM ciryuae

D=

19/5 2/5 33/5
2/5 11/5 4/5

5
) /8=H5




162 La. 7. Cucmemot aunetinur ypasreHut

Takum obpasom, obiee pereHue

~19/5 —2/5 —33/5 5
—2/5 —11/5 —4/5 5

X=| 1 0 0 |[h+|of, (17)
0 1 0 0
0 0 1 0

rme h — crosberr 3 MPOU3BOIBHBIX MOCTOAHHBIX hi1, ho, hs. fcHo, aTO
(17) ectp Marpuunas 3amnuck (16).

3aMeHUM NPOU3BOJIbHBIE TIOCTOsSHHBIE h1, ho, hs HA —bhy, —bho,
—5hg coorsercrBenno. ®opmyia (17) mpumer Buz,

19 2 33 5 —
2 11 4|_ |5 M
X=|-5 0 O|h+|[0]|, tme h=|h,| (18)
0-5 0 0 s
0 0 -5 0

B orsere x manHoii 3amaue 19.6, 42) ykazansl dyHIaMEHTAILHAA MAT-
puma Agge u crosber ca31. B 6aHKe HaxoIUM

19 2 33 5
2 11 4 5
®=Ago=1| -5 0 0f, c231 =1 O ||,
0 -5 0 0
0 0 -5 0

4T0 coorsercTByer pemenuto (18). Hamomunm, aro n dbynnamMenTatbHas
CHCTeMa PelIeHU, U YaCTHOEe PelIeHHe OIpeJleJIeHbl He OJTHO3HAYHO.

§ 17. Cucrembl JUHEHHBIX YPABHEHUI C OIPE/IeJINTeIEM,
oTan4YHbIM oT 0
17.1. Boimucarh pacIHIMpeHHYI MATPHUILy JAHHOW CHCTEMbI

ypasHenuii. Pemuth cucremy:
1) 2z1+29=10, 2) 3z+5by=2,

r1 +x2 = 17, 5x + 9y = 4;

3) 2x1+ax2—x3=2, 4) y+3z=-1
3x1 4+ x2 — 223 = 3, 20+ 3y + 5z =3,
T+ x3 = 3; 3z + 5y + 7z = 6;

5) 3zy +4we + 223 + x4 = 16,
x1 + Txo + a3+ 24 = 23,
2x1 + 2 + 3x3 + dxg = 10,
4x1 — 3xo +4x3+ 624 = 1;

6) 2x+3y+4z+5t=30,
3z + 3y + 4z + 5t = 34,

4o + 4y + 4z + 5t =41,
z+y+z+t=10;
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7) T +372+373-|—.’174-|—.’175:1,
1+ 23+ T4+ 25 = —3,
1+ x2+x3+ 24 =0,
T1+x2+x3+ x5 =3,
14+ a2+ T4+ 25 = —2;

8) 1+ a2 =3,
T+ x3 =4,
371+374:_2a
T+ x5=—1,
1 +x6 =0,

To+x3+Te+25+236=—1.

17.2. Beimucarb cucTeMy JUHEHHBIX ypaBHEHUH, COOTBETCT-
BYIOIILYIO JAHHOM PACIIUPEHHON MaTpuIle. Pemurh cucreMy, momb-
3ysch mpaBumiioM Kpamepa:

1) ||Agolerll;  2) [[Aslcoll;  3) [[Azo2|csall;  4) [[A209]css]l;

5) ||Azoalcsell;  6) [lA203lcssll; 7)) [|Azosloll.

17.3. [lokazaTb yTBepK/IeHUS:

1) Ecrm ypaBuenust cucremsl (B) siBistiorcst iuHeHHbBIME KOMOU-
HAIWSIME Y PaBHEHMI COBMECTHOI JIMHETHO# crcreMsl (A), To MHOKe-
crBo pemennii cucrembl (B) comep:kur MHOXKecTBO pernennii (A).

2) IlpucoennHeHne K COBMECTHOMN CHCTeMe JIMHEHHBIX ypaBHEe-
HUI JUHEWHBIX KOMOWHAIN! M3 ee YpaBHEHUIl 3aMeHSIET CHUCTEMY
HA SKBHUBAJIEHTHYIO.

3) IIpu seMeHTapHBIX MPEeOOPA30OBAHUSX CTPOK PACIIUPEHHOM
MAaTPHUIIbI COBMECTHAsS CUCTEMa JIMHEHHBIX YPABHEHUN 3aMEHSIEeTCs
Ha 9KBUBAJIEHTHYIO.

17.4. Kak M3MEHAIOTCS PEIIeHUsI CUCTEMBbI JUHEHHBIX ypaB-
HEHUI TIPU JIEMEHTAPHBIX MPeoOpa30BaAHUAX CTOJIOIIOB OCHOBHOI
MaTPHUIIBI?

17.5. Kakyio cucteMy ypaBHEHHil TPOCTENIIETO BUIa MOYXKHO
MOJIYUUTDb, MPUMEHSISI aJTOPUTM ['aycca K CTpOKaM pacIIupeHHO
MaTPUIbI JAHHOW CUCTEMBI 70 JINHEHHBIX YPABHCHUN C N HEU3BECT-
HBIMU, €CJIN OCHOBHAST MATPHIIA HEBBIPOKICHAT!

17.6. CocTaBuTh CHCTEMY JIMHEHHBIX YPABHEHUIl MO NAHHOM
pacmmupenHoii MaTpure. Pemmrs cucremy (HuzKeceIyonme Mat-
puIbl pasbuThl Ha 4 TPYNIBI O HOPSIKY OCHOBHONW MATPHIIBI):

n=2:

1) [|Awslewoll;  2) [|4sleizll;  3) [|Aolezl;

n=3:

4) ||A2islesoll;  5) [|A2i7lceoll;  6) [[A2is|eel;
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7) |l A210]cosll;  8) [l A220|cesll;

n =4:

9) ||Asgg|cisall;  10) ||Agar|cissl];  11) || Agas|ciss|;
12) ||Aggolcisz|l;  13) ||Asaz|cissll;  14) [|Aaz|cisoll;
15) || A4sglci6o];

n=>5:

16) || Assr|casall;  17) || Asss|cass|l;  18) || Assglcass];
19) [|Asaolc2sall;  20) ||Asar|cass|l;  21) [|Asaz|casell;
22) || Asa2|casr|l;  23) || Asas|caes]-

§ 18. Cucrembl JUHEHHBIX OJHOPO/IHBIX ypPaBHEHUI

18.1. Bemmucars maTpuity Ko3(pOUIMEHTOB JAHHONW CHCTEMbBI
JIMHEHHBIX OTHOPOJIHBIX ypaBHeHwmit. Pemuth cucremy:
Hzx—y=0; 2)x—x92+2x3=0;
3) x1+x2+ 23+ 24+ 25=0;
4) x+3y+22=0, 5) bx—8y+3z=0,
2c+4y + 32 =0; 20 —3y+2z=0;
6) x+2y+32=0,
2z +3y+42=0,
z+y+z=0;
7) 521 — 8y 4+ 3x3 + 3x4 =0,
4x1 — 620+ 223+ 14 = 0;

8) 1+ 3x0 +4a3+ 14 =0,
2x1 +2x9 +3x3 + 24 =0,
3x1+3x0+4x3+ 14 =0;

9) 2z +4x2+6x3+ 24 =0,
1+ 2x2 + 33+ 14 =0,
3x1+6x2+ 923 — x4 =0,
x1 + 2x9 + 3x3 + bxy = 0;

10) 1+ a2+ 23— 24 =0,
31+ 229 + 23 — x5 = 0;

11) x4+ 3z2+ 323+ 224 + 625 = 0,
.’171—.’172—2.’173—3.’17520,
x1+ 1lxg 4 Txs + 624 + 185 = 0;

12) x1 + 320 + 223 + 224 + 525 =0,
2x1 +2x2 4+ 3x3 + 224 4+ S5 =0,
3x1 +x2 + w3+ 224 + 225 = 0,
T1+x2—x3+ 24 =0.
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18.2. J/lokazarb, 9TO:

1) cymMa JBYX DEIICHWUi OJHOPOIHON CHCTEMBI JIMHEHHBIX
YPaBHCHUII €CTh PEIIeHUe TOU K€ CUCTEMBI;

2) mpom3Be/IeHIE KAKOIO-THO0 PEIIeHNsT OJHOPOIHOM CHCTEMBI
JIMHEWHBIX ypPaBHEHUNW Ha YUCJIO €CTh PEIIeHNe TOH K€ CUCTEMBI.

18.3. Ilycth k — MakcuMaJbHOE YUCIIO JTMHEHHO HE3ABUCUMBIX
PpeIIeHunit OTHOPOTHON CUCTEMBI JIMHEHHBIX ypaBHeHuil. BoipasuTts k
Jepe3 pa3Mepbl W PAHT MATPUIlBI cucTeMbl. B kakoMm ciaydae k = 07

18.4. CKOMBKO JUHEHHO HE3ABUCUMBIX DEIEHUN MMeeT OJTHO-
pOIHAsT CUCTEMa JUHEHHBIX YPABHEHUI, €CJIN €€ MAaTPHUIla HEBBIPO-
xKaeHa?

18.5. MoxeT i OgHOPOIHASI CUCTEMA JIMHEHHBIX ypaBHEHUM
0Ka3aThCs HECOBMECTHOI?

18.6. CdopmynupoBars ycaoBus (1 MPOBEPUTH WX HEOOXOIH-
MOCTh M JIOCTATOYHOCTD ), TIPH KOTOPBIX OJHOPOIHAS CHUCTEMa JIU-
HeWHBIX ypaBHEeHHil nmeeT: 1) eIMHCTBEHHOE perenue; 2) 6ecKo-
HEYHO MHOT'O PeIIeHUil.

18.7. CocTaBUTb M PEIMIUTH OJHOPOIHYIO CHUCTEMY JIMHEHHBIX
yPaBHEHU, 3aJaHHYI0 CBOeil MaTpureil KoaduimeHTos:

Doflr2fl; 2) (A1l 3) 13015 4) Azer;  5) Aass;

6) Asoo; 7) Asia; 8) Asig; 9) Aszs; 10) Assa; 11) Asss.

18.8. CocTaBuTb OJHOPOIHYIO CUCTEMY JTUHEHHBIX YPABHEHUI
0 3aJJaHHOM MaTpuile KO3(M@PUIMEHTOB, CoAepKaIleii mapaMerp.
Pemuth cucremy mpu BCEBO3ZMOXKHBIX 3HAUEHUSIX TapaMeTpa:

1) A=A221—)\E; 2) A=A212—/\E;

3) A=Az —\E;  4) A= Ages;

5) A:Aglg—)\E; 2) A:A363.

18.9. Pemuth OZHOPOAHYIO CHUCTEMY JIMHENHBIX ypaBHEHUI,
3aJIaHHYIO cBoeit MaTpuieil KoaddunmerToB. COCTABUTH U PENINTH
COOTBETCTBYIOIIYIO COMPSIXKEHHYIO CUCTEMY:

1) Ang; 2) Auis; 3) Aus; 4) Asos; 5) Azgg;  6) Ases;

7) Asos; 8) Auas; 9) Aige; 10) Agaz; 11) Asgr; 12) Asge.

18.10. MoryT Ju pgaHHas OTHOPOJAHAS CUCTEMA JIMHEHHBIX
VPaBHEHH M ee COMPsI?)KEHHAs CUCTEMa MMETHb OJMHAKOBOE UHCJIO
JINHEITHO HE3ABUCUMBIX PEITEHUH !

18.11. MoryT jim coBIa1aTh MHOYKECTBA, PEITEHUI JAHHON OJ1-
HOPOJHOH CUCTeMbl JIUHEHHBIX YpPaBHCHUN U ee COTIPSI?KEHHOM !

18.12. /loka3aThb, YTO OTHOPOJIHAS CUCTEMA JIMHEHHBIX ypaB-
HEHUT UMeeT HETPUBUAJBHOE PEIIeHNEe TOTJa U TOJABKO TOTJA, KO-
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T'la CTPOKU OCHOBHOT MaTPHUIIbI COl'[pH)KeHHOfI CUCTEMBI JIMTHEWHO
3aBUCHUMBI.

18.13. 3uag oguy dyHIAMEHTATBHYIO MaTpuiy P, HaiiTH 00-
muit BUJI IPOU3BOJBHON (DYHIAMEHTAIBHON MAaTPHUIIBI TOI Ke Ch-
CTEMBI ypaBHEHUH.

18.14. lamrast MaTpHUIlA SBIsIETCS DYHIAMEHTAJBHON MaTPH-
11eif HeKOTOPOI OTHOPOIHON cuCTeMbI TUHENHBIX ypaBHeHuil. Haii-
TH XOTs1 ObI OHY HOPMAJIbHYIO (PYHIAMEHTAJIBHYIO MATPHUILY:

1) A 2) Aug; 3) Asor.

18.15. /lamrast MaTpuIia saBisieTcs QyHIAMEHTAJbHON MaTpH-
et HEKOTOPOH CHCTEMBI JIMHEHHbIX ypaBHenuit. Haiitu Bce HOp-
MaJibHbIE (DYHIAMEHTAJbHBIE MATPHUIIBI ITOH CUCTEMBI YPaBHEHHIT:

1) Aig;  2) cior;  3) Aniz;  4) Ases.

18.16. B cucreme ypasHennit Ax =0 (x — croxber), nme-
omeit pyHAaAMEeHTANTBHYIO MaTpuily ®, BbITOSHEHA 3aMeHa HEW3-
BecTHBIX X = Sy (det S # 0). Kakasi cucrema ypaBHeHnit momyanT-
ca g y? Ykaxute OyHIAMEHTATBHYIO MATPHUILY DeIeHnit Toi
CUCTEMBI.

18.17. Haitti x0Ts1 GBI OJTHY OTHOPOIHYIO CUCTEMY JIMHEHHBIX
YPaBHEHWUI, [JIsi KOTOPOI JaHHAs MATPUIA ABJISETCS (PyHIaMEH-
TaJIbHOM:

1) Ajo;  2) Awar; 3) cior; 4) (p) Auas; 5) Aain.

18.18. Haiitu Bce oaHOPOIHBIE CUCTEMBI YPaBHEHUI, SKBUBaA-
JICHTHBIE JAHHOI cucreme Ax = o.

18.19. Haiitu Bce 0aHOPOIHBIE CUCTEMBI YPAaBHEHUMN, I KO-
TOpPBIX JaHHas Marpura ¢ sBiasercs GyHIaMEHTATHLHOI.

18.20. /lama marpuna A, cTpOKHM KOTOPOIl JIMHEHHO He3aBH-
cumbl. CHU3Y K Hell TPUITHCAIN TPAHCIIOHUPOBAHHYO (DYHIAMEH-
TAJbHYIO MaTpHUILy cucTeMbl AX = 0. Jloka3aTb, YTO JeTEPMUHAHT
TIOJIyYeHHON MaTpPHUIbI OTJIMYEH OT HYJIS.

§ 19. Cucrembl JIUHEWHBIX ypaBHEHHI 00I1Iero Buaa

Cucrembl JINHEHHBIX HEOAHOPOJHBIX
ypaBHenwnit (19.1-19.12)

19.1. Pemuth cucteMy JUHEHHBIX ypPaBHEHMIA:
1) 22 —3y=4; 2) z1+z2+2x3+ 324 =1;
3) 2zx+y+z=4,

3x+2z=4;
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4) (V2+ 1)z +(V2-1)y—v2z=1+2,
z+(3-2v2)y+(V2-2)z=1;

5) z+42y+32=-4, 6) x1+2x3+733=2,
2r+3y+4z=1, 2x1 +3x2 + 24 = 1;
3z +4y+ 5z = 6;

7) 5x1+4xe +x3 + 3w4 = —5,
211 +.’172+373+4374 = 2,
3x1+2x2 + 23+ 24 =3,
r1 +3x2 — 223 + 2x4 = —4;

8) 3x1+x2+x3+ 234 =-2,
521+ 2x3 4+ by = —2,
6x1+ T2 + 5.’173 + Txy = —4,
2x1 4+ x9 + 2.’173 +2x4 = —2;

9) z1+x3+x4+25="06,
To+x3+ T4+ x5 =2S8;
10) 6z + 3z2+ ldzg — 224 + 25 = 2,
20x1 + 5x9 + 10.’173 + 44+ 11:175 = 20,
13z1 +4xo + 12.’173 + x4+ 6.’175 = 11,
4x1 + Txo + 4623 — 1204 — Txs = —12,
r1 —2x9 — 1623 + by + 425 =17.

19.2. Jlokazarhb, 4TO:

1) pasHOCTb ABYX DEIIEHWUH HEOJHOPOIHONW CHCTEMBI JIMHET-
HBIX YPaBHEHUI €CTh PENICHUEe COOTBETCTBYIOIIEH OMHOPOIHON cu-
CTEMBI;

2) cymma J060ro peleHns: HeOTHOPOTHOM CHCTEMBI JIMHEHHBIX
yPaBHEHU U JIIOOOTO PENTeHns] COOTBETCTBYIOIIEH OTHOPOIHON Ch-
CTEMBI €CTh TaKXKe PelleHre JaHHOI HeOJHOPOIHOU CUCTEMBI.

19.3. Ha cKOIBbKO €IWHUIL PAHT OCHOBHON MATPHIBI CUCTEMBI
MOXKET OTJIMYATHLCS OT PAHTra PACIIMPEHHON !

19.4. Ilycth cuctema m JUHEHHBIX YPABHEHUI C 1 HEM3BECT-
HBIMH HECOBMECTHA, & €€ OCHOBHAsI MaTpuIla nMeet paur n. K kaxo-
MY MPOCTEHNIIEMY BUIY MOXKHO IIPUBECTHU ITY CUCTEMY ypPaBHEHUI,
MPUMEHsIsT K CTPOKaM PacCIIMpeHHoil MaTpuiibl ajaroput™ [aycca?

19.5. ChopmynupoBaTh HEOOXOIUMOE U JOCTATOUHOE YCIOBUE
TOTO, YTO CHCTEMA M JWHEWHBIX YPABHEHUI C 1 HEU3BECTHBIMU
UMEEeT eJIMHCTBEHHOE pEIeHHE.

19.6. CocTaBuTh CHCTEMY JUHEHHBIX YpaBHEHHUN IO 3a/1aH-
HOH pACIIMPEeHHON MaTpuie. PemmTh cucreMy HIH YCTAaHOBUTH
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ee HecoBMecTHOCTD. (HmkenpuBesennble MaTpuubl pasouThl Ha 4
TPYIIBI IO YUCTY CTOMOIIOB OCHOBHOM MaTpwuilbl. BHYTpH KaxXa0it
rpynnbl MATPHIIBI YIIOPSIOUYEHBI 10 YUCIY CTPOK.)

=3:
) | A2s2ceall;  2) ||A2s2|ces|l;  3) [|A2ss|ces;
4) ||A2sglcerl|;  5) ||A2ar|ces|[;  6) [[Az2ss|croll;
7) | Axslessl;  8) [|Azoslesill;  9) [[A3gsleroll;
10) ||Aaoolcigzll;  11) || Aaoslcaasl;  12) ||Algsleaqo0ls
13) HA%F81|C239H-
n_4
14) || AT5lcaall; ) [ Asos|csll;  16) [[ATylcs]l;
17) || Aso1|c6ll; ) | 4s02]cazll;  19) || Asio|crsl);
20) || As11|c74f; ) ||A512|C75|| 22) ||A513|C62||
23) || Asi7lcesl;  24) [[Adgolesoll;  25) |[Afulersrll;
26) || Aso0|coaall;  27) ||As2i|coaall;  28) [|As23|c241]l;
29) || Asaalcaaall;  30) [|Afgy[cass];
n=>5:
31) ||Asr4lcis]; ) || Aszsleasll;  33) ||A576|C33||
34) || Assi|err|l; ) |[Assilersll;  36) [|Afalerall;
37) || Asrrlers|;  38) || Assalerolls  39) || Aszs|esolls
40) HA579|081|| ) I 4ss0lcsall;  42) HA581|058H
43) HA522|0163H 44) HAgQ3‘C164||§ 45) ||A524|0165H3
46) || Asss|ciesl;  47) [[Alyglerroll;  48) || Asaalcausl|
49) || As3s|caarl|.
n==6:

50) || Aso1|car1]|-

19.7. CocTaBuUTh CHCTEMY JIMHEHHBIX yPABHEHHI 10 33 aHHOM
paciupeHHO# MaTpuIie, cogepKaiieii mapamerp. Haittu Bce 3Hade-
HUs ITapaMeTpa, IpU KOTOPBIX CHCTEMa COBMECTHA, W PEIINThH ee:

1) [[Agasless|l;  2) [[Azaalessll;  3) [[Azaslesrll;

4) || Azz6]css]|-

19.8. Omucarh Bce JIMHEHHBbIE KOMOWHAIIMY PEIIEHUI TaHHOM
HEOTHOPOIHOI CHUCTEMBI JINHEHHBIX yPaBHEHUN, KOTOPBIE ABJIAIOT-
Csl PEIIEHUSIMU ITOI 2Ke CUCTEMBI.

19.9. Onucath Bce Takue JUHEHHBIE KOMOWHAIIMU PEIICHIH
JAaHHOI JIMHEHHON HEOAHOPOAHOW CHUCTEMBbI yPaBHEHUI, KOTOPBIE
ABJISIOTCA PENIeHNs MU COOTBETCTBYIOIIENH OTHOPOTHON CUCTEMBI.

19.10. Ilycts cronber; m3 CBOOOTHBIX WIEHOB JIMHEHHOH CH-
CcTeMbI yPaBHEHMI PaBEH CyMMe CTOJIOIIOB €€ OCHOBHOI MAaTPHIIHI.
YKazaTh KaKoe-JIn00 YaCcTHOE peIeHNe CUCTEMBI.
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19.11. ITycTs cromberr m3 CBOOOAHBIX UIEHOB JIMHEWHONW CH-
CTEeMBI YPaBHEHUI COBMAJAET C TMOCTEIHUM CTOJOIIOM €€ OCHOBHOM
MaTpHUIIBL. ¥YKa3aTh KaKoe-JuO0 YaCTHOE PEIeHNe CHCTEMBI.

19.12. Ilycth X, y — CTOJOIBI peIIeHnii CUCTEM ypaBHEHUIA
Ax = a, Ay = b cooTBeTCTBEHHO U (v, 3 — HEKOTOpPBIE dncia. Ka-
KO# cucTeMe ypaBHEHUH yIOBJICTBOPSET:

l)z=ax; 2)z=x+y; 3)z=ax+fy

YcaoBusA COBMECTHOCTH CHUCTEMBI
JuHeiiHbIx ypaBHeHuit (19.13-19.20)

19.13. JokazaTh, 9TO €CJU CTOJOIBI OCHOBHON MaTPHUIIHI JIU-
HEHO HEe3aBUCUMBI, TO CUCTEMa JIMHEWHBIX ypaBHEHUN uMeeT He
bosiee OJTHOTO PEITeHNs.

19.14. /Toka3aTh, YTO €CJIU CTPOKH OCHOBHON MATPUIIBI JIU-
HEWHO HE3aBUCUMBI, TO CUCTEMA YPAaBHEHUH COBMECTHA TIPHU JIIOOOM
CTOJIONE CBOOOJHBIX UJICHOB.

19.15. /loka3aTh ciaeayIolee YyTBEpKAeHHUE: eCJIN CHCTEMA JTU-
HEWHBIX YpPaBHEHUI COBMeCTHA MPHU JIOOOM CTOJOIE CBOOOIHBIX
YJIEHOB, TO CTPOKU €€ OCHOBHON MaTPHIIbI JUHEHHO HE3aBUCHMHBI.

19.16. /lokaszaTb, YTO BCETIa MMEET MECTO OHA U3 JIBYX BO3MO-
JKHOCTEIH: b0 CUCTeMa JIMHEWHBIX YPABHEHII COBMECTHA TIPH JTFOOOM
cTONIOIE CBOOOTHBIX UJIEHOB, JUOO €€ COMPSI2KEHHAsT OHOPOJTHAST
cucTeMa MMeeT HeHyJIeBoe pertienne (aavmephamuea Ppedzoavma).

19.17. Cdopmynuposats ycaosus (U A0Ka3aTh UX HEOOXOIH-
MOCTb U JIOCTATOYHOCTD ), KOTOPBIM JIOJZKHA, YIOBJIETBOPSITH OCHOBHAST
MaTPUIA, JJI TOTO, YTOOBI YUCJIO PEIIEHHI CUCTEMbI JIMHEHHBIX YPaB-
HEHUI, B 3aBUCUMOCTH OT CTOJIONA b CBOOOAHBIX UJIEHOB, PABHSLIOCH!

1) Ommm 1;  2) 1w oo;  3) 0 mum co;  4) 1 mpm Beex b.

19.18. Cucrema JIMHEHHBIX ypaBHEHUI 3aaHa CBOEH paciiu-
penHoit matpureit. [IpoBepnTh COBMECTHOCTD 9TO# CHCTEMBI, TIOTb-
3ysich TeopeMoit PpearoabMa U pe3yabTaToM 3amadn 18.9 mis co-
OTBETCTBYIOIIEH CONPSAXKEHHOU CUCTEMBbl ypaBHEHUIA:

1) [[Analesoll;  2) [[Anslegoll;  3) || Asszleir-

19.19. Cucrema ypaBHEeHUI 3a/1aHa CBOEH PACIITUPEHHON MaT-
putieit, comep:kareit mapamerp. [Ipumenss reopemy ®Ppearoapma,
HaliTH BCe 3HAYUEHUS TapaMeTPa, TPU KOTOPHIX CUCTEMA COBMECTHA,
U PEIINThH ee:

1) [[Azoslconll;  2) [[Asislconll;  3) [[Asor|con-

19.20. Cucrema ypaBHEHUT 3a/1aHa CBOEH PaCIIMPEHHON MaT-
purieit || Agqq|Cosal|, 3aBucsIeit oT mapaMeTpoB Ag,..., Ay, . Omu-
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caTh MHOXKECTBO 3HAUEHMI MAapaMeTpOB, MPU KOTOPBIX CHUCTEMA
COBMECTHA, U PEIIUTH €e.

OKBUBaJICHTHbIE CUCTEMBI ypaBHeHuil (19.21-19.29)

19.21. /Toka3aTh, UTO €CJIU SKBUBAJIEHTHBI COBMECTHBIE CHCTE-
MBI JIMHEWHBIX HEOJHOPOJHBIX YPaBHEHU, TO SKBUBAJICHTHBI U CO-
OTBETCTBYIOIINE OTHOPO/IHBIE CUCTEMBI.

19.22. 1) JlokasaTh, €WTO HETPUBHAJbHBIC ypABHEHH ')
a1x1+...+apx, =0um bizy + -+ + by, = 0 SKBUBAJEHTHBI TOTIA

ay ... Gp || _
1 TObKO TOT/IA, KOT/A Ig || o b || = 1.
1 ... Op

2) JlokasaTh, YTO HETPHBHAJBHBIC |) ypaBHeHHS aiTi+ ...
c..tapry, =aubixy + -+ by, = b F3KBUBAJIEHTHBI TOTIA U TOIb-
ar ... ap @l _
by ... by | 7

3) CdopmyanposaTh NpU3HAK MOMAPHON SKBUBAJEHTHOCTH k
JIMHEWHBIX yPaBHEHUN.

KO TOorga, Korja rg

19.23. 1) [okasarb, YTO CHCTEMbI JIHHEHHBIX ypaBHEHHI
Ax = 0, BX = 0 5KBHUBAJIEHTHBI TOTJ[a W TOJBKO TOTIA, KOTIA

=rgA=rgB.

gl
2) JlokasaTh, 9TO COBMECTHBIE CHCTEMbI JINHEHHBIX yPABHEHHI
Ax = a, Bx = b 3KkBHUBaJeHTHBI TOIJa U TOJILKO TOTa, KOTIa,
A a
gl 51 =rgA=rgB.
19.24. IIpoBepuTh 3KBUBAJEHTHOCTH CHUCTEM YPaBHEHUIA

18.1, 11) u 18.1, 12).

19.25. ITpoBepuTh, SKBUBAJEHTHBI JU CHUCTEMBbI yPaBHEHUI,
oTpeiesisieMble PACIIMPEHHBIMUA MATPUIIAMUT:

1) (Asozlc17) m (Asoslciz);  2) (A2sglcer) m (A240]c147);

3) (Assilceg) m (Adyslera).

19.26. ITpoBepuTh 9KBUBAJEHTHOCTH BCEX CUCTEM JAHHOMN CO-
BOKYIHOCTH (KaXK7asl CHCTeMa yPaBHEHWil 3aJaHa PaCIINPEHHOI
marpureit): (Asoi|ci6), (Asoo|cer) 1 (Asiolcrs).

19.27. 1) JomycTum, 410 m00aBjIeHEE K JAHHON OJHOPOIHOI
CHUCTeMe JIMHEIHBIX ypaBHEHUN eIle HEKOTOPOI'0 YUCIa JIUHEHHBIX
O/THOPOJIHBIX yPAaBHEHUH HE MEHsSeT MHOXKeCTBa ee perrenwnii. [lo-

1Y JTumeitHoe ypaBHEHHE HEMPUSUAAILHO, €CIH XOTS ObI OXHH U3 K03(hdhU-
[IEHTOB NIPU HEU3BECTHBIX OTJn4YeH OT 0.
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Ka3aTh, 9TO JOOABIEHHBIE YPABHEHUS SIBJIAIOTCS JIMHEHHBIMA KOM-
OWMHAIUAMA yPABHEHUN JTAHHON CHCTEMBI.

2) JlokasaTb TO K€ yTBEPXKIEHME Jisi COBMECTHOI CHCTEMbI
JIMHEHHBIX HEOHOPOIHBIX ypaBHeHnit. CpaBHUTH ¢ 3aaqeit 17.3. 2).

19.28. 1) JomycTuM, 4TO KayKI0€ peIeHne OJHOPOIHON Ccu-
cTeMbl JINHEHHBIX ypaBHeHUH (A) sBjsieTcsl TaKXKe U pelleHueM
OJHOPOJHOM cucTeMbl JuHeitHbIX ypasHenuit (B). loxasars, 1To
Tora Karkjoe ypasHenue cucreMbl (B) sBisiercst nuneiiHO# KoM-
Gunaiueit ypasaennit cucremsl (A).

2) JlokasaTh TO JKe YTBEDIKICHNE JJIsi COBMECTHBIX CHCTEM JIU-
HeIHbIX HEOJHOPOIHBIX ypaBHenuii. CpaBHUTH ¢ 3amadeit 17.3. 1).

19.29. 1) /Toka3arb, 4TO JBE OTHOPOIHBIE CHCTEMbI JINHEITHBIX
YPaBHEHNH 3KBHBAJCHTHBI TOTJA W TOJIBKO TOTIJa, KOTJa ypaBHE-
HUsT KaXKJON M3 HUX SABJISAIOTCH JUHEHHBIMU KOMOMHAIIUSAMHI ypPaB-
HEHUN IPYroil CUCTEMBI.

2) JokazaThb TO ¥Ke yTBEPKICHUE JJisi COBMECTHBIX CUCTEM JIU-
HEMHBIX HCOTHOPOAHBIX yPaBHEHUA.

ITpunoxxenus: (19.30-19.49)

19.30 (p). Ilycts Ax=b — mpomsBojbHAs CHCTEMa JIH-

HellHbIX ypaBHeHwnii. JlokazaTh, 4YTO cHCTeMa ypaBHEHUI
(AT A)x = ATb copmectHa.

19.31 (p). Jana xkBagparaas marpuna A = ||a;x||. Joxasars,

YTO eCJIN TPU BCEX 4 BBINOJHEHO HEPABEHCTBO |ag;| > E |aik|,

To det A # 0. ki
19.32. Jloka3arh, 9TO JIS JIFOOBIX IMOMAPHO PA3INYHBIX YHCEJI
G1,...,0p41 U JIOOBIX 9uce by, ..., by41 CYIIIECTBYET €IMHCTBEHHBII

MHOrOwWIeH f(t) cTemeHU He BBINIE N TAKOi, 4TO
flar) =b1, ..., fant1) = bnya.

19.33. Haiitu muOrousen f(t) Tperweil cremeHm Takoif, 4TO
F=f2)=fB3)=1,f4)=T.

IIpusenennnie Huxke 3amaun 19.34-19.49 oTHOCATCS K TIPSAMOIt,
OKPYKHOCTH, TIIOCKOCTH U chepe. Craemyer 6path 3a onpeesieHne
anrebpanieckoe ypaBHEHIE COOTBETCTBYIONIETO MHOXKECTBA, a MPH
PEIeHnH 33129 IPUMEHATb TEOPUIO CUCTEM JINHEHHBIX YPaBHEHHIT,
HE TOJB3YsACh METOJAMH AHAJUTUIECKON T€OMETPUH.

19.34. 1) (p) CopmyanpoBaTh B TEPMHUHAX PAHIOB U JOKA-
3aTh yCJIOBHE Ha JIEKApTOBBI KoopauHathl (a1,b1), (az,be), (as,bs)
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TPpeX TOYEK IIJIOCKOCTH, HeO6XO,ZLI/IMO€ n J0CTAaTOYHOE IOJId TOT'O, YTO-
OBI 9TH TOYKM HE JIeXKAJIU Ha O,II;HOfI l'[pﬂMOfI.
2) Permurs ToT XK€ BOIIPOC JId YE€ThIPEX TOYEK IIJIOCKOCTU.

19.35 (p). JokasaTs, 4TO 4Uepe3 ABE PA3NUIHBIE TOUKH C JI€-
KapTOBBIME KoopamHaTaMu (a1,b1), (az,b2) MPOXOMUT eIMHCTBEH-
Hasl TIpsgMasi, U HAfiTH ee ypaBHEHME.

19.36. ITokazarh, 9YTO dYepe3 TPHU TOYKU C KOOPIUHATAMU
(a1,b1), (az,b2), (a3,bs), He jexamme Ha OFHOM MPSAMOI, IPOXO-
JINT eIMHCTBEHHAsI OKPYZKHOCTD, U HaliTh ee ypasHenne. Cucrema
KOOPJIMHAT JeKAPTOBa TPAMOYTOIbHAS.

19.37. 1) Tpu mpsimble 3a/jaHbl Ha IUIOCKOCTH B OOIIeil me-
KapToBO#l cucreme KoopaumHar ypasHenusvu A;x + By + C; =0,
i =1,2,3. ChopmyampoBaTbh B TEPMUHAX PAHTOB U JOKA3aTh yCJIO-
BHe Ha KO(PUIMEHTHI YpaBHEHUIN, HEOOXOIUMOE U JIOCTATOTHOE
JIJIsT TOTO, YTOOBI 3TH MPSMbIE HE TPOXOUIA Y€PE3 OJHY TOUKY.

2) Pemmthb TOT 3Ke BONPOC Jisl Y€THIPEX MPAMBIX.

19.38. Ucnons3ysa pe3yabraT 3aga4uu 19.37, onpeneanTs, uMe-
FOT JIU JAHHBIE TPsIMbIE OOIIYIO TOUKY:

1) 22+3y+1=0,7x+11y+4=0,3z+4y+1=0;

2)z4+8y+1=0,7Tx—y+1=0, 1lx —26y—1=0,
8r+Ty+2=0.

19.39. 1) Yersipe TOUKM 3aaHbI CBOUMH JEKAPTOBBIMH KO-
opauHatamu (a;,b;,¢;), i = 1,2,3,4. CchopmyaupoBars B TepMUHAX
PaHroOB U JOKA3aTh YCIOBUE, HEOOXOAMMOE M JIOCTATOYHOE IJIsi TO-
10, 9TOOBI 9TH TOYKH HE JIEXKAJIH B OTHOM IMJIOCKOCTH.

2) Pemmutb TOT K€ BOHPOC JIsl TSATH TOUEK.

19.40. Ucnonb3ys pesyabrar 3amadn 19.39, onpenennts, Jie-
JKaT JIM JaHHbIe TOYKHW HA OJHOM MIOCKOCTH:

1) (7,-1,2), (2,3,1), (0,10,0), (3,4,1), (6,—2,2);

2) (6,1,2), (2,3,1), (3,4,1), (6,2,2).

19.41. IToka3arh, YTO Yepe3 YETHIpE TOYKU C KOOPIUHATAMU
(@i, bi, ci), 1=1,2,3,4, He Jex)ammme B OJHON MJIOCKOCTH, IIPOXO-
JIUT eIMHCTBEHHAast cepa, u HalTh ee ypaBHeHne. CucreMa KOOp-
JAUHAT JEKAPTOBA MPIMOYTOIbHASI.

19.42. Tpu TouKM 3aaHBI CBOUMH JTE€KAPTOBBIMU KOOPIUHA-
TaMn (ai,bi,ci), 1= 1,2,3.

1) (p) CdopmynupoBarh B TepMHHAX PAHTOB U JIOKA3aTh YC-
JIOBHE, HEOOXOAMMOE M JTOCTATOUHOE IS TOTO, ITOOBI 9TU TOUKHU
He JIeKaJId Ha OJHOM IpAMOIi.

2) Pemnts TOT Ke Bompoc mis m Toduek (m = 4).
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19.43. Ucnonb3ys pesyabrar 3agadn 19.42, onpenennTs, Jie-
KAT JU JaHHbIEe TOUKH HA OJTHON TpaMOil:

1) (2,3,1), (3,4,2), (0,1,-1), (-2,-1,-3), (—=6,—5,—7);

2) (2,3,1), (3,4,2), (0,1,1), (2,1,3), (6,5,4).

19.44. Jloka3arh, 9TO Yepe3 TPU TOUYKU C JAEKAPTOBBIMHU KO-
opauaatamn (a;,b;,¢;), i =1,2,3, He Jexalue Ha OFHON NMPSIMOIL,
MPOXOJUT €NHCTBEHHAS TLIOCKOCTh, W HAWTH €€ ypaBHEHUE.

19.45. JIBe mmocKocTH 3aJaHBI B 0O0IIEl IEKapTOBOIl cHCTe-
Me KoopamHar ypasheruwsaMu A;x+ Biy+ Ciz+ D; =0, i=1,2.
CcdopmynupoBarh B TEPMUHAX PAHTOB U JIOKA3aTh YCJIOBHUSA HA KO-
3 UMUEHTHI ypaBHEHNH, HEOOXOIUMBIE W JOCTATOYHBIE JJIsI TOTO,
9TOOBI 3T TLIOCKOCTH:

1) coBnananu;

2) WMesn eIMHCTBEHHYIO OOIIYO TPSAMYIO;

3) ObLIN MapaJuIeIbHBIMU, HO HE COBIAIAJIN.

19.46. Tpu mniockocTr 3a7aHbl B 00Ieil AeKapTOBOi cucTe-
Me koopamHaT ypauenusmu A;x 4+ Biy+ Ciz+ D; =0, i=1,2,3.
CdopmMynmupoBaTh B TepMUHAX PAHIOB U JI0KA3aTh YCJIOBUS Ha KO-
s(hdunmenTr ypaBHeHN, HCOOXOMMbIE U JOCTATOUHBIE JIJISI TOTO,
YTOOBI ITU TLIOCKOCTH:

1) coBnajanu;

2) MMesn eTMHCTBEHHYIO ODIINYIO0 TOUKY;

3) MMeJsn eIMHCTBEHHYIO ODIIYIO IPSAMYIO;

4) 6N TApaJUIEIBHBIME, HO HE BCE COBIA AN,

5) 06pa30BBIBAIN IPH3MY.

19.47. Ucnonb3ys pesyabTar 3agaun 19.46, onpeaeuTs B3a-
NMHOE PaCIOJIOKEHNE II0CKOCTEN:

1) 3x+2y+52—1=0, 2x+4+3y+32+1=0,
9z 4+ 16y +132+1=0;

z—y—2+1=0, bx—2ly—172+1=0,
6x — 26y —21z+1=0.

19.48. Yerhipe mIoCKOCTU 3aJaHbl B OOIEil AeKapTOBOM CH-
creme KoopauHar ypasuenuavu A;x + By + Ciz+D; =0,1=1,2,
3,4. UsBecTHO, YTO Taphl, cooTBeTcTByIomme ¢ = 1,2 u i = 3,4,
ompeaesitoT npsaMblie Juann. CHOpMyIUpPOBaTH B TEPMUHAX PaH-
rOB W JIOKa3aTh YCJIOBUS Ha KOIPMUINEHTH ypaBHEHUN, HEOOXO0-
AUMBIE U JOCTATOYHBIE JJIsl TOTO, YTOOBI 3TU MPSMBbIE:

1) mepecekasucs;

2) 6GbLIM mApaJIeTbHBIMI, HO He COBIIAIAJIN;
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3) coBmaaiy;
4) CKpeIuBAJIUCE.
19.49. Ucnonb3ysa pe3yabpTar 3aga4un 19.48, ompeaenuTs B3a-
MMHO€ PaCIOIOXKEHHEe MPSIMbIX:
1) | 3z+2y+52—1=0,
—r+2y+32z2—-1=0,
4o —6y+72+2=0,
5T+ 3y — 82z -3 =0;
2) [z+3y+32—-2=0,
z—9y—6z—-5=0,
20 — 14y —92 -9 =0,
dr+2y+2z—-7=0.



I'masa 8
JINHEMHBIE [TPOCTPAHCTBA

B 3r10it riiaBe ucnosb3y0TCs CIEAYIOMUE OCHOBHBIE IOHSTHST U TEP-
MEHBL: gewjecmeennoe auhetinoe npocmpancemso (auneidnoe npocmpar-
€mMeo Had NOAEM BEULELCTNEEHHBIT HUCEN), KOMNAEKCHOE AUHETHOE
npocmpancmeo (AUHETHOE NPOCMPAHCMBO HA0 TNOAEM KOMNAEKCHBIT
wucen), AUHETHAA KOMOUHAUUR 6EKMODPOS, AUHETHO 3ABUCUMARA CUC-
meMa 8eKMOPo8, 6a3uUC 6 AUHETHOM NPOCMPAHCINGE, KOOPOUHAML GEK-
mopa 6 basuce, Koopouramuoili cmMoabey, SeKMOPa, KOHEUHOMEPHOE
AuHetHOe NPOCMPAHCMBO U €20 PA3MEPHOCTSL, apudmemuieckoe npo-
cmpanemeo (8ewecmeentoe U KOMNAEKCHOE), BECKOHEYHOMEPHOE AUHET-
HOE MPOCMPAHCNBO, MAMPUUE Neperoda om odnozo basuca % Opyzo-
MY, AUHETHOE NOONPOCTPAHCMEO0, HYALB0E NOONPOCTPAHCMEO, AUHETHAA
0boaouka cucmemor 6exmopos (Aunetinoe nooNpPoOCMpPancmeo, HAMAHY-
Moe HA MY CUCTEMY BEKMOPO8), CYMMaA U nepeceverue IByxX (1 Jaro6o-
I'0 KOHEYHOTO YUC/IA) NOONPOCPAHCE, NPAMAA CYmma IBYX (1 JH060ro
KOHEYHOTO IHCIIA) NOONPOCMPAHCNE.

Ilepeuncianm OCHOBHBIE IPUMEPHI JJUHEHHBIX TPOCTPAHCTB.

1) Teomerpuveckoe NPOCTPAHCTBO — MHOXKECTBO BEKTOPOB (Ha-
[PABJIEHHBIX OTPE3KOB) IPOCTPAHCTBA, U3YYaeMOrO0 B JIEMEHTAPHON
reOMEeTPUMN.

2) Apudwmermaeckoe n-MepHOE JIMHEHOE TIPOCTPAHCTEO R, HaT TIOIEM
BEIIECTBEHHBIX YUCeS (BEMIECTBEHHOE apU(PMETHIECKOE TPOCTPAHCTBO) —
IIPOCTPAHCTBO CTOJIGIOB BBICOTHI 71 C BENECTBEHHbIMHU 3jieMenTamu. Onepa-
[UU CJIOXKEHUsI CTOJIOIOB M YMHOXKEHHSI CTOJIONA HA YUCIIO OCYIIECTBJIs-
FOTCS MOKOMIIOHEHTHO. Ba3uc 3TOro npocTpancTBa, COCTOAIINI U3 CTOIO-
OB €JMHUYHONA MaTPHUIbI, HA3BIBAETCA CTAHIAPTHBIM. KoopauHaTamu
CTOJOIA OTHOCUTEIBHO CTAHJAPTHOTO 0A3UCa SABJSIOTCS €r0 JIEMEHTHI.

3) Apudmernueckoe n-MepHOe JUHEHOE TPOCTPAHCTBO C,, HAJL, O~
JIeM KOMILIEKCHBIX 9ucesl (KOMILIEKCHOE apudMeTHYecKoe MPOCTPaH-
CTBO) — MPOCTPAHCTBO CTOJIOIOB BBICOTHI 7, ¢ KOMIUIEKCHBIMH JIEMEHTa~
mu. Oneparyy u CTaHIaPTHBINA 6a3KC ONPEIENIOTCH TaK XKe, KaK U B R,

4) TIpocTpaHcTBO Ry, xn BEIIECTBEHHBIX MATPHI[ PasMepa m X n
H&JI TI0JIEM BEIIECTBEHHBIX YHMCEJI ¢ OOBIYHBIMU ONEPAIUSMU CJIOKEHUS
MATPHIl U YMHOXKEHUsI MATPUILI HA 9ucyI0. Pa3MepHOCTh TPOCTPAHCTBA
Rmxn PaBHa mn. B mpocrpancTBe R, xyn CTAHIAPTHBIM HA3bIBAEM 0a-

3uc, cocrosumil u3 MaTPUIHBIX equenn i, i =1,...,m; j=1,...,n (cm.
BBezeHne K § 15). Basucuble MaTpuipt ynopﬂzgoqI/IBaeM CJ'Ie,ELyIOH.LI/IM 00-
pa3omM: Ell,Egl, ...,Eml, Elg, ...,Emg, .. Elna ey Emn )

1) O apyrom cmocobe yHnopsiAOYMBaHUs CM. BBEIECHME K IVI. 12.
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5) IIpocTpaHCcTBO Cppy sy KOMILIEKCHBIX MATPHI] PA3MeEPA M X N HAJL
1oJieM KOMILIEKCHBIX dncest. Ouepanuu, pasMepHOCTb, CTAaHIAPTHBIN Ga-
3UC — TaKHe Ke, KAK U B Ryyxn-

6) IIpocTpancTBO P(") MHOrOWIEHOB C BemecTBeHHBIME KO3hhHI-
€HTaMH OT OJHOU MmepeMeHHOU {, MMEeIOINX CTeNeHN, He ITPEBOCXOIATINE
gaHHOro uncyia n. Onepanun — OOBIYHBIE ONEPAIMHU CJIOKEHHS MHOTO-
YIEHOB M YMHOXKEHUsI MHOI'OYJIEHA Ha YHCI0. Pa3smMepHOCTH mpocTpan-
crea P(") pasra n + 1. CraHIapTHBIM 6a31COM HA3BIBAEM GA3NC U3 MHO-
rourenos 1, t, t2, ..., t".

TIpousBosibHOE JIMHEHHOE TPOCTPAHCTBO 0bO3HAYaeM OyKBoil L, ero
pasmepHocTh — dim L. Ecin dim £ = n, To numem: L£,,. DieMeHTHI Ju-
HETHOTO MPOCTPAHCTBA HA3bIBAEM BEKTOPAMH, UX KOODAWHATHI 3AMUCHI-
BaeM B BHUJIE CTOJIOIOB.

Oycrs &= (&1,...,&,)T — KoopmuHATHBIH cTON6eEN BeKTOPA T B Ga-
3uce e = (eq,...,6,). Torma

l‘:Zékek :eE,, (1)
k=1

rjle € NOHMMAETCA KaK CTPOKA U3 BEKTOPOB €1,...,6e,. @opmyna (1) Ha-
3bIBaeTCH (hOPMYJION PA3JIOKEHUS BEKTOPA & 10 Ha3ucy e.
ITycTb BeKTODHL €], ..., e, Gasuca €' 3aaHBl CBOMME KOODMHATAMY

OTHOCHTEJILHO 6asuca e = (e1,...,€y):

n

l .

ei:E orier, 1=1,...,n. (2)
k=1

Marpuna S, cronbiaMmu KOTOPOil ABASIOTCH KOOPAUHATHBIE CTOIOIBI HO-
BbIX Ga3HCHBIX BEKTOPOB €],...,€), OTHOCHTEILHO cTaporo 6asuca €, Ha-
3BIBaETCA Mampuuel, nepexoda om 6asuca e ¥ 6asucy €. Pasencrso (2)
MOXKHO MEpENnucaTh Tak:

e =eS. (3)
DTO PaBEHCTBO COXPAHMTCS, €CJIM BMECTO CTPOK U3 BEKTOPOB € 1 €' pac-
CMaTpPUBaTh MATPUILI U3 KOOPAUHATHBIX CTOJIOIOB BEKTOPOB €1,...,6, H
€},...,el, B HEKOTOPOM (DUKCHPOBAHHOM Ga3uce.

Ecnu BekTop & nmeer koopauHaTHBIA crosiberr & B 6a3uce € u KOOp-
muHATHLI cronber &' B Gasuce e/, a S — marpuna mepexosa ot 6asmuca
e K 6asucy e', To

£=_9¢. (4)

IIpu dbukcuposanaOM Ha3uCe TPOCTPAHCTBA KAXKION JIMHEHHON KOM-
OUHAIMK BEKTOPOB B3AMMHO OJJHO3HAYHO COOTBETCTBYET TaKasl YK€ JINHET-
Has KOMOMHAINSA UX KOOPIUHATHBIX CTOJIOIOB.

IlycTh BEKTODHI a1, ...,0); 33IaHBI CBOMMH KOODIWHATHBIMU CTOJIO-
namu. CocraBuM u3 3TUX CTOaOHOB Marpuny A m Gymem genaTh de-
MeHTapHbIe Tpeobpa3oBanusd ee cTpok. CTonbubl mpeobpa3oBaHHON MaT-
PHUIBI MOXKHO HMHTEPIPETUPOBATH KAK KOOPAMHATHBIE CTOJOIBI TEX Ke
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BEKTOPOB B HOBOM Dasuce. MaTpuiia mepexoja K HEMy IMOJydaeTcs U3
eMHUYHON MATPHUIBl F ¢ HOMOIIBIO TEX ¥Ke 3JeMEeHTApHBIX mpeobpa3o-
BaHUI CTPOK.

DJieMeHTapHBIM TPeoOPa30BaHusM CTOJNONOB MaTpulbl A cooTBer-
CTBYET MEPEeXO] K CUCTEME BEKTOPOB, ABJSMIONMXCH JIMHEAHBIMI KOMOU-
HauUsMu JaHHbIX. Marpuna u3 Ko3hOUIUEHTOB 3TUX JIMHEHHBIX KOMOU-
Hanui mojydaercd u3 F Temu Ke 3JIeMEHTapHLIMU MPEOOPA30BAHUAMUI
CTOIOIIOB.

TIpuBeiemM cxembl perieHnsT HEKOTOPBHIX BaXKHBIX TUIUIHBIX 3371a9.

1) Bekropst f1,...,fn 6asuca f m BeKTOp T JaHBI CBOMMH KOOD-
JIMHATHBIME CTOAOIAME OTHOCUTENBHO Dasuca e. Hailtu KoopauHaTHBIN
cronber & BekTOpa T oTHOCHUTENIBLHO Gasuca f.

Pemenune Crogben & Haxoqurcs M3 MATPHYIHOTO ypPABHEHUS
(4), tme & — KoopmMHATHBI cTONGET, BEKTOpa T B Gasuce e, a S — Mar-
pUIa U3 KOOPAMHATHBIX CTOJIOIOB BEKTOPOB f1,..., f, B 6a3uce e. djusa
Toro, 4To6BI BeramcauTh cronben &', marpumy || S | & || ¢ momonipro sie-
MEHTapPHBIX MPeoOPAa30BaHMil CTPOK YIPOIIAEM TaK, 4ToObl Ha Mecre S
OKa3aJIaCh €JIMHUYHAA MaTpuna. lorma Ha mecte croiabma & okazkercs
HCKOMBIi crosber &’ .

2) Bexrops! 6a3ucos f = (f1,...,fn) 1 &= (g1,.-.,9n) 33JaHBI CBO-
UMU KOODPJMHATHBIMHU CTOJIOIAMI OTHOCHTE/ILHO TPEeThero 6asuca e =

= (e1,...,€,). Haiitu maTpuiy nepexoma S or 6asuca f x 6asucy g.
Pemenue. Ilycrs F u G — Marpuipl u3 KOOPAUHATHBIX CTOJIO-
OB BEKTOPOB f1,...,fn U g1,...,gn. lIpUMeHss B HalIeM CIydae Mat-

puuHOe paBeHcTBO (3), mmeem: G = F'S.

Matpuiy S = F~'G M0OKHO BBIYHCINTH C HOMOIIBIO 31eMEHTAPHBIX
npeobpaszosanuii crpok mMarpuust | F | G ||. Ecin nocie ssemenTapHbIX
npeobpa3oBaHuil CTPOK HA MECTe MATPUILL F' OKAXKEeTCs eIMHNIHAA MaT-
puia, To Ha Mecre G OygeT UCKOMas MaTpUIA S.

3) BekTopwl ay,...,a) 33JaHBl CBOUMH KOODAMHATHBIMUA CTOJAOHAMY
B HeKOTOpOM Gasuce e. [Iposeputh, 06pa3yroT jiu JaHHBIE BEKTOPHI 6a3uc
B IIPOCTPAHCTBE, BBIABUTH JIMHEHHBIE 3aBUCUMOCTU MKy HUMH, HANTH
6a3uC B JIMHEITHOW 0D0JI0YKE CUCTEMBI (1, ..., Q).

Pemenwue Ilyctrb A — marpuna m3 KOODJIMHATHBIX CTOJOIIOB
JIAHHBIX BEKTOPOB. DJIEMEHTapHOE Tpeobpa3oBaHue CTPOK A PaBHOCHIIb-
HO YMHOXKEHUIO A cjieBa Ha HEBBIPOXKIeHHYI0 Marpuily 1. IIpu sTrom Bce
cronbubl A TakyKe YMHOMXKAIOTCA cjieBa Ha T, ¥ JIMHEHHbIE 3aBUCUMOCTH
MEKJLy CTOJONAMU MATPUILI HE MEHSIOTCH. DTU JEHCTBUS MOXKHO IO-
HUMATh KaK 3aMEHY KOODMHAT: HOBBIE CTOJIOIBI — HOBBIE KOODMHATHI
JIAHHBIX BEKTOPOB.

JanHable BEKTOPHI 06pa3ytor 6a3uc B L, TOr/a U TOJIBKO TOTIA, KO-
ria k=n u det A # 0. O6o3HaYUM JUHEHHYIO OBOJIOYKY a1,...,a% Ue-
pe3 P. Bazuc B P cocTouT u3 TaKuX BEKTOPOB @;, KOOPJIAUHATHBIE CTOJIO-
bl KOTOPBIX ABJIAOTCH 6a3ucHbiMu crosibramu Marpunsl A. OcrajbHbie
BEKTODPBI PACKJIAIBIBAIOTCS [I0 HUM C TEMH Ke K0P UImMeHTaMu, ¢ KOTo-
PBIMHU COOTBETCTBYIOIIME KOOPIUHATHBIE CTOJIOIBI PACKJIAIBIBAIOTCS O
GasucHbIM cTonbuam A. s oreickaHusa 3TUX K03 MUIUEHTOB MaTPH-
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my A ciepyer IpUBECTH K YIPOIIEHHON (hOPME ¢ TIOMOIIBIO JIEMEHTAP-
HBIX TTPeOOpa30BaHUIl CTPOK.

Hanpumep, mycrh BEKTODHI @1, @3, 43 9€TBIPEXMEPHOIO MIPOCTPAH-
CTBa UMEIOT B HEKOTOPOM Ha3mce € KOOPIMHATHBIE CTOJIOIBI

1 1 2
-1 1 0
1 01 1
0 1 1
Marpumy
112
_|-110
A= 101
011
C IOMOIIIBIO TPeobpPa3oBaHuil CTPOK MPUBOJAUM K BHJLY
101
~ 011
A=1000
000

OueBuzHo, Tperuit cronber marpuibl A paBeH cymme AByX nepsbix. [lo-
roMy Tperuii crojiben Mmarpuibl A TakyKe paBeH CyMMeE JIBYX MEPBBIX, U
as = a1 + as.

Basuc B nuHeiiHON 060109Ke CHCTEMBI BEKTOPOB MOXKHO HAUTH TAK
JKe, yInpomas MaTpuiy A ¢ mOMOIIBIO 3JIEMEHTapHBIX Peo0Pa30OBaHMIA
cTONIOIOB. DTH NIPeodbpPa30BaHUS 3aMEHSIOT JAHHBIE BEKTODHI HA UX HEe3a-
BHCHMBIE JIMHEIHble KOMOWHAIMN, W UX JUHEHad 000/I0YKA OCTAETCH
HEU3MEeHHOI1.

MHO2KeCTBO pelIeHnit CUCTEMbI JIMHEHHBIX OHOPOJHBIX yPABHEHUIA
C N HEM3BECTHBIMH MOYKHO PACCMATPUBATH KAK MHOXKECTBO KOOD/IMHAT-
HBIX CTOJIOIOB BEKTOPOB HEKOTOPOTI'O JINHEHHOTO IOAIPOCTPAHCTBA B IIPO-
crpancTBe L,. B 9T0M cMBbICIe KaxK1as CUCTEMa JIMHEHHBIX OHOPO/IHBIX
YPaBHEHUII C N HEM3BECTHBIMU OIPEJIEAET JUHEITHOE IOJIPOCTPAHCTBO
B L,. Bazuc aroro noanpocrpancTBa eCTh COBOKYITHOCTH BEKTOPOB, KO-
OP/IMHATHBIE CTOJIONBI KOTOPHIX 00pPa3yoT PyHIAMEHTAJIBHYIO CHCTEMY
pellleHnil JaHHON OJHOPOJHON CHCTeMBl JIUHEHHBIX YPaBHEHUIA.

4) BekTopsl ay,...,a) 33JaHBl CBOUMH KOODJMHATHBIMUA CTOAOHAMY
OTHOCHUTEJIbHO Oa3uca e mpocrpancTBa L,. Haiitu cucremy suHeitHBIX
YPaBHEHUI1, OIPEIE/IAIONLYIO JINHEHHYI0 000J109Ky P JaHHBIX BEKTODOB.

Pemenwue Bomummem marpuiny A u3 KOODAUHATHBIX CTOJOIIOB
BEKTOPOB a1,...,0k. Ilycrs rg A = r. Jljsg Toro 9robbl BEKTOP C KOODIH-
HATHBIM cTos6TIOM & = (271, ..., 2, )T npunamIekan nomgmpocTpancTsy P,
HEOOXOZUMO ¥ JOCTATOUHO, 4T00bI panr Marpuipl A = || A|&|| Takke GbLt
paBeH r. DJIeMEeHTaPHBIMU TPE06Pa30BaHUAMK CTPOK MATpUla A MpuBo-
JUTCH K CTYIMEHYATOMY BHY; IPH ITOM IIOCJIEIHUE 7 — T CTPOK CTAHO-
BATCA HyJeBbIMU. Eciinm Takme ke IpeoOPa30BaHUA NPOJEIATH C MaT-
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puneit A, To B mocneqanx n —r crpokax Ha (k+ 1)-M mecre mosBATCS
HEKOTOPBIE JINHEHHbIE KOMOUHAINN 9UCENT X1, .. .,Ly,. I PUPABHSB UX HY-
JIX0, TIOJIy9UM HCKOMYIO CUCTeMY JIMHEWHBIX yDPaBHEHMUIA.

CocraBuM, HAIIPUMED, CUCTEMY YPAaBHEHUI, OIPEIEJISONLY 0 JTUHEH-
HYyI0 0D0JIOUKY CHCTEMBI BEKTODPOB a1, G2, G3 U3 MPEIBILIYIIEr0 HOMEDA.
Marpurna

112z
~ =110z
A=1"101 T3
011 T4
IIPUBOIUTCA K CTYIIEHIATOMY BHU/LY
112 1
011 Tyq

000 r3—x1+ x4
000|x1+xzo—224

Panr maTpunpl 63 9eTBepTOro CToJONA paBeH 2; JJIs TOrO YTOOBI
paHr BCeil MaTpUIBl TOXKE ObLI PaBeH 2, HEOOXOJIMMO U JOCTATOYHO BbI-
[OJIHEHUE YCJIOBUH X1 + X2 — 224 =0, 1 — 3 — £4 = 0. DTO U €CTh UCKO-
Mas CHCTEMa JIMHEIHbIX YPABHEHUN, OPeAe/IA0mas JUHEHHYIO 000104~
Ky BEKTOPOB a1, G2, a3 B bas3muce e.

Cymmoii KoHeqHOTo "uciIa JuHeiiHbx noanpocrpancts M, N, ..., P
HA3LIBAETCS JHMHelHas 060109Ka obbeauHeHns Maoxkects M, N, ..., P.
Cymma M +N + ...+ P KOHEYHOrO YHMCJIa JUHEHHBIX MOJMPOCTPAHCTB
HA3bIBAETCS MPSAMONW CYMMOM, €CJIU KaxKJ0e W3 MOAIPOCTPaHCTB M,
N, ..., P umeer HyJeBoe IepecedeHuEe C CyMMOH OCTaJbHBIX MOJIIPO-
crpancTs. IIpamas cymma ob6osHagaerca Taxk: M BN & ... ¢ P.

Ecmu £ =M@ N, To mpoeknueit BekTopa = € £ Ha JIHHEHHOe TIOI-
IpOCTPaHCTBO M napaJieNbHo JuHeiiHoOMy HoanpocTpancTBy N Hasbl-
BaeTCdA CJaraeMoe I B Pa3JjIOKEHUU T = Xy + T, rae 1 € M, g EN.

OcTaHOBUMCs HA OCHOBHBIX 33/1a9aX, CBA3AHHBIX C IOHATUSIMU CyM-
MBI U [I€PECEYEHN IOAIPOCTPAHCTB.

5) Jlumeitabie noanpocrpancTBa P u Q 3a7aHBI KaK JIMHEHHBIE 060-

JIOYKHU BEKTOPOB G1,...,a; U b1,...,b; coorBercrBenHo. Haiitu 6a3uc cym-
Mbl P+ Q.

Pemenue Ilognpocrpancrso P+ Q sBiasercs JuHENHHONH 060-
JIOYKOH CHCTEMBI BEKTOPOB G1,...,0k, b1,...,b;. [loaTomy 3amada cBomut-

cd K 3aza4e 3).
6) Jluneiiabie mogmpocTpancTea P u Q 3aaHbl CHCTEMAMH JIMHEH-
HBIX OJIHOPOAHBLIX ypapHeHnmii. Haiitu nepeceuenue P N Q.
Pemenue Ilognpocrpancrso PN Q 3amaerca CUCTEMOl ypaB-
HEHUI, COCTaBJIEHHOM 13 yPaBHEHMI 00enX JAHHBIX cucTeM. PazmMepHoCTh
noanpocTpancTBa PN Q MOXKHO BBIYUCIUTH 1O popmyase I'paccmana

dim(P N Q) =dimP 4 dim Q — dim(P + Q).

7) Jluneitubie moanpocTpancTBa P u Q — JjmHeiHbIe 060JI0YKH CH-
CTE€M BEKTOPOB (1,...,ak U by,...,b;. DTH BEKTOPHI 33/1aHBI UX KOOP/IU-
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HATHBIME CTOJIOIAMHU, KOTOPBIE 06pa3ytoT MaTpursl A u B cooTBeTcTBeH-
vo. Haiitu pasmeprocts u 6a3uc cymmbr P+ Q u nepecedenus: PN Q.

Pemenne. Ilpusenem marpumy ||A|B|| ¥ ynpormerHOMY BuUIy
||[A’| B|| mpm momormm snemeHTApHBIX TpeobpasoBanmii cTpok. Ilpn sToM
BBIOEPEM YIIPOINEHHBIN BUJI TAK, YTOOBI B YUCJIO DA3UCHBIX CTOJIOIOB BO-
1m1n Bee 6a3ucHbie cToa6ubl A 1 CTOIBKO CTOJIONOB U3 B, CKOIbKO moTpe-
6yercsi. Torna BEKTOPBI, COOTBETCTBYOIINE OA3UCHBIM CTOJIOIAM MATPHU-
upt ||A'|B'||, cocraBnstor 6asuc B P + Q, a coorBeTCTBYyIOIHE 6a3UCHBIM
crosnbuam, pacnosokenabiM B A’, coctaBar 6asuc B P.

s Toro, 9robs! HaliTu pasmepHocTr Q u P N Q, yIpoCTHM Ternepb
Marpuiy B’ ¢ TOMOMIBIO 3J/eMEHTapHBIX TPeo0Pa30BaHmil CTOIBIOB TakK,
4TOGBl HE MEHSITh PaHee HaHIeHHBIX GAa3MCHBIX CTONONOB (HA30BEM 3TH
cTonbupl 0cHOBHBbIMMI). [TosHBIN HAGOP GA3UCHBIX CTOJIOLOB MPeobpaszo-
BaHHOI1 Marpunpbl B” coorsercrByer 6asucy B Q, a 6a3UCHBIE CTOJIOIbI
B, nononHsomue 0CHOBHBIE, COOTBETCTBYIOT basucy B P N Q. Ins To-
ro 9Tobbl IPOC/IEUTh 33 TE€M, KaKHe JIMHEeHble KOMOUHAIUN BEKTOPOB
by,...,b; oHE 0Opa3yrOT, M TAKUM OOPA30M HAWTU MCXOJHBIE KOOPIUHA-
THI 6A3UCHBIX BEKTOPOB MOANPOCTPAHCTBA P M Q; MOXKHO IPOIEIAThH CO
CTONOIAMY €IUHUIHON MATPUILI TIOPSAIKA | Te JKe 3IeMEeHTapHbIe MTPeos-
pa3oBaHusd, 9TO U CO croabnamu B’.

B riaBe «pemenusi» NpuBeseHO perenue 3amaqan 21.7, 11) ykasan-
HBIM CIIOCOOOM.

§ 20. IIpuMepbI IPOCTPAHCTB.
Basuc u pasmepHOCTH
20.1. MoXHO 1 TOAXOAAIINM BBEIEHUEM OIEpaInii ciaoxke-
HUSI 1 YMHOXKEHUS HA YHCIO CEJATh JIMHEHHBIM MPOCTPAHCTBOM:
1) mycToe MHOXKECTBO;  2) MHOXKECTBO M3 OJHOIO HJIEMEHTA;
3) MHOXeCTBO U3 JIBYyX SJIEMEHTOB?

20.2. Jlokasarhb, 4TO:

1) ecnm cucTeMa BEKTOPOB COMEPIKHUT JINHEHHO 3aBUCHMYIO
MOJICUCTEMY, TO OHA JUHEHHO 3aBUCUMA;

2) ecsm cuCTEMa BEKTOPOB JIMHEHHO HE3aBUCHMA, TO JiI0bast ee
TIOJICUCTEMA, TAKKE JIMHEHHO HE3aBUCHUMA,;

3) eciu BEKTODBI a1, ..., G JUHEHHO HE3aBUCUMBI, & BEKTOPBI
ap, ai, ..., G JUHEWHO 3aBUCUMBI, TO BEKTOD G( ABJIACTCA JUHEH-
HOI KOMOWHAIMEr BEKTOPOB A1, ..., Gf.

20.3. BoIsacHUTD, SIBIASETCS JIN JUHEHHBIM MTOATPOCTPAHCTBOM
JTAHHOE MHOXKECTBO BEKTOPOB B N-MEPHOM IIPOCTPAHCTBE, M €CJIN
SABJISIETCS, TO HAWTU €T0 Pa3MEPHOCThD:

1) MHOXKECTBO BEKTOPOB, BCE KOODJWHATHI KOTOPBIX DABHBI
MexK Ty coboif;

2) MHOXKECTBO BEKTOPOB, TIepBasi KOOPAMHATA KOTOPHIX paBHa 0;
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3) MHOZKE€CTBO BEKTOPOB, CYMMa KOOPDJAWHAT KOTOPLIX PaBHa O,
4) MHO2KE€CTBO BEKTOPOB, CyMMa KOOPDJANHAT KOTOPbIX PaBHA 1.

20.4. BoigcHUTD, ABASETCS JIU JUHEHHBIM TTOAITPOCTPAHCTBOM
JaHHOE MHOXKECTBO BEKTOPOB TI'€OMETPUYCCKOI'O IPOCTPAHCTBA, U
€C/IU ABJIACTCS, OUPEIEJIUTh €TI0 Pa3MEPHOCTh:

1) MHOXKECTBO BEKTOPOB IIJIOCKOCTH, TAPAJUIEJbHBIX JIAHHOM
IPAMOH;

2) MHOXKeCTBO BEKTOPOB TPEXMEPHOTO MPOCTPAHCTBA, TIePIIeH-
JUKYJISAPHBIX JaHHON IIPSMOIL;

3) MHOKECTBO BEKTOPOB IIJIOCKOCTH, IO MOJIYJII0 HE HPEBOCXO-
aammx 1;

4) MHOYKECTBO BEKTOPOB IUIOCKOCTH, 0OPa3yOIUX yrol & C
nmauHoit psamoit (0° < a < 90°).

20.5. Jloka3arh, 9TO MHOXKECTBO MATPHIL pa3Mepa m X n 0b-
pa3yeT JMHEWHOEe MPOCTPAHCTBO OTHOCHTEIHLHO OOBIYHBIX OIEpa-
nii CJIOYKEHUsT MATPUIL U YMHOXKEHUST MATPUILI Ha uucyao. Haittn
Pa3sMepPHOCTh U 0A3HMC ITOTO MPOCTPAHCTBA Ry -

20.6. BoisgcHuTb, gBIsIeTCS JIM JAHHOE MHOXKECTBO KBaIpaT-
HBIX MAaTPUIl TMOPSIKA 7, JUHEWHBIM IOAIMPOCTPAHCTBOM B IIPO-
CTPaHCTBE BCeX KBAJIPATHBIX MATPUIL TOPSIJIKA 70, U €CJTA SIBJISETCS,
TO HANTH €ro pa3MepHOCTb:

) MHOXKECTBO MaTDUI] C HyJEBOH MEepBOil CTPOKOI;
) MHOXKECTBO JUATOHAIBHBIX MATPHIL;

) MHOKECTBO BEPXHHX TPEYTOJbHBIX MATPHIL;

) MHOXKECTBO CHMMETPHUYECKUX MATPHIL;

) MHOXKeCTBO KOCOCHUMMETPUIECKUX MATPHIL;

6) MHOYKECTBO BBIPOKICHHBIX MATDHII.

20.7. Boisgicauth, obpasyeT JU JaHHOE MHOMKECTBO (QyHKIUit
Ha TPOM3BOJILHOM OTpe3Ke [a,b] JmHeiiHoe MpOCTPaHCTBO OTHOCH-
TEJIBHO OOBIYHBIX OMEpaIAil CJIOKEHHUS U YMHOKEHHs Ha UUCIIO:

1) MHOXKecTBO (byHKIMIA, HENPEPHIBHBIX Ha [a, bl;
) MHOXKecTBO (byHKIWIA, quddepeHnupyeMbIx Ha [a, bl;
) MHOXKecTBO (byHKIHMIT, MHTErpupyeMbIxX 10 Pumany Ha [a, b);
) MHOXKeCTBO (DYHKI[HIl, OrDAHIYECHHBIX HA [a,b);
) MHOXKecTBO (pyHKIWMI Takux, uro sup|f(z)| < 1;

[a,b]

) MHOXKeCTBO (DYHKI[HIl, HEOTPHUIATEIBHBIX HA [, b];
) MHOXKecTBO (byHKIWmIT Takux, 1ro f(a) = 0;
) MHOXKecTBO (byHKIWMI Takux, uro f(a) = 1;
)

MHO)KecTBO dyHKumnit Takux, 9yro lim f(z) = oo;
z—a+0
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10) MHO)KeCTBO (DYHKIMIT, MOHOTOHHO BO3PACTAIONINX Ha [a, b);
11) MHOXKecTBO (DYHKIMIl, MOHOTOHHBIX Ha [a,b].

20.8. loka3arhk, 9TO mpu JI0O0OM HATYPAJTHLHOM 1 JAHHOE MHO-
KecTBO (yHKINH 006pa3yeT KOHEITHOMEDPHOE JIMHEHHOE TPOCTPaH-
CTBO; HAWTH PA3MEPHOCTh W YKa3aTh HA3NC ITOTO MPOCTPAHCTBA!

1) MHOXKECTBO MHOTOYWICHOB CTEIIEHH He BhIIIe 1 (0003HAYMAET-
ca PM);

2) MHOXeCTBO YeTHBIX MHOTOYJIEHOB CTEIIEHW HE BBIIIE N;

3) MHOKECTBO HEYETHBIX MHOIOUIEHOB CTENEeHH He BBIIIE N

4) MHOYKECTBO TPUIOHOMETPUYECKMX MHOTOWIEHOB MODSIJIKA
HE BBIIIE N, T. €. MHOXKeCTBO dyHKImit Buga f(t) = ag + aj cost +
+ bysint + ...+ a, cosnt + by, sinnt;

5) MHOXECTBO YETHBIX TPUTOHOMETPHYECKUX MHOIOWICHOB
TOPSIKA HE BHIIIE N;

6) MHOYKECTBO HEYETHBIX TPUTOHOMETPUIECKUX MHOTOUICHOB
MOPSIIKA HE BBIIIE N;

7) mEOXecTBO  yHKIHI Buma  f(t) = e*(ag + aicost +
+ bisint + ...+ ay cosnt + b, sinnt), rae o — dbukcupoBanHOE M€l
CTBUTEJBHOE UUCIIO.

20.9. Jlokasarh, 9TO JAHHOE MHOXKECTBO (DyHKIIHI oOpasyer
GecKOHeTHOMEPHOE JHHETHOe TTPOCTPAHCTBO:

1) MHOXKECTBO BCEX MHOTOYJICHOB;

2) MHOXeCTBO BCEX TPUTOHOMETPHYIECKUX MHOTOUYJIEHOB;

3) MHOXKeCTBO (DYHKIIHII, HENPEPHIBHLIX HA HEKOTOPOM OTPE3KE.

20.10. Haittu juHeiiHy10 KOMOMHAIINIO CTOIOIIOB:

1
1) 3¢c1 — 362 2) —ca9 + €33 + 2¢31;

1 1
3) €143 — 5C138; 4) c206 — 3C198 + 2C199.

20.11. Haittu muHeiiHy10 KOMOMHAIINIO MATPHUIL
1 1
§A215 - 514252 + Agsz — Azsa.

20.12. Haittu cTomber X u3 ypaBHEHUSI:

Ciq1 +X  Cig6+X
1) Cog + Cog — 2X = C39; 2) — 3
3) 3(C197 + X) + 2(0202 — X) = 4(0204 — X).
20.13. BpigBuTh JuHENWHbIE 3aBUCUMOCTH MEXKIy TAHHBIMHI

CTOJIOIAMM:

1) c34, €35, C20;  2) Cs4, €83, C120;
3) C166, €198, €199, €C201; 4) C166, €197, €205, C206-

= C142;
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20.14. Haittu pasmepHOCTb 1 6a3uc JuHEHHON 000JIOYKY JaH-
HO# CHCTEMBI CTOJOIOB:

1) c1, c2;  2) c31, €28, €30;  3) €31, C30, C32;

4) c121, €124, C118; D) €166, C198, €199, C201;

6) c196, C198, C202;  7) €166, €196, C197, C198;

8) o;  9) ci66, €203, €204, C197-

20.15. Haititu pa3mepHOCTb U 6a3uC JUHEWHON 000IOYKU CH-
creMbl MaTpu Azgr, Asgg, Assg.

20.16. Haittu pa3smepHOCTb U 6a3uC JUHEHHON 0OOIOUKU CH-
crembr MEorOuenoB (1+1)3, 3, 1, ¢t + 12,

20.17. Joka3aTh 9TO BEKTOPHI €1, .. .,€, 00pa3yoT Ha3uc B n-
MepHOM apudMETHIECKOM MPOCTPAHCTBE, U HANTH KOODIUHATHBII
cTober] BEKTOpa X B 3TOM ba3uce:

1) n= 1, €] = C1, X = Cg;

2) n =2, e] = Cag, €2 = C29, X = C30;

3) n=3, e; = €116, € = C120, €3 = C122, X = Cyg;

4) n =4, e; = 196, €2 = C197, €3 = C193, €4 = C199, X = C200;

5) n =15, €1 = Ca55, €2 = C263, €3 = C264, €4 = C265, €5 = C266,
X = Co47.

20.18. JlokasaTh, uro Mmatpuisl As, Aig, A1z, Ag obpasyior
6a3uc B ONPOCTPAHCTBE KBaJAPATHBIX MATPHUI] MOPAAKa 2, U HalTh
KOODPJAMHATHBIN CTOJIOEI MaTpHIIBI Agg B 9TOM Oasuce.

20.19. ,HOKaBaTb, YTO MaTPUIIHI AQOO, AQOQ, A205, A204, A203,
Aggo 06pasyroT 6a3mMc B MPOCTPAHCTBE CHMMETPHYECKUX MATPUIL
MOPSAJIKa 3, M HANTH KOOPAWMHATHBINA CTOIOEI MaTpHUIbl Ao s B 9TOM
basmuce.

20.20. [okazarb, 49ro MHOrowieHsl 1, t—a, (t— a)2,
ooy (t—a)™ obpasyror 6a3uc B MPOCTPAHCTBE MHOTOYJICHOB CTe-
MEHN He BBIIIE 7, U HANTU KOOPAUHATHBIN CTOIOEI] TPOU3BOIHLHOIO
MHOTOIEH, Py, () CTEIIEHN He BBIIIE N B 9TOM Gasuce.

20.21 (p). JoxazaTs, uTo MHOrOWIeHbI 2t +t°, 3 — 5, t + 3
00pas3yroT 6a3nc B MPOCTPAHCTBE HEYETHBIX MHOTOUJIEHOB CTEIIEHN
He BBINIE 5, U HANTH KOODIHHATHEII cTOIOEI MHOrOUIeHa, 5t — 3 +
+ 2t° B 3TOM Gasmce.

20.22. Haittu pa3aMepHOCTH 1 6a3UC JTUHEHHOTO TOTPOCTPAH-
CTBa, 33JJaHHOTO B HEKOTOPOM 0a3mce CHCTEMOIl JIMHEHHBIX ypaB-
HEHUIt:

1) A27X = 0; 2) A238X = 0; 3) A249X = 0, 4) A391x = 0,

5) All()x = 0; 6) A442X = 0; 7) A577X = 0.
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20.23. CocTaBUTh CHCTEMY yDPaBHEHWIA, OMPEIEISIONTYIO JIH-
HEHHYI0 000MOUKY JaHHOW CUCTEMBI CTOJOIIOB:

1) ce6, €s3;  2) €31, C30;  3) €30, C29;

4) cig6, C196;  5) c197;  6) Ci66, €198, C199, C201;

7) Ci66, €196, C197, C198;  8) (0,0, 0, 0)7.

20.24. J/loka3aTb, 9TO KaxKas U3 JBYX CUCTeM BeKTOpOB f1, ...
oo, £ g, ..., gy ABAseTCH 6a3MCOM B N-MePHOM apudmMernde-
CKOM TPOCTPAHCTBE, W HANTH MaTPHUIly MEpPexoja OT MepBoro Oa-
3uca KO Bropomy. HafiTu KoopamHATHI BEKTOpa B IMepBOM basmuce,
€CJIM M3BECTHBI €r0 KOOpAUHATEL ], ..., £, BO BTOpOM Gasmce:

I)n=1, fi=ci, g =cs3;

2) n=2, fi =cgg, fo=c33, g1=c32, g2=Cox;

3) n=3, fi =cu, fo=ci17, f3=co4, g1 =c119, 82 =cCs4,
g3 = Cs3;

4) n=4, f; = cie6, f2 =196, f3 =197, f1 =C108, 1 = C199,
g2 = C200, &3 = C202, &4 = C203-

20.25. /lokasarb, 9TO KaxKaasl U3 JBYX CHCTEM MaTpuil Aiso,
A143, A13a, A133, A110, A1ss 1 Aige, Aisr, A1z, Aiss, Ao, A113
SIBJIETCsT 6A3MCOM B IIPOCTPAHCTBE MATPUIL pa3zMepa 3 X 2, u HafiTn
MaTPHUILy MEPEX0a OT MepBOro Oa3mca KO BTopomy. Haittu xoop-
JIMHATHI MATPUIBI 3 X 2 B MepBOM 0a3mce, eI U3BECTHBI €€ KOOp-
auHATHL ], ..., &6 BO BTOpOM Gasuce.

20.26 (p). JlokazaTh, 9TO KaxKJasg U3 JABYX CHCTEM MATPHIL
A250, A251, A252 n A253, A254, A255 ABJIIeTC 6a3UCOM B IpoCTpaH-
CTBE KOCOCMMMETPUIECKUX MATPHUIL MOPSAIKA 3, U HANTU MATPHILY
nepexoza OT MepBoro Hasmca Ko BTopomy. HaliTn KoopauHATHI KO-
COCUMMETPHUYIECKON MATPHUIhI MOPSAIKa 3 B MEPBOM 0Oa3mce, eCan
U3BECTHBI €e KOOpAmHATH &1, &y, &5 BO BTOpoM Gasmce.

20.27. JlokasaTb, UTO KaxKjgas U3 JBYX CHCTEM QQYHKIIHIT
t—t2 13 145t +13, (1462w (1+1)2, (1—t)%, t =2 +13, 1+t +
+ 12 4 t3 aBasieTcst 6a3MCOM B MPOCTPAHCTBE MHOTOUICHOB CTEIICHH
ue Boitie 3. HaliTn mMarpuily mepexosma ot mepBoro 6asmca KO BTO-
pPOMY M KOOPJMHATHI MHOTOUJIEHA B TIEPBOM Da3uce, eCIu U3BECTHDI
ero koopamHater &}, &, &5, £ BO BTOpoM Gasmuce.

20.28. [okazaThb, UYTO KaxKjaas W3 ABYX CHCTeM QyHKIIHiT
(1+t3)2, (1 -2 1u 1 +t2 +t4, 1 — 2 +t*) t* apnaerca 6asucom
B TPOCTPAHCTBE YeTHBIX MHOTOYJICHOB CTETICHH He BhIIIe 4, 1 HaiiTh
MAaTPUILy Mepexojia OT MepBoro 6asmca Ko sropomy. Haiitn koopu-
HATBI YeTHOIO MHOTOYJIEHa CTEMeHN He Bhile 4 B mepBoM Gasuce,
€CJIM M3BECTHBI €ro KoopauHatsl &1, &, 4 Bo BTopoM Gasuce.
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20.29. Kak n3MeHUTCS MaTPHUIA TEPEXoma OT OIHOTO Dasmca
K JIDYTOMY, €CJIH:

1) momeHsITH MecTaMu i-if U j-if BEKTOPBI EPBOro Ga3mnca;

2) IOMEHATH MeCTaMH i-if U j-if BEKTOPBI BTOPOro 6a3uca;

3) PACIOIOKNUTH BEKTOPBI 000MX GA3UCOB B OOPATHOM TMOPSITIKE.

20.30. Marpura S7 gBaAgeTCS MaTPHUIEH Tepexosa OT MEPBOro

baszmuca eq,...,€e, B N-MEPHOM JIMHEHHOM TMPOCTPAHCTBE KO BTOPOMY
basucy fi,...,fn, a MaTpuna So — MaTpHIE EPEX0OAa OT BTOPOTO
basnca K TperbeMy 06a3ucy gi,...,J,. HaliTu MaTpPHILy MePexXoIa:

1) or mepBoro 6a3uca K TPeTheMY;
2) ot Broporo 6a3mca K mepBoMy.

20.31. OnmcaTh B3aWMHOE PACIOJOXKEHHWE JBYX 0a3mMcoB B
TPEXMEPHOM JIMHEWHOM TIPOCTPAHCTBE, €CJIM MATPHUILA IEPEXOA OT
mepBoro 6a3mca KO BTOPOMY:

1) amaroHaJbHAS;

2) BepXHsisl TPEYTOIbHAS,

3) HUXKHSAS TPEYTOJbHAS.

20.32. BekTopsl 6a3ucoB aj,...,a, 1 bi,...,b, JaHBI cBOUMHI
KOOPAMHATHBIME CTOJIOIAME OTHOCHTEJIBHO Da3uca €. DTu CTOIOIIBI
COCTABJISIOT COOTBETCTBeHHO Matpuiibki A m B. Haiitu marpuiry
mepexojia oT H6asuca a kK basucy b, ecim:

1) A= Aps, B=Aes; 2) A=A, B=Asg;

3) A= Agr, B = Aus.

20.33. okazath, wuTro MHOrOWIeHH Jlexxanmapa 1, ¢,

1 1
5(31*,2 -1), 5(51*,3 — 3t) 06pa3yioT 6a3uC B IPOCTPAHCTBE MHOTOTLIIE-

HOB cTeneHn He Bbile 3. Hafftn MaTpuisl mepexoga OT CTaHAAPT-
HOTO 6a3nca K JAaHHOMY M OOPaTHO.

20.34. Haiitu xoopauHaThl MHOTOWIEHa p(t) B CTAHIAPTHOM
ba3uce MPOCTPAHCTBA MHOTOUJIEHOB CTEIIEHN He BbIle 3 U B H6asuce
samadn 20.33:

) p(t)=5t2-3t; 2)p(t)=2t—1; 3) p(t)=9t>—1;

4) p(t) =1 — 4t — 3t + 103

§ 21. CymmMma u nepecedyeHue MOAIIPOCTPAHCTB

21.1. Toxa3aTh, 9TO MPOCTPAHCTBO KB APATHBIX MATPHUIL TO-
pAsIKa N ABJIAETCA TPAMON CyMMOM MOANPOCTPAHCTBA CHMMETPH-
YeCKUX MATPUIL U TOAITPOCTPAHCTBA KOCOCUMMETPUIECKUX MATPHI
TOTO K€ MOPSIKA.
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21.2. Jloka3aTh, 9TO MIPOCTPAHCTBO MHOTOYJIEHOB CTENEHU HE
BBIIIIE N IBJISAETCS MPSIMOI CyMMOM TOAIPOCTPAHCTBA, T€THBIX MHO-
TOWIEHOB CTETIEHN HE BBIIIE 7, W TOIIPOCTPAHCTBA HEIETHBIX MHO-
TOWIEHOB CTEIEHU HE BBIIIE 7.

21.3. 1) JokazaTh, 9TO Nn-MEpHOE JUHEITHOE MPOCTPAHCTBO
SIBJISIETCST TIPSIMOM CyMMO# TIOAIPOCTPAHCTBA, BEKTOPOB, BCE KOOP-
JIMHATHI KOTOPBIX PABHBI MEXKY COOOH, M TOAIPOCTPAHCTBA BEK-
TOPOB, CYMMa KOOPJUHAT KOTOPhIX pasHa (.

2) Mana marpunia A u3 n crpok. Jlokasarh, 9TO M-MepHOe
apudMeTHIecKoe MPOCTPAHCTBO ABJSETCS MPAMOH CyMMOit JInHEH-
HOI 060JI0UKT CTOJOIOB A U TIOANPOCTPAHCTBA PEIEHUI CHCTEMbI
JIMHEHHBIX ypaBHEHUN ATx =o.

21.4. Jloka3arb, 9TO NM-MEpHOE apHPMETHIECKOe MPOCTPAH-
CTBO ABJIACTCA HPAMON CYMMOW JIMHEHHBIX MOANPOCTPAHCTB, Ha-
TSHYTHIX HA CHCTEMBI BEKTOPOB a1,...,a U by,...,b;:

1) n=2, aj=c3, az=c3z, bi=-css;

2) n=3, aj=ci4, az=~Ccug, b1==ces b2=cCip;

3) n=4, a; = c198, a2 = C196, b1 = C197, b2 = €166, b3 = C206;

4) n=4, a1 = c196, a2 = C19s, A3 = C202, &4 = C199, b1 = C166,
by = c204.

21.5. Pa3moxuTh JaHHBIN BEKTOP X U3 N-MEPHOro apudmMeTn-
YeCKOT'0 TTPOCTPAHCTBA B CYMMY JIBYX BEKTOPOB, OJIMH M3 KOTOPHIX
JexuT B P, a apyroit — B Q, e P — sjumHelHAs 060IOYKa CH-

CTeMbI BEKTODPOB Aaj,...,ay, a @ — JHuHeiiHad 00OJ0YKa CHCTEMBI
BEKTOPOB b1,...,b;. IIpoBepuTL €AMHCTBEHHOCTD PA3JIOKECHHUS:

1) n=2, x=cgg, aj=cyg, bi=cs;

2) n=3, x=ci2, A =Cg4, A2 =Cg3, b1 = Cgp;

3) n=3, Xx=ci45, @] =Cg4, Az =Cg3, D1 = Cep;

4) n=3, x=cy39, @] =Cg4, Az =Cg3, Di = Cep;

5) n =4, x = cag0, a1 = C166, A2 = C198, A3 = C207, b1 = C202,
bo = c205.

21.6. Hafity mpoekInio JAaHHOTO BEKTOPAa X W3 M-MEPHOIO
apruPMETHIECKOTO MPOCTPAHCTBA Ha, JUHEHHOE MOIMPOCTPAHCT-
BO P mapaJuiejibHO JUHEHHOMY moanpocTpancTBy Q, rae P — ju-

HelfHas 0DOIOUKa CUCTEMbI BEKTOPOB aj,...,ak, a Q — JuHeHaT
000JI0YKa CUCTEMBI BEKTOPOB b1,...,b;:
1) n=2, x=c32, a; =c3p, b1 =csy;
2) n=2, x=c37, a;=c3, bi=cay;
3) n=2, x=c35, a1 =c3, b1 =cay;
4) n=3, X =cCi46, A1 = Cgp, A2 = C121, A3 = C122, b1 = C145;
5) n =4, X = cz1, a1 = C166, a2 = C199, b1 = C197, b2 = c19s.
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21.7. Haiitu pazMepHOCTD U 6A3UC CyMMBI U TIEPECEICHUS JIU-
HEINHBIX IOAIPOCTPAHCTB N-MEPHOT'O apI/I(l)MeTI/IquKOFO OpOCTpPaH-
CTBa, HaTHHyTbIX Ha CUCTEMBI BEKTODOB a]_, P ,ak n b]_, P ,bl:

1) n=2, a; =c34, ag=c37, a3 =cC35, by =c39, by =cse,
b3 = c39;

2) n =3, a1 = c116, a2 = C121, A3 = C119, b1 = C122, by = c125,
b3 = c133;

3) n=3, a; = cg6, a2 = C139, a3 = C149, b1 = Cgq, b2 = c141,
b3 = c117;

4) (p) n=3, a; =cg3, Az =Ci42, a3 =1Cu43, by =cgy, by =
=cC144, bz =cui7;

5) n =3, a1 = cg6, a2 = C116, a3 = C145, b1 = C122, by = C14,
b3 = cu7;

6) n=3, a; =cg3, az = Cg4, a3 =C120, b1 =cg6, b2 = c121,
b3 = c129;

7) n =4, a1 = c196, a2 = C200, a3 = C217, b1 = €211, by = ca13,

8) n=4, a; = cyg6, a2 = C198, a3 = €202, b1 = C166, b2 = C204,
b3 = cy97;

9) n=4, a; = c166, a2 = C196, a3 = C197, b1 = €203, by = c05,
b3 = c206;

10) n=4, a; =cie6, a2 =Ci9s, a3 =Cig, a4 =C202, b1 =
=cCa07, b2 =c204, bz=ci97, by= coos;

1) (p) n=4, a=|1-110], a=|1101],
az=|12 01 2|, as=||2 011, bi=|35 -1 4|,
by=|1100|", by=[|2203]|", ba=|l1 3 -1 1]|".

21.8. Haiitin pa3amMepHOCTb U 6A3UC CYMMbBI H IEPECEIEHUS JIU-
HEHHBIX TOAIIPOCTPAHCTB MPOCTPAHCTBA KBAAPATHLIX MATPHI HO-
pAnKa 3, HATAHYTHIX Ha CUCTEMbI MaTpuIl Aoge, A1, Agpg, Agps 1
Agse, A205, A2s7, A2ss.

21.9. Ha#itu pasmepHOCTh M 0a3WC CyMMbI W TepecedeHHs
JIMHEMHBIX TOAIPOCTPAHCTB IPOCTPAHCTBA MHOTOYJIEHOB CTEIIEHU
He BBINIC 3, HATAHYTHIX HA CHCTEMbI MHOTOWIEHOB 14 2t 4¢3,
T+ttt =243 w1412, 1+ 3t + 13, 3t —t2 + 3.

21.10. Ucnonp3ya MOHATHE CyMMBbI ABYX JUHEHHBIX HOIIPO-
CTPAHCTB, MOKa3aTh HepaBeHCTBO rg(A+ B) <rgA+rgB, rme A
n B — nBe MaTpHIBl OJHOTO pa3Mepa m X 1.

21.11. Jokasarb, uro cymma L IBYX JIMHEHHBIX MOIIIPOC-
TpaHcTB P m @ TOra M TONBKO TOTAA OYIET MPSMON CyMMOI,
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KOTJIa XOTs ObI OINH BEKTOP & € L OJHO3HAYHO MPEJCTABIACTCI B
Buge t=y+z2, Tne y € P, z € Q.

21.12. Tlycts P u Q — jBa JMHEHHBIX MOAITPOCTPAHCTBA, KO-
HEYHOMEPHOT'O JIMHEHHOTO TpocTpancTBa. Jlokaszars, 4To:

1) ecim cymma pasmepHocTedt P u Q Gosblile pasMepHOCTH
BCETO TPOCTPAHCTBA, TO mepecetderne P N Q COAePKUT HEHYIEBO
BEKTOD;

2) ecsm pasMepHOCTH CyMMbI P 1 Q Ha eUHUILY OOJIbIIe Pa3-
MEPHOCTH WX TIEPECEUEHUsI, TO OTHO W3 TUX TOANPOCTPAHCTB CO-
JIEPKUTCS B JIPYTOM.

21.13. JokazaTh, UTO JAJs JIIOOOTO JIMHEHHOTO TOAIPOCTPAH-
cTBa P KOHEYHOMEDPHOI'O JUHEHHOIO IMPOCTPAHCTBA CYIIECTBYET
JIPyroe MOAIMPOCTPAHCTBO @ TaKoe, YTO BCE MPOCTPAHCTBO SIBJISI-
ercs mpsiMoit cymmoit P u Q.

21.14. Ilycts £, M, N' — Tpu JuHEHHBIX HOITPOCTPAHCTBA;
P=(LNAN)+(MNN), Q= (L+M)NN.

1) Hokasarb, uro P C Q.

2) Bosmoxken s ciydait P # Q7 IlpuBecTn cOOTBETCTBYIOLIHI
TIPUMeED.

21.15. Jloka3aTb, 9YTO CyMMa JHHEHHBIX MTOAIPOCTPAHCTB
LD ..., LK) copnagaer ¢ MHOXKECTBOM BEKTOPOB, IIPEICTABIMBIX
BBHIC & =21 +...+xp, e z; € L0 i=1, ... k.

21.16. Ilycts £, M, N — Tpu JUHEHHBIX TOITPOCTPAHCTBA.
Joka3arh, 9TO

LAMAN=(LAM)+N =L+ (M+N).

21.17. [okasarb, uTo cymma L JUHEHHBIX TOAIPOCTPAHCTB
/.',(1), . ,/.',( TOT/Ia M TOJIBKO TOTAa OyAeT MPsIMOl CyMMOit, KOrjia
XOTst ObI OINH BEKTOP & € L OJHO3HAYHO TPEJACTABJISIETCA B BUJE
T=x1+4... 4+, vae z; € L) (06obmenne 3amaqan 21.11).

§ 22. KomMmmieKkcHbIe JIMHENHbIE MPOCTPAHCTBA

22.1. Haiitn guHe#HyI0 KOMOUHAIINIO CTOJIOIOB:
1) (1 + i)C4 — iCs; 2) 21cq0 + (3 + i)Cgo — C41;

. 3
3) (1 — 2%)(3148 + 50152.
22.2. Hafitn TuHEHHYIO KOMOMHAITIIO MAaTPHI]

(2 + ’I:)Agg + iAlO + A27 — 2A91.
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22.3. Haiitu cTomber; X u3 ypaBHEHUsI:

1) (141)(x —caq) — (2+17)(x + cg5) = ca3;

2) 2c153 — €149 + X = Ci50.

22.4. BeigBuTh JUHEHHBIE 3aBUCUMOCTH MEXKIy JTaHHBIMU
cronabriamu:

1) c26, €29, €43;  2) €26, C30, C40;  3) €131, C132, C133.

22.5. Haiitn pasmepHOCTh 1 6a3nc JuHeitHON 0OOJOUYKY JaH-
HO# CHCTEMBI CTOJIOIOB:

1) e5;  2) co7, €39;  3) €26, C43, Cud;

4) €134, €151, C152;  5) €275, C215, C276;

6) c166, €215, €196, €193, C216-

22.6. Jlokasarh, 9TO BEKTOPHI €1,...,€, 00pa3yioT Oasmc B
KOMILIEKCHOM 7-MEPHOM apu(METHIECKOM ITPOCTPAHCTBE, U HANTH
KOODJAMHATHBIN CTOJOEI, BEKTOPa X B 9TOM Oasuce:

1) n=1, e;=cq4, xX=Cs5;

) n—2 e; =c3;, €2=Cs5, X=C39;
) n e] =Cz, €2 =Cy0, X=C41;
) n 2, €] =Cg, €2 =Ca7, X = Csg;
) n=3, e =ciz, €2=Cia7, €3=Ci23, X = C273;

6) n =4, e; = c166, € = C207, €3 = C274, €4 = Ca75, X = Ca76-

22.7. Haittu paszmepHOCTh 1 6a31C JTHHEHHOTO TIPOCTPAHCTBA,
3a/JAHHOTO0 B HEKOTOPOM 0a3uce CUCTEMON JIMHEHHBIX YpPaBHEHHIL:

1) Agox=0; 2) Agix=0; 3) Azgx =o0;

4) A371X = 0; 5) A525X = 0.

22.8. CocTaBUTH CUCTEMY YPABHEHNUI, OTIPEIESIONTY O JNHEH-
HYIO 0DOJIOUKY JaHHOW CUCTEMBI CTOJIOIIOB:

1) ca0, Ca2;  2) €26, €a2;  3) Ca15;  4) €128, C273;

5) cars, €276, C214, C215-

22.9. Jlokasarh, 9TO KaxKaasd U3 ABYyX CHCTeM BeKTOpoB fi, ...

, f 1 g1, ..., 8n ABIAdgeTCH 0A3UCOM B KOMILIEKCHOM 7-MEPHOM
apuMETUIECKOM MPOCTPAHCTBE, W HANTH MATPHUIly TEepexoia OT
mepBoro Oasmca Ko BTopoMy. HaliTu KoopanHATHI BEKTOPaA B TIEp-
BOM 0a3uce, eci M3BECTHBI €r0 KOOPAMHATHI &1, ..., &), BO BTOPOM
basuce:

)n=1, fi=cy4, g1 =cs;

2)n=2, fi=c31, f2=cq5, g1 =cu, g2 =-Cay;

3) n=3, f1 = ci29, f2=ci128, f3=c130, 81 = 122, 82 = C12s,
83 = Co4.

22.10. HaifTt TPOEKINI0 JAaHHOTO BEKTOPA X JIBYMEPHOTO
KOMILJIEKCHOTO apu(dpMETHIECKOTO MIPOCTPAHCTBA, Ha JIMHEHHOE TIOJI-

Tt W N
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MPOCTPAHCTBO P MapasiiebHO JUHEHHOMY MTOANPOCTPAHCTBY O,
e P HATSHYTO Ha BEKTOD C44, & Q HATIHYTO HA BEKTOD C40:

1) X = Cog; 2) X = C42; 32) X = C45.

22.11. Haittu pa3smepHOCTh U 6a3UC CyMMBI U TEPeCeueHIT
JIMHEHHBIX TOAPOCTPAHCTB KOMILUIEKCHOTO N-MEPHOrO apudMeTH-
YeCKOTO MPOCTPAHCTBA, HATSIHYTHIX HA CHCTEMbI BEKTOPOB ai, ...
.., bl, ey bl:

1) n=3, a1 = cg3, az = €134, A3 = C148, b1 = €132, b2 = C149,
b3 = c150;

2) n=3, a1 = €131, Az = €132, A3 = €133, b1 = €134, b2 = €135,
b3 = c136;

3) n =4, a; = c166, a2 = €220, a3 = €216, a4 = C215, b1 = Ca21,
by = ca22, b3 =c223, bs=c2a.

22.12. 1) Jloka3aTh, 94TO €C/in B N-MEPHOM KOMILJIEKCHOM JIU-
HEWHOM MPOCTPAHCTBE PACCMATPUBATH YMHOXKEHUE BEKTOPOB JIUIITH
Ha BEIECTBEHHBIE YNC/Ia, TO MOJYIUM 2N-MEPHOE BEIIECTBEHHOE
JIMHEHOEe MPOCTPAHCTBO.

2) B 1ByMEepHOM KOMILIEKCHOM apH(pMETHIECKOM HPOCTPAH-
CTBE PacCMATPUBAETCH ONMEpaIisl YMHOXKEHHUs BEKTOPOB JIUIIh Ha,
BEIleCTBEHHBbIE Umcia. Haiitu 6a3uc B IOy YeHHOM BEIECTBEHHOM
MIPOCTPAHCTBE U KOOPJAMHATHBIN CTOJIOEI] BEKTOPa Co7 B 9TOM Hasmce.

22.13. Jloka3aTb, ITO MHOXKECTBO MHOTOUJIECHOB CTEICHHU HE
BBIIIIE 1 C KOMILIEKCHBIMI KOY(DUIMEeHTAMI MOXKHO PacCMaTpH-
BaTh M KaK KOMIUIEKCHOE JIMHEHHOe MPOCTPAHCTBO, M KAK BeIIle-
CTBEHHOE JIMHEfHOe MPOCTPaHCTBO. B obonx ciyuasx HaiiTm:

1) 6a3uc U pa3sMepHOCTH MPOCTPAHCTBA;

2) KOOpAMHATHEIH cTonber MHorowmera 1 — 24+ (3 +4)t — 3t
B HaiijenHOM Gasuce (mpu n = 2).



I'masa 9

JINHEMHBIE OTOBPAXKEHU S
1N ITPEOBPA3OBAHUIA

§ 23. OcHoBHBIE CBOICTBA JIMHENHBIX OTOOpaKeHUit
1 npeobpa3oBaHU

OO61ue MOHATHSA, OTHOCSIIAECS K 0TOOparKeHMsM, BBeieHbl B § 12. B
HacrosneM naparpade UCIOJIb3YIOTCS TAKXKe CJIe/IyIOIIe TOHATH: AU-
netinoe omobpasicenue, aunetinoe npeobpaszosarue, pane U A0Po AuHel-
HO20 OMOOPANCEHUA, USOMOPPHUIM, MAMPUUL AUHETHO20 0TNOOPAHCEHUA
6 nape 6a3uco8, MaMPUYA AUHETIH020 NPeobpa3osanus 6 danrnom 6a3u-
ce, CYmma U npouseedenue AuHetnuir omobpasicenuti, npoudsedenue Au-
HetH020 0MOOPANCEHUA HA YUCA0, NOJOOHBIE Auketinble NPeodPa3osanus
U MAMPUYoL.

IIycrs L, L — nuHeliHbIE MPOCTPAHCTBA HAJ OJHUM U TEM K€ I10JIEM
(oba BemecrBennble mam 06a kommiekcHbie). Orobpaxenue ¢ : L — L
Ha3bIBAETCH AUHEUHbIM, €CIIA I JIIOObIX BEKTOPOB &,y € L u J0b0ro
YUCIIA (¢ CIIPABE/JINBBI PABEHCTBA

oz +y)=p(@)+e(y), elaz)=ap(z). (1)

Ecan npocrparcrsa £ u L coBnagator, ycnosus (1) ompezaensiror
JnuHeitHOe peobpasoBanme npocTpancTea L. Hepenko ucnonb3yror Tak-
Ke TEPMUHBL Aunetinntd onepamop u3 L 6 L u aunetinud onepamop
npocmparcmee L, 0cobeHHO i auddepeHnraabHbIX 1 THTErPAJIbLHBIX
OIIEPATOPOB B MPOCTPAHCTBAX (DyHKIINHA.

MHozkectBo 3HaueHnii ¢ (L) = Im amreitroro orobpaxkerus ¢ : L —

— L sBsteTcst IMHeHHbIM OANpPOCTPaHCTBoM B L. Ero pasMepHocTh Ha-
3bIBAETCH PaHeOM OTOOParKeHUs ¢ U 0bo3HA4Uaercd rgp. fnpom snneit-
HOTro oTOGpakeHus ¢ HasbiBaeTca MHOKecTBO Ker p = {z € L|p(z) = o}.
Orobpaskenue ¢ Ha3bIBaeTCA Gvipodcernvim, ecmu Keryp # {o}, B mpo-
TUBHOM CJIy4dae — HEBbPOHCICHHHLM.

Bsanmno onnosnaunoe suHeliHOe 0TOOpazkeHue NpocTpaHcTBa L HA

npocrpancTBo L HasbiBaeTcs uzomoppusmom L va L. Ecau cymecrByer
n3omopdusm L Ha E, To mpocrpancTBa L u L Ha3bIBAIOTCH U30MOP-
Prvmu.

Ilycrs ¢ : L — L — mmmeitroe oroGpaxenue, € = (e1,...,e,) — ba-
3uc npocrparcrsa L, f = (f1,..., fm) — 6a3uc npocrpancTsa L. Mampu-
yett aunetinoeo omobpasicenus ¢ B nape 6asucos e, f HasbpIBaeTCH MaT-
puna A= A,, cronbramu KOTOPO# ABIAIOTCH KOODJUHATHBIE CTOJOIBI
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BeKTOPOB ©(e1),...,¢(e,) B Gasuce f. Mampuuyed aunetinozo npeobpa-
308anus p B 6asuce € HA3LIBAETCA MATPUIA JUHEHHOTO OTOOparKeHUs
¢ : L — L B nmape 6a3ucos e, €.

Ecnu & — koopauuaTHBIA cTosiben BekTopa € L B ba3uce €, a 1] —

KOODIMHATHEI cTos16er ero obpasa ¢(z) € L B 6asuce f, To

n = AE. (2)

Ilycts € u € — nBa Gasuca B npocrparctee L, f u ' — nBa 6a-

3mucCa B IPOCTPAHCTBE E, S u T — MmaTpunpl nepexona ot € kK € u or f

K f' coorsercTBenno. Ecmm A n A’ — mMaTpunbl JuHEHHOro oTOGpaXKe-

must ¢ : £ — L B napax 6asucos e, f u €', f/, o

A =T 'AS. (3)

B wacrtHOCTH, ecim A m A’ — MaTpuupl JEHEHHOTO NpPeodpa3oBaHUd B
basucax e u €, a S — Marpuna nepexoaa or € K €', To

A'=S8"1AS. (4)

Marpuuer A, A’, cBsizarHEbIe cOOTHOmERWEM (4) 171 HEKOTOPO HEBBIPO-
JKJIEHHOW MaTpHIpl S, Ha3bIBAOTCA NodobHumu (A ~ A).

Jluneitable mpeobpas3oBaHus ¢ U Y MPOCTPAHCTBA L HA3BIBAIOTCS NO-
do6HBLMU, €CITU CYIIIECTBYET TAKOE 06paTUMOe JIMHEHOE peobpa30BaHue
w, 9To ¥ = w L pw.

Ilycre nuHeitHOE OTOOPaXKeHUE ¢ MMeeT MaTpuily A B mape 6a3mcos
e, f. fdnpo orobpaxkenus: ¢ onpesensiercd B 6a3uce € CUCTEMOI ypaBHe-
Huit AE, = 0. MHOKeCTBO 3HaUYEHUIT OTOOPAKEHUA (0 ABJIACTCS JIMHEHHON
060JI09KOHl CHCTEMBI BEKTOPOB, KOOPJUHATHBIMU CTOJIOIAME KOTOPBIX B
6asuce f aBngrorcsa cronbubl marpunbl A. Panr orobpakenus ¢ paBeH
PaHIy €ro MaTpPHILbL.

Hyaesoe omobpasicenue 0 : L — L onpenensierca dopmysoit 8(z) =
= o0 nna Beex x € L. Toscdecmeennoe mpeobpazoBaHme JUHEHHOTO MPo-
crpanctea L obosHauaerca 1. Ecmecmeennoe eaooicenue @ : M — L
smHeltHOrO ToanpocrpancrBa M C L B L omnpenensiercs paBEeHCTBOM
o(z) =z qua & € M. Fomomemua (pacmaoicernue, npeobpasosanue nodo-
6us) npocrpancTsa L ¢ koadbdunmenrom A # 0 onpeaenserca GopmMyJioit
o(z) =Mz (z € L).

Ilycts L siBisierca npsiMoii CyMMO# HEHYJIEBBIX JIMHEHHBIX IIOJIIPO-
crpancts L u L, Torna mo6oit BekTop x € L 0JHO3HAYHO MPEICTABJIf-
ercd B BUIe T = x1 + o e x1 € L', o € L. IIpoexmuposanuem mpo-
crpaHcTBa L Ha IOAnpocTpancTso L' mapaiesbHo noanpocTpascTey L
Ha3bIBaeTCs MpeobpasoBaHue T MPOCTPaHCTBa L, onpejesseMoe paBeH-
crBoM (21 + x2) = 1. [IpoeKTUpoBaHNe MOXKHO PACCMATPUBATH U KaK
orobpazkenue npocrpancrsa L Ha L'. Ompasicenuem npocTpancTsa L
B nognpocrpanctee L' mapasmieasro L (unm cummempuet; npocTpas-
crBa L orHOocuTenapHO L' mapassensro L) HasbiBaeTcs npeobpasoBanne
¢ : L — L, onpenenseMoe PaBeHCTBOM (X1 + T2) = &1 — Z2.

JIuneliHoe POCTPAaHCTBO £ BEKTOPOB IIOCKOCTH UJIM TPEXMEPHOTO
IPOCTPAHCTBA C 33JAHHBIM B HEM CKAJIADPHBIM IPOU3BEICHUEM B JAJTh-
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HeHmeM yIOMMHAETCH KAaK TIeOMETPUIECKOE BEKTOPHOE MPOCTPAHCTBO
(mByMepHOe mitn TpexmepHOe). B HeM MOXKHO paccMaTpuBaTh Ipeobpaso-
BaHWs OPTOTOHAJILHOTO MPOEKTHPOBAHAS M OPTOTOHAJIBLHOTO OTPAKEHMS
(oproronaspHOI CHMMETpPHUH) B HMOJUPOCTPAHCTBE (MPSMOIT MM IIIIOCKO-
ctrn). ITonpo6Hee 06 OPTOrOHAIBHOM IPOEKTUPOBAHAY B T€OMETPUIECKOM
BEKTOPHOM ITPOCTPAHCTBE CM. BBeJeHUE K 1. 12.

Cymmoti nByx nuHeRHBIX oTobpaykeHwit ¢, 1) : L — L Ha3biBaeTCs
oTobpazkenue ¢ + 1) Takoe, 9T0 g BCex T € L

(o +9)(z) = ¢ (z) + 9 (2).
IIpouseederue omobpasicenus @ Ha “UCAO (¢ ONPEINETAETCH JJIst BCEX
x € L pasercrBoM (ap)r = ap(z).

Ilpumeps! JIMHEHHBIX OTOOpParkeHU U MpPeobpa30BaAHUIA.
Anpo, MmHOXKecTBO 3Ha4YeHuii. Matpunbl
JMHENHBIX 0TOOparkeHuii n npeobpasoBannii (23.1-23.51)

23.1. Ilycts x = (21, T2, ..., )] — TPOU3BOIBHEIH BEKTOD
N-MePHOT0 apudMeTHIecKoro mpocrpancrsa. VccienosaTs TuHel-
HOCTh TTPEOOPA3OBAHNUS (@, €CII:

1) ¢ (x) = (w2, z1 —22)7 (n=2),

2) ¢ (x) = (w2, $1582)T (n=2);

3) (p(X) = (.%2, T — 37 x3)T (7’L = 3),

4) ¢ (x) = (223 + 71, 2z321, T1 — T2)T (n=3);
5) 0(x)=(0, ..., 0)T;

6) ¢ (x) = (0, z1 + 3z2, 23)T  (n=3);

7) e(x)=(0,...,0, 1)7;

8) ¢ (x) = (sinzy, cosza, 3:3)T (n=3);

9) QO(X) = ($n> Tn—1, «++y :El)T;

10) ¢ (x) = (21, 2|xa], 223)T (n=23).

23.2. Jloka3aTh JUHEHHOCTh TPEOOPA3OBAHUS (¢ MPOCTPAH-
cTBa L, BBISICHUT, SIBJISIETCS JIN (0 WHHEKTUBHBIM, CIOPHEKTHBHBIM
NN OMEKTUBHBIM, YKA3aTh €0 MaTPHUIy B MPOM3BOILHOM 6Hasmce
MPOCTPAHCTBA L, eCIN (p eCTh:

1) myJseBoe oToGparKeHue;

2) TOXKIECTBEHHOE MPEOOPA3OBAHNE;

3) romoreTwus.

23.3. Ilycts (o — smHEitHOE OTOOpayKeHWme MPOCTPaHCTBa L
B L. Jokazarh, 4T0:

1) ¢(0) = o; B

2) A71po @ ecTh JUHETHOe MOANPOCTPAHCTBO B L;

3) obpas p(M) mmmeitroro mnoxmpocrpasctsa M C L ectb

noanpocrpancTBo B L, mpudeM dim (M) < dim M;



194 L. 9. Jlunetinve omobpasicenus u npeoopasosaHus

4) ¢ MHBEKTHUBHO TOTJA M TOJILKO Torja, Korja Kery = {o};

5) dimKer ¢ 4+ dimImy = dim L.

23.4. Ilycte M — TOAIPOCTPAHCTBO JIMHEHHOTO MPOCTPAH-
crBa L. /lokasarb, 4To ecTecTBeHHOe BjoXKeHne M — L — UHDB-
e€KTHUBHOE JIMHEHOe oToOparkeHue. MOXKeT JIn OHO OBITh M30MOP-
puzmom?

23.5. Ilycte M — TOAIPOCTPAHCTBO JIMHEHHOTO MPOCTPAH-
crBa L. Orobpaxkenue ¢ : L — M onpezeneno npasuiamu: ¢(x) =
=z upu z € M, p(x)=0 upn z ¢ M. Jluneitno sm orobpake-
aue p?

23.6. Ilycts X — TPOM3BONBHBIN BEKTOD, &, N — (PUKCUPO-
BaHHBIE HEHYJIEBbIE BEKTOPHI M€OMETPUYECKOTO BEKTOPHOTO IPO-
CTpaHCTBa (JByMEpHOro Wi TpexmepHoro). IIpoeputs snneii-
HOCTh TPeoOpasoBaHus (p, 3aJaHHOTO CJeayiomiel (opMysoi, u
BBISICHUTE €r0 T€OMETPUIECKUI CMBICI, eCITH:

D p@) = (a2 9= (rma ((am) £0);

3) w(x)zx—(x,nﬁ;
1) px)=x—%a ((a,n)£0);

(a,n)
5) p(x)=x— 2(x,n)ﬁ; 6) p(x)= 2(a,x)& —x.

23.7. IlpoBepuThb JIMHEHHOCTH W BBISCHUTH MEOMETPUUIECCKIUIA
CMBICJT TIPEOOPA30BAHUS (0 TPEXMEPHOTO M€OMETPUIECKOTO BEKTOP-
HOTO MPOCTPAHCTBA, 3aJaHHOro dopmyoit (a, u, v.— duxcupo-
BaHHBIE BEKTOPHI):

1) p(x) =[x, a] (ja]=1);

2) (%) =u(x, v) - v(x,u) ([u, v]#0).

23.8. Ilycth a u n — HEHyJIeBble BEKTOPHI TPEXMEPHOT'O T'€0-
METPUYIECKOrO BEKTOPHOTO IPOCTPAHCTBA, pudeM (a,n) # 0, L1 —
mpsiMast ¢ HAMPABJISONINM BEKTOPOM a, a L2 — TJIOCKOCTH C HOP-
MaJIbHBIM BEKTOPOM 1. 3amucarh (pOpMyJoil mpeobpa3oBaHue ,
MMPOBEPUTDH €r0 JIMHEHHOCTb, HAWTH $JIPO, MHOXKECTBO 3HAYECHHUI U
PAHT, €CJIN (p eCTh:

1) oproroHasbHOE MpoeKTHpoBanue HA La]

) OPTOroHAJIBHOE MPOEKTUpOBaHue HA L1

) mpoekTHpoBaHue Ha Lo MAPAJJIETbHO BEKTOPY a;
)

)

)

~ w N

MPOoeKTHPOBaHne Ha L1 mapajuieabHo Lo
OPTOTOHAJBHOE OTParKEeHNe OTHOCUTENBHO L2]
OPTOrOHAJBHOE OTParKEHNE OTHOCUTEIBHO L1;

S Ot
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7) orpaxkenne B Lo MapajulelbHO BEKTOPY a;

8) orpaxenne B L1 mapassieibHo L.

B zamagax 23.9-23.14 nuHeitHble TOAIPOCTPAHCTBA TPEXMep-
HOT'O TEOMETPUUIECKOTO BEKTOPHOIO MPOCTPAHCTBA £3 3aJaHbI CBO-
VMM yPaBHEHHSIMH B HEKOTOPOM OPTOHOPMHMPOBAHHOM Oasuce.

23.9. BeraucanTbh MATPUILY OPTOTOHAIBLHOTO TPOEKTUPOBAHUS
mpocTpancTBa 3 Ha MOAMPOCTPAHCTBO L, ecan L eCTh:

1) mpsivast x = z = 0;

2) npsvas © =y = z;

3) maockocTh x +y + z = 0;

4) maockocTh, HaTsHyTas Ha BekTopel a(—1,1, —1) u
b(1,-3, 2).

23.10. BuryncanTh MATPUILy MPOEKTUPOBAHUS MPOCTPAHCTBA
&3 HA TOMPOCTPAHCTBO L MAapaslIeIbHO MOAMPOCTPAaHCTBY M., ecom:

1) £ oupeneneno ypasaeruneM = = 0, M — ypaBHeHUSIMHI 22 =
=2y =—z;

2) £ umeer ypaBHeHme T =Yy, M ONpeRENTETCS CUCTEMOM
ypaBHenuit z+y+2 =0, 20 +y+ 42z =0;

3) L oupeneneno ypapaennsmu —20x = 15y = 12z, M — ypa-
BHeHUEM 22 + 3y — 2z = 0;

4) L omupeneneHo cucteMoit ypaHeHumit x —y+z =0, 2z —
—3y+4z =0, M — ypaBuenunem 2x + 3y — 4z = 0.

23.11. IIpeobpazoBanusi mpocTpancTBa & u3 3amad 23.9 u
23.10 paccMaTpHMBAIOTCST KaK JIMHEHHBIE OTOODArKEHUsT TTPOCTPAH-
cTBa £3 HA TMOAMPOCTPAHCTBO L. BhraumcanTh MaTpuily KaskIoro u3
3TUX OTOOpaKeHUt B KaKON-Imub0 mape 0a31MCOB.

23.12. Haittu mMaTpuily JuHEHHOTO TpeoOpa3oBaHUs ¢, €c-
JIN (p — OPTOTOHAJBHOE OTPAXKEHUE MPOCTPaHCTBA, £3:

1) orrocuTenpHO MIOCKOCTH T = 0]

2) OTHOCHTEJIBHO TPSMOH T = 2y = 2;

3) OTHOCHTEJBHO JIMHEHHOH 06onmoukn BekTOpoB a(l,0,—1) u
b(1,1,-2).

23.13. Haiitn maTpuiry oTpazkeHusl MpocTpaHcTBa E3:

1) B mutockoctn = () mapaJsuieIbHO TpsIMOii 2o =y = —z;

2) B mpamoit © =2, x—y—+2z=0 mapasIeJbHO IJIOCKOCTH
z+y=0.

23.14. B TpexMepHOM reOMeTPUIecKOM BEKTOPHOM MPOCTPAaH-
crBe &3 3aJaH OPTOHOPMUPOBAHHBIN Oa3uc €1, €3, €3. Buruncanrs
MAaTPHILYy TOBOPOTA MPOCTPAHCTBA:

1) Ha yrom « BOKPYT BEKTOPaA €3;



196 L. 9. Jlunetinve omobpasicenus u npeoopasosaHus

2) Ha yroa m/2 BOKPYI BEKTOpa €1;

3) Ha yrom 27/3 BOKpYI HpPSIMOi, NMEIONIell ypaBHEHUS T =
=y=z.

23.15. IlycTs smHefiHOE TPOCTPAHCTBO L SIBIISIETCS TIPSIMOMN
cymMoit HeHyIeBbIxX moanpocrpancts L) L.

1) Jokasats, 9To npeobpazoBanue ¢ npoektuposanus L Ha L'
napastenbao L nmumeiino. HaliTu s1po 1 MHOMKECTBO 3HAYCHHUIT (.
3ammcaTh MATPUILY TPeodPa30BaHust ¢ B Ha3mce, COCTABJICHHOM U3
6aszmucos nomnpocrpancts L' u L.

2) Pemuthb 3amady, paccMaTpuBasi ¢ KakK OTOOpPayKeHHE MPO-
crpanctsa L Ha L.

23.16. Ilycts smHeiiHOE TPOCTPAHCTBO L SIBIISIETCS TIPSIMOMN
cymMmoii Henysesbix moampoctpancts L', L. JlokasaTh, 4T0 OT-
paxenue o npoctpanctBa L B L' mapamnensuo L ecth nuHeitHOE
npeobpazoBanmne npocrpancTsa L. HaliTu ero simpo m MHOXKECTBO
sHadeHnit. [lokazaTh, 9TO ¢ ABJSETCS M30MOPGPU3IMOM. 3AMNCATD
MaTpuily ¢ B 6asuce, COCTABIEHHOM n3 0A3MCOB MOMAMPOCTPAHCTB
L, L.

23.17. Ilycts ¢ : L — L — sunelinoe orobpaxkenme, M =
= ¢ (L). Paccmorpum ¢ kax nuHeitHOe oTobpaxkenue @ : L — M.
Joka3arh, 9ITO:

1) simpa oTOOpaKEHUIt © U ( COBIAIAIOT TaK ¥Ke, KAK UX PAHTH;

2) @ CIOPBEKTHBHO;

3) ¢ MHBEKTUBHO TOTJa U TOJIBKO TOTJIA, KOTJIA { HHBEKTHBHO.

4) ecmn dim £ =dim L, T0 ¢ TOrIa W TOIBKO TOTAA SIBJISIET-
csT M30MOP(MU3MOM, KOTIa NU30MOP(PHU3MOM ABJISAETCA (. BhIACHUTD
CBsI3b MEXKJIy MaTPUIIAMU 0TOOparkeHHit ¢ U ¢ (BBIOPATH COIJIACO-
BaHHbIe 6asucel B L u M).

23.18. /loka3arh, 9TO paHr MATPHUILI JHHEHHOTO OTOOparKe-
HUs HE 3aBUCHUT OT BHIOOPA Mapbl 6A3UCOB B JIMHEHHBIX MPOCTPAH-
CTBaXx.

23.19. /okazaTb, 4TO:

1) palHr MaTpHUIBI JUHEHHOTO CIOPBEKTUBHOTO OTOOPAYKEHMUSI
pPaBeH UHCIY €e CTPOK;

2) paHT MaTPUIBI IUHEHHOTO MHBEKTUBHOTO OTOOPAaYKEHUS pa-
BEH YNCJIy €e CTOJIOIOB.

23.20. Ilycts ¢ : L — L — mmueiiHoe orobpakenne, dim L =
=n, dimL=m, A — marpuma ¢ B HEKOTOpPOil mape 6a3WMCOB,
rg A =r. JJokazarb, 4T0:

rgp=r; 2)dimKerp=n—r.
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23.21. /lokazaTb, 4TO:

1) orobparkeHue, obpaTHOe K M30MOPGMU3MY, CYIIECTBYET U
TaKKe SBJISIETCS U30MOPQPU3IMOM;

2) nuHeiiHOE OTOOPasKEHME, HE SIBJISIOIIEECS] M30MOPQMI3MOM,
HE UMeeT 0OPaTHOro.

23.22. 1) Yemy paBeH paHI' M KaKOBO $IPO JIMHEHHOTO OTOD-
paxenust ¢ : L — L, aBIgOMeErocst u3oMopduamMmom?

2) Kak cBsi3anbl MaTpunpl A, B JHHEHHOrO 0TOOpasKEHUs W
00paTHOro K HeMmy?!

23.23. HAYCTB p: L— L — mHeitHOE oTobpaskeHue, ¢
dim £ = dim £. /Ioka3aTh paBHOCHJIBHOCTh YTBEPIKICHMUIA:

1) ¢ m3omopdusm;

2) ¢ MHBEKTHUBHO;

3) ¢ CIOPbEKTHUBHO.

Tokasars, uro mpu dim £ # dim £ u3 2) mm 3) we crexyer 1).

23.24. Ilycts ¢ : L — L — mHeitHOE oTobpaskeHue, ¢
dim £ = dim L. JlokazaTh yTBEPKICHUS:

1) Jas roro urober ypaBrenue ¢(x) =y (z € L) 6p110 paspe-
MO TIpH JTI0GOM Y € £ HeOOXOIMMO 1 JOCTATOMHO, ITOOBI OJHO-
POfIHOE ypaBHEHUe (&) = 0 UMeJIO TOJBKO HYJIEBOE DEIIeHNE.

2) Ecau ypasrenue ¢(x) =y paspemmo npu Bcex y € L, TO
OHO MMEET JIJIsl KasKJIOr0 Y €AUHCTBEHHOE PEIleHue. N

3) Ilycre ypaBreHme p(x) =y paspeumMo He npu Beex y € L,
HO TPH HEKOTOPOM Yy paspemmMo. Torga ero perieHue He eIiH-
CTBEHHO.

23.25. Jloka3aTrh, 4TO J11000€ N-MEPHOE JIMHEHHOe MPOCTPAaH-
CTBO HM30MOP(HO N-MEPHOMY apuPMETHIECKOMY MTPOCTPAHCTBY
HA,JT TeM K€ TIOJIEM U, CJIEJOBATENbHO, BCe JINHEHHbIE TIPOCTPAHCTBA
OZIMHAKOBOI Pa3MEPHOCTH (HAJ OJHUM U TEM Ke MOJIeM ) H30MOpdh-
HBI.

23.26. JluneitHoe mpeobpa3oBaHWE TPEXMEPHOTO apudMeTH-
YeCKOr0 MPOCTPAHCTBA 3a[aHO B CTAHIAPTHOM bOasmce Marpurieii A.
HaiiTu 0b6pas3bl BEKTOPOB a1, Az, a3 U OObICHUTH NeOMETPUIECKUIT
CMBICT Tpeobpa3oBaHust (KpoMe 3))

= ( » )

1)A:A261,a1:(1,0,—1 ( ) 3,3,3
) A= A221, a = (1, 1, 2) , aQ = (1 3) (1, 2, 4)
) A= A, a1 = (0,1, 1)T, a3 = (1, 0, 1)T,a =(2, 1, 0)
4) A= A262, a; = (0, 1 1) as = (2, 2, 341)",
az = (2,2, 3—1)7;

T.
)
T.
)
T.
)

HOOO.‘JO.‘J
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5) A= A263a a; = (17 L, _1)Ta az = (1 +1, 1, _i)Ta
ag=(1-1i, 1,49)T.

23.27. JluneitHoe oTOOpaYKeHHWE N-MEPHOIO apuMMETHIECKO-
IO TMPOCTPAHCTBA B M-MepHOe 3a7ano Marpuiei A. Yucma m u n
OTIPEIESISIIOTCS pa3MepaMi MATPHUIIhl. BhraucanTb 00pas3bl yKa3aH-
HBIX BEKTOPOB:

1) A= Aso7, a=(

2) A= Ayss, a= (-1

3) A= A5z, a= (_2a

4y m=n, A=As, ar=(1,1,..., )T, ay=(1, -1,0, ...

LT a,=(1,0,...,0, —1)T.

23.28. JluneitHoe mpeobpa3oBaHe N-MEPHOTO JIMHEHHOTO MPO-
crpancTBa L 3amano Mmatpuneii A B 6asuce e. Hucyio n onpegessieT-
cst IOpsiIKOM MaTpuibl. HaliTu siipo m MHOXKeCTBO 3HAYEHWUI Tpe-
obpa3oBaHus. BeIACHUT, SBISETCA JIU OHO M30MOPMU3IMOM, €CIu:

1) A=Asp; 2) A=Ae; 3) A= A

4) A= Ayes; 5) A= Ase; 6) A= Asar.

23.29. JluneitHoe OoTOOpasKeHHWE N-MEPHOrO JUHEHHOIO IIPOo-
CTpaHCTBa B M-MepHoe 3amgaHo MaTpuieii A B 6asucax e u f. Yuc-
Ja m W N ONPemeNsioTcs pasMepaMu MaTpuibl. Haiitn simpo u
MHOKECTBO 3HAUYEHUH 0TOOparKeHusl. BBISICHUTD, SIBJISIETCS JIH OHO
CIOPBEKTUBHBIM, HHBEKTUBHBIM, €CJIN:

1) A=Apg;  2) A=Ags;  3) A= Ags; 4) A= Asze;

5) A= As0; 6) A= Asss.

23.30. Jluneitnoe oTobpazkeHue n-MePHOTO apUPMeTHIECKOTO
MMPOCTPAHCTBA B 1M-MEPHOE 3aJ]aHO B CTAHIAPTHBIX 0a3mcax STHUX
mpocTpaHcT MaTpuneit A. Uncia m u n onpeaensoTcs pasMepa-
MU MATPHUIBI. BBIYucmTh mosHbI Tpoobpa3 BEKTOpa a, eCIIn:

1) A=As53, a=(-1,0, )T,

2) A:A581a a= (17 2, 1) )

3) A=A, a=(4,2,9, —20, -3)T;

4) A=Ay, a=(0,1,1,2, —1)T.

23.31. JluneitHoe oTobpaykeHme n-MEPHOIO apuMMeTHIECKO-
0 MPOCTPAHCTBA B M-MEPHOE 33JaHO B CTAHJAPTHBHIX Oa3mcax
9TUX TpoCcTpaHcTB Marpuieit A. Hucma m m n onpemenstoTcs
pa3Mepamvu Marpuiibl. HaiiTu mosHbIit mpoodpa3 moAIpoCTPaHCTBA
M C Ry, ecm:

1) A= Aszs, M maranyTo Ha Bextop (3,—1)7;

2) A= As17, M 3agmano cucremoii ypaaeHmit x1+ 3 =0,
r1—x3=0;
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3) A= As92, M 3amano cucremoit ypapHenwmii 2z1 — x3 =0,
209+ 1x3—2x4=0; —x20+2x4—26=0, x5=0.

23.32. JlokazaTh, YTO TPOCTPAHCTBO Ryyxp BEIIECTBEHHBIX
MaTpur pasmepoB m X n (3amaga 20.5) nzomopdHO apudmernye-
CKOMY TIPOCTPAHCTBY Ry

23.33. Ilycts a = (ag, a1, ..., a,)’ . TlokasaTh, ¥To OTOGpA-
xerne f(a)=ag+ait+...+apt"™ ycramaBmmBaerT u30MOPOUIM
(n+ 1)-MepHOrO apmdMeTHIECKOro MPOCTPAHCTBA W JIMHEHHOTO
MPOCTPAHCTBA MHOTOYJIEHOB CTENEHU, He MPEBOCXOISAIIEH n.

23.34. OrobpaskeHre JIBYMEPHOTO BEIIECTBEHHOTO apudMe-
TUYECKOTO TPOCTPAHCTBA B JIMHEWHOE TMPOCTPAHCTBO BEIECTBEH-
HBIX KBAJPATHBIX MaTPHI[ BTOPOr0 MOPSIKA 33aJaHO (POPMYJIOi

S0(%):%—;,

y y z || ,HOKZ]B&TB JMHENHOCTh U THBEKTUBHOCTH OTO-

OpakeHus . BBAUCINTD €ro MATPUIly B CTAHIAPTHBIX Oasmcax
TTPOCTPAHCTB.

23.35. OTobparkeHne TPEXMEPHOTO BEIECTBEHHOTO apudme-
THYECKOTO TTPOCTPAHCTBA B MPOCTPAHCTBO MATPHI] BTOPOTO MOPSIII-
T T2 T3

MaTpH . Ho-
) pumty || © | A
Ka3aTh JIMHEHHOCTh M MHBEKTUBHOCTh OTOOpaKeHWs. BhramcanTh
€ro MaTpHUIly B CTAHJAPTHBIX 6a3mMcax MPOCTPAHCTB.

Ka COIOCTABJISIET BEKTOPY (1, T2, 3

23.36. Ilycts Moo — MHOXKECTBO KOMILJIEKCHBIX MATPHUIT] BTO-
POTO TOpPsIIKA, PACCMATPUBAEMOE€ KaK BeIIeCTBEHHOE JIMHEWHOe
TIPOCTPAHCTBO CO CTAHAAPTHBIM OazncoM K1, 1F11, Fa1, 1Fa1, F12,
1E12, Ea2, iE2 (cM. 3amaay 22.12). Orobpaxkenue ¢ : R3 — Maya

T3 1+ iwg
r1 — 1Ty —s3
Jlokazath, 4TO OTOOparkeHne ¢ JUHEHHO W WHbeKTHBHO. Haiitn
€ro MaTpHUIly B CTAHJAPTHBIX 6a3mMcax MPOCTPAHCTB.

23.37. Orobpaxkenne ¢ : Ry — Maxo (cMm. 3amauy 23.36) 3a-

coToCTaBIseT BeKTOPY (1,%2,23)! Marpmiy

T _ .
, TIC (1171,33271173,1174) , &= X1+ 122,

- a
JaHo opmyioit p(z) = -
a=x] —ire, b=x3+ixs. Jlokazarh, 9T0 ¢ JUHEHHO U UHHEKTUB-
HO, HAWTHU €ro MaTPUILy B CTAHIAPTHBIX Oa3McaX MPOCTPAHCTB.

23.38. okazarh, 9TO JaHHOE MHOXKECTBO KBaJPATHBIX MaT-
PpHUI] SIBJISIETCSl BEIIECTBEHHBIM JIMHEHHBIM IIPOCTPAHCTBOM, W30-
MOP(MHBIM apudMETHIECKOMY TPOCTPAHCTBY R3:

1) MHO>KECTBO BCEX BENIECTBEHHBIX MATPHUI] BTOPOTO MOPSIKA,
C HyJIEBBIM CJIEJIOM;
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2) MHOXKECTBO BCEX BEIIECTBEHHBIX KOCOCHUMMETPHYECKUX MaT-
PUIL TPETHETO TTOPSIIKA;
3) MHOXKECTBO BCEX KOMIUIEKCHBIX MATPHI] BUIA

T T +ix
H 3 1 2 , rae T1, L2, £3 — BEIIECTBEHHBIC YUCIIA.

—x1+ 1y —ixs

23.39. Ilycts D = % — omepanust udHepeHIInpOBaHNs, CO-

nocrasstomast dyakuun f(t) ee npomssomayo f'(t). IokasaTs,
uro D gaBisiercss JUHEHHBIM TPeOOPA30BAHUEM JIMHEHHOTO IPO-
cTpaHcTBa (QYHKIWA, 6eCKOHEUHO nudPEPEHITTPYEMBIX HA HHTEP-
Baze (a,b).

23.40. Ilycts P(M) — uHeiiHOE MIPOCTPAHCTBO BEIIECTBEHHBIX
MHOTOUJIEHOB CTETIEHHW HE BBIIIE M.

1) IIpoBeputs, uro nuddepeHimpoBanne (ONpeIeIeHHOE B 3a-
nage 23.39) ecth smHeiiHOE mpeobpazosanme D : P — pim)
HAWTH €ro sIIPO M MHOYKECTBO 3HAYCHUIT. BBIYUCINTh MaTPHUILy TIpe-
obpazoBanus D:

a) B craHgapTHoM Oasuce 1, ¢, ..., t";

6) B 6asuce 1, t —tg, ..., (t—to)™;
tm
B) B 6asuce 1, TERRE
2) Haiitn wmarpuny muddepeHnupoBans KaK JIAHEHHOTO
tm
orobpazxerust D : P — P(m=1) Gagpeax 1, ¢, ..., —ul ..
tm—l m.
T (m -1l

23.41. Ilokazars, uto muddepennuposanne (3amada 23.39)
OTpeIesIsAeT JIMHEHHOe 0TOOpaKeHne:

1) mpoCTpaHCTBa YETHBIX MHOTOUJICHOB CTEIICHN HE BBIIIE 21 B
MPOCTPAHCTBO P HEYETHBIX MHOTOUICHOB CTENeHH He BbIte 21 — 1;

2) mpOCTPaHCTBA HEYETHBIX MHOTOUJIEHOB CTENEHW HE BBIIIE
2n+1 B mpocTpaHcTBO Q YETHBIX MHOTOUJIEHOB CTENEHU HE BbI-
re 2n.
Haiiti simpo, MHOXKECTBO 3HAYEHUN W PAHT OTOOpaKeHUs. 3aIlu-
caTh ero MaTpuily A B CTAaHJAPTHBIX 6a3ucax MPOCTPAHCTB.

23.42. TIposeputs, uto bynkunn e p(t), roe A — dbuxcupo-
BaHHOE YUCJIO0, P(t) — MHOTOWIEH CTENEHN He BBIMIE 1, 00pa3yoT
JITHEHHOE TPOCTPAHCTBO, & A dePEeHINPOBAHUE ABJISIETCS €ro JIH-
HeWHBIM ITpeobpa3oBaHreM. BhIYucIuTh MaTpHIly MpeobpasoBaHus

k
B basnuce %e)‘t (k=0,1,...,n).
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23.43. 1) Tlokasarh, uro auddepeHnmnpoBaHne SBISIETCS JIU-
HEHHBIM TpPeoOpPa30BaHUEM MPOCTPAHCTBA TPUTOHOMETPHIEC-
KUX MHOrowIeHoB f(t) =ag+ aqcost+bysint+ ...+ a,cosnt +
+ b, sinnt nopsaka He BhuIEe N (cM. 3amady 20.8.4). Haiitu mar-
puity mpeobpasoBanuss D B cTranmapTHOM Oaswmce 1, cost, sint, ...
...cosnt, sinnt 3TOro TpPoCTpPaHCTBA.

2) Iokasark, urto auddepennuposanne D ycraHABIHBAET
n30MOPGPU3M MEXK Y JUHEHHBIMI TPOCTPAHCTBAMY HEUYETHBIX TPH-
TOHOMETPHUIECKIX MHOTOUIEHOB by sint + bosin2t + ... + b, sinnt u
YeTHBIX TPUTOHOMETPUYIECKMX MHOTOUJIEHOB BHAA a1 cost +
+agcos2t+ ...+ apcosnt (n — duxcupoBanHoe “HCI0). Borame-
JINTb MaTPHUIlbl oToOpazkenust D u obpaTHOro orobpazkeHus B Ha-
3ucax sint, ..., sinnt u cost, ..., cosnt.

23.44. Ilycts f(t) — menpepsiBHag byukuus (¢t € R). Pac-
t
CMOTPHUM ollepalfuio uaTerpuposanus I : f(t) — / f(&)de.
0

1) IIpoBepuTh, YTO HWHTErpUpOBaHUE ONpeJe/seT JuHeHoe
orobpaxenne I : P11 — P (n > 1), maiitu ero sapo, MEONKE-
CTBO 3HAYEHUIl M PAHT. 3alncaTh MATPUILY OTOOPAYKEHUS B CTAH-
JTApPTHBIX Oasncax.

2) NurerpupoBanne paccCMaTpPUBAECTCsS KaK JIMHEHOe Tpeobpa-
30BaHIe IPOCTPAHCTBA P BCEX BEIIECTBEHHBIX MHOTOWIeHOB. Hali-
TH €ro MHOXKECTBO 3HadeHHil. fBisgercs jm 310 mpeobpaszoBaHme
CIOPBEKTUBHBIM, HHBEKTUBHBIM, U30MOP(MUIMOM?

3) IIycts M — mpOCTPAHCTBO MHOTOWIEHOB C HYJIEBBIM CBO-
6omupIM useHoM, I:P — M — omepamus HMHTEIPUPOBAHUS U
D: M — P — muddepennupoBanue. JlokazaTb, 9TO 3TH JUHET-
Hble 0TOOpAKEHUS B3aMMHO OOPATHBI.

23.45. I[Tycts F — namueiinoe mpocTpancTBo (yHKuumit f(t),

HENpPepbIBHLIX Ha oTpe3ke [—1,1], F — JuHeiiHOE MPOCTPAHCTBO
HenpepbiBHO auddepernnpyembix Ha [—1, 1] dyukuumit f(t) Takux,
gro f(0)=0, § u H — HOAUPOCTPAHCTBA HYETHBIX M HEYETHBIX
dyuknit B F COOTBETCTBEHHO.

1) Unrerpuposanne I u3 3amaun 23.44 (—1 <t < 1) paccmar-
puBaeTCd Kak JuHelHoe mpeobpasoBanHme mpocTpancTBa F. B-
JIIeTCS JIM TO Mpeobpa3soBaHNe WHBHEKTHBHBIM, CIOPbHEKTHBHBIM !
O6parumo ju oHO?

2) Jlokasarb, YTO WHTETPHPOBAHUE OIPEIEJSeT H30MOpP-

dusm I: F — F. Haittn JIJIsT HeTO 0OpaTHOE OTOOpPaKeHHe.
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3) Iokasarh, YTO WHTErPHPOBAHUE OIPEIEJSET JIMHEHHbIE
orobpazkenus Iy : G —Hu Iy : H — G. OTBeTuTh Aj19 9TUX OTOO-
pakeHuil Ha BOIIPOCHI II. 1).

23.46. Ilycts auHeitHOE peoOpa3oBaHMe MPOCTPAHCTBA BCEX
MHOTOWICHOB OT ¢ IepPEeBOAUT KarKAbIII MHOTOYJICH th B 2k (k=
=0,1,2,...). Y6equThcs B TOM, UTO 9TO IpeoOpa3oBaHNe MHBHEK-
TUBHO, HO He CIOpBHeKTUBHO. HaiiTn MHOXKECTBO ero 3HaUYeHH.

23.47. Ilycts Rypyxn — JUHEHHOE TPOCTPAHCTBO MATPHIL Pa3-
MEPOB 1M X M.

1) JokaszaTh, 9YTO YMHOXKEHIE MATPUIL PA3MEPOB M X 1. CJIeBa
Ha (PUKCUpPOBaHHYIO MaTpuily A pasmepoB k X m ecTh JuHEHHOE
oTobpaxkeHue @ : Ryyxn — Rixn- BBIUUCIUTD MATPHUILY OTOOpaXKe-
HUS (0 B CTAHAAPTHBIX Oasucax, ecin n = 2, A = Agr. Haditu aapo
W MHOYKECTBO 3HAYEHUI ITOTO OTOOPAKEHUST.

2) Jloka3aTh, 9TO yMHOXKEHHEe MATPUI] PA3MEPOB M X 1 ClIpa-
Ba Ha (PUKCUPOBAHHYIO MaTpuity B pasmepoB n X k ecTh quHeitHOE
oTobpaxkeHue ¢ : Ryyxn — Rymxk- BIUUCINTS MATPUILY OTOOparKe-
HUSA (p B CTAHIAPTHBLIX Oasucax, ecmu m = 2, B = Aj9¢. Haittu sipo
¥ MHOXKECTBO 3HAYEHUI OTOOPaKEHUS (.

23.48. Ilyctp X1, ..., X, — crogbibl  Marpuiel X =
=||x1...%p | pasmepoB mxn, n Y =|x1...X,-1/. OroGpake-
HHE 1 Rmxn — Rmx(n-1) ompeaemmm pasencTBoM ¢ (X)=7Y.

1) Jokaszarsh, 4To 0TOOpazkeHne @ JUHENHHO, HAfTH ero Sapo n
MHOXKECTBO 3HAUYCHUA.

2) BerumcanTh MaTpHUIly OTOODAXKEHUsI ¢ B CTAHJAPTHBIX Oa-
3UCax MPOCTPAHCTB.

3) IMokazark, 4TO (¢ SBIASETCS OJHUM M3 OTOOParKEHHWIA, Ompe-
JeJeHHBIX B 3agade 23.47, aaa noaxomdarieit Marpunpl B.

23.49. Ilycts Mjy,...,M, — ¢durcupoBaHHbIE MATPHIILI TIO-
pamka m, X = (1,...,2,)" . Orobparxkenne ¢ : Ry, — Ryxm OTpe-
neauMm  dopmysoit o(x) =z My + ...+ x, M,. Jdokasars nuneii-
HOCTh OTOOpaxkennst . HaliTu aapo, MHOXKECTBO 3HAYEHUH, PaHT 1
BBIYMCJINTD MaTpuily A oTOOparkeHusi ¢ B CTaHAAPTHBIX 6a3mMcax,

ecmu n =4, M= Ay, My= A1z, M3z= A1, My= As.

23.50. B nuHeHOM MPOCTPAHCTBE BEIIECTBEHHBIX MHOTOUJIE-
HOB p(z,y) OT JBYX MEPEMEHHBIX &,y [peobpa3oBaHue ¢
onpezesiero dbopmyioit ¢ (p(z, y)) =p(z+a, y+b) (a, b — dux-
cuposanHble uncia). [lokasaTh, 4To ¢ onpeessier JuHeHOE TIpe-
obpaszoBaHme MPOCTPAHCTBA MHOTOYJIEHOB HE BBIIIE BTOPOI CTeTre-

HHI, U BBIYHCINTD €0 MaTpHIy B 6asuce 1, x, v, z2, zy, y>.
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23.51. IlokazaTh, 9TO OJHOPOJIHBIE MHOTOUJIEHBI CTEITEHU N
n

Buga p(z,y) = Zakm”_kyk 00pa3yoT JHUHEHHOe MOAIPOCTPAH-
k=0
crBo (™ mpocTpaHCTBa BCeX MHOTOYICHOB OT ABYX IIEPEMCHHBIX.
[TpeobpazoBaHme ¢ ONPEAESCHO OJHOM U3 CIeAYIOMUX GHOpMyJI:
op op
1 =zl 2 —yL,
o) =a5 2) o) =yz5s
op  Op
3 =r——Y.
) olp) =25~y By
JloKa3aTh, 4TO  — JnHeiiHOoe IpeoGpasosanue npocTpancTsa H (™,
U BLIUMCIUTH €0 MaTpuiy B Gasmce x™, " 1y, ..., zy™ ! y".
Haiitu simpo m MHOKECTBO 3HAUEHU MPeobpa3oBaHus .

MaTpuitipl JIMHENHBIX OTOOpParkeHUil U peobpa3oBaHUit
B pa3HbIix basucax. ITogobubie marpuns (23.52-23.77)

23.52. Ilycts ey, ..., e, — 6a3uc B MMHEHHOM TIpoCcTpaHCTBE L,
a fi,...,fn — TPOU3BOJbHBIE BEKTOPHI M3 JIMHEHHOTO MPOCTPaH-

crBa L. JIoka3ars, 9TO CYIIECTBYET €AUHCTBEHHOE JIHHETHOE 0TO6-
paxenue ¢ : L — L taxoe, ato ¢(e;) = f; (1=1,...,n).

23.53. 1) IIycts ay,...,a; — JUHEHHO HE3aBUCHMBbIE BEKTOPHI
JuHEHHOTO TpocTpancTBa L, a bi,...,by — HEKOTOPBIE BEKTOPBI
npocrpatcTsa L. JlokasaTh, 9TO CyIecTBYeT JuHeltHoe oTobpazKe-
Hue ¢ : L — L takoe, uro p(a;) =b; (i=1,...,k). B kakom ciyuae
0TODOpaXkeHUe ¢ eINHCTBEHHO?!

2) Ilycrte ay,...,ar — BekTOpHl U3 L, a by,...,b, — BEeKTOPHI
u3 L. ChopmynrnpoBaTb HEOOXOAUMBIE U JOCTATOYHBIE YCIOBHUsL,
IPU KOTOPBIX: &) CYIIECTBYeT JiMHElHoe orobpaxkenue ¢ : L — L
Takoe, uro ¢(a;)=0b; (i=1,...,k); 6) sT0 OTOOpAKEHME €IMH-
CTBEHHO.

23.54. [lycTts A — HEBBIPOXKIECHHAST MATPUIIA TTIOPAAKA N, B —
MaTpHUIa PasMepoB m X n. /JokasaThb, YTO CYIIECTBYET €JIMHCTBEH-
HOE JIMHEHHOE OTOOpaskeHHe N-MEPHOr0 apU(PMETHIECKOr0 ITPO-
CTPAHCTBA B M-MePHOE, IPU KOTOPOM 0Opa3aMu CTOJOIOB MaTpH-
bl A ABJSIIOTCS COOTBETCTBYIOIIHE CTOMOIBI MaTpuibl B. Haiitn
MAaTPHUILy 3TOTO OTOOPAYKEHUS:

1) B craHgapTHBIX 6a3MCax MPOCTPAHCTB;

2) B 6asuce mpocTpaHcTBa Ry, U3 CTONOIOB MATPHIBI A U CTAaH-
JapTHOM 0a3uce MPOCTPAHCTBA R;

3) B Gasuce mpocrpancTBa R, U3 cToabnos MaTpunbl A u 6a-
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3HCe MPOCTPAHCTBAa R, m3 cTosnbnos mMarpunsl B (npu yciaosun,
9TO M =n 1 B HEeBBIPOXKIEHA).

23.55. Ilycts A u B — HEBBIPOXK IEHHBIE MATPUIIBI TIOPSJIKA, 7.
JlokazaTh, YTO CYNIECTBYET €AWHCTBEHHOE JHUHEIHOEe Mpeodpaszo-
BaHUE N-MEPHOTO apudMETHIECKOTO MPOCTPAHCTBA, EPEBOISIIEE
CTOJIOIBI MATPUIIbI A B COOTBETCTBYIOIIUE CTOOIBI MaTPUIBl 5.
Haittu maTpuity sToro mpeobpa3oBaHUsT:

1) B crargapTHOM 6asuce;

2) B 6a3uce u3 cTOIONOB MATPHUIE A;

3) B Gasuce u3 cToabIOB MaTpuUIbl B.

23.56. Jluneitnoe mpeobpa3oBaHue @ ABYMEPHOTro apudmeTn-
YEeCKOTO MPOCTPAHCTBA MIEPEBOJUT BEKTOP &; B BeKTOp b; (1 =1,2).
Beraucants MaTpuily mpeobpa3oBaHUs ¢ B CTAHIAPTHOM Oa3mce,
ecu:

1) a;=(1, )T, ap = 7) , 00T, by = (=3, DT}
2) a; = (4, =3)7, ap = bl_ 2 —2) :(4 4T,
3) a; =(=5,3)7T, ag = ( 3 1) bl_(4 15)7, by = (0, 1)7T;
4) a = ( 1)T az = (17 3)T’ bl = (0, \/_) )

fmf

23.57. ManI/IHbI A, B cocTaBeHbl U3 KOOPAUHATHBIX CTOJI0-
1I0B BEKTOPOB a1, G2, a3 U by, ba, bg B HEKOTOpPOM Da3muce € Tpex-
MEepHOro JuHelHoro mpocrpancTBa L. [l NpuUBeNIeHHBIX HEIXKe
CIyYaeB IIPOBEPUTH, UTO CYIIECTBYET eIMHCTBEHHOE JIMHEITHOE TIpe-
obpa3oBaHMe  MPOCTPAHCTBA L, MEPEBOINEE BEKTOPHI a; B b;
(1=1,2,3). Boruancants MaTpuily npeobpa3oBaHus :

a) B Gasuce e; 6) B basuce ay, as, as, €CIu:

1) A= Ages, B= Ages; 2) A= Azgs, B = Aseo;

3) A= Ao, B=Aon; 4) A= Asg, B= Aora.

23.58. Iloka3aTb, 4TO CYIECTBYET M €IWHCTBEHHO JIMHEHHOE
oTobpaxkenue ¢ : R, — R, IepeBojsinee CTOMOIBI JAHHON MaT-
puitbl A B cooTBeTCTByIOITHE CTOMONBI MaTpuikl B. Hafitn mar-
PHIy 0TOOpaXKeHUs ©:

1) B craHgapTHBIX 6a3UCaX TPOCTPAHCTB Ry U Ry;

2) B Gasmce mpoCTpaHCTBa Ry, COCTOSIIEM U3 CTOJOUOB MaT-
punibl A, n cTaggapTHOM 0as3uce IPOCTPAHCTBA Ry,

a)

6) n=3,m=2, A= Ay, B = A3zgs;
B) n=2,m=5, A= A3y, B= Ai7;
r) n=4,m=2, A= A7, B = As0s;
ﬂ)n:3,m=4aA—A2277B_ 407,
e) n=4 m=3,A—A484,B—A518
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23.59. BeisicHuTh, CymiecTByeT Jin JMHEHHOe Tpeobpa3oBa-
HUE (o, TEPEBOJAINEE CTOMOIBI MATPHUIBI A B COOTBETCTBYIOIIHE
cTonbisl MaTpuiibl B. B ciiydae cymecTBoBaHWsST BBIYUCIUTH MaT-
PHUIlYy (¢ B CTAHIAPTHOM Oasuce:

1) A= A5, B=A3zs;  2) A= A5, B= Ay,

3) A=A, B= Ao,  4) A= A2z, B= Aorg.

23.60. I[Ipu smneiinoM otobpaxkenun ¢ : R, — Ry, CTONOILI
MaTpuilbl A TEpexoaaT B COOTBETCTBYIOIINE CTOMOIBI MATPHUIIHT B.
BrisicHuTE, sBASeTCS I 0OTOOpAKEHNE (0 MHHEKTUBHBIM, CIOPHEK-
THUBHBIM, HAfTH PA3MEPHOCTH SAPa W PAHT oToOpaxeHus . Boi-
9UCIUTH 00pa3 BEKTOpA a, eCJIH:

1) A=Ay, B=Ay, a=(1,7,3)7;

2) A= A3zg2, B=Asz, a=(3,1)";

3) A= A422, B = A2017 a= (47 -4, =3, 12, 2)T7

4) A= Ass1, B= Ao, a= (16,5 —6)T.

23.61. Iloka3aTb, YTO CYIECTBYET €IMHCTBEHHOE JIMHEHHOE
npeobpa3oBaHne KOMILIEKCHOTO —apW(PMETHIECKOr0 ITPOCTPaH-
ctBa Cp,, TEepeBOAAIee CTOJNOIBI JAHHON MaTpuilbl A B cooTBET-
CTByMOIIHE CTOIONBI MaTputibl B. BoraucanTs MaTpuiry 9Toro mnpe-
obpa3oBaHMs B CTAHIAPTHOM Oasmce, eCiu:

1) n=2, A= Agz, B = Ags;

2) n=2, A= Agy, B = Ags;

3) n=2, A=A96, B=A97;

4) n=3, A= Agr3, B = Asra.

23.62. JluneitHoe npeoOpa3oBaHMe @ WMEET B JAHHOM 0a3mce
MaTpuity A, a KOOpJAWHATHBIE CTOJOIBI HOBBIX OA3UCHBIX BEKTO-
poB 0bpasytoT marpuily S. BeraucanTs MaTpuity mpeobpasoBaHUs
B HOBOM 0Oa3zmce, eCJiu:

1) A= Age, S=Az3; 2) A= Azr, S = Ags;

3) A=Ass, S=A3; 4) A= Ay, S = Aros;

5) A= Aggo, S=Az3; 6) A= Az, S = Asga;

7) A= Agg3, S = Agss; 8) A= Asgs, S = Ases;

9) A= Ageo, S = Aaro;  10) A= Ayr1, S = Auzo.

23.63. JluneitHoe mpeobpa3oBaHme KOMILJIEKCHOTO apudMeTH-
YECKOTO MPOCTPAHCTBA MMeeT B CTAHIAPTHOM Oasmce marTpuiry A.
Hoserit 6a3uc 3agan MaTpureit nepexoma S. Beraucants MaTpuiry
mpeobpa3oBaHust B HOBOM Oasmce:

1) A= Ag7, S = Ags;

2) A= Arg, S=Ag (6 = eQﬂi/3);

3) A= Ages, S = Asrs;
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4) A= Aoy, S = Asggs  (w = e2m/3);
5) A= Ay, S=Ayr3; 6) A= Ayrs, S = Ayrs.

23.64. JluneitHoe oTOOparkeHNE N-MEPHOr0 apu(METHIECKOTO
IPOCTPAHCTBA B M-MEPHOE 33JaHO B CTAHIAPTHBIX 0asmcax MarT-
pureit A, cronbupr HOBbIX OasucHBIX BeKTOpoB f = (f1,...,fn) u
g =(91,--.,9m) COCTABIAIOT cOOTBeTCTBeHHO Marpuusl S u T'. Bor-
YUCIUTH MATPUILy OTOOpaskeHus B basucax f u g:

)n=3, m=2, A=Ay, S=Axss T =Ap;

2) n=4, m=2, A=As2, S=Ay T=A0;

3)n=2, m=3, A=An;, S=Ay, T =Asnr;

4)n=3, m=4, A=Ay3, S=Axs;, T =Ass.

23.65. BoruncanTts MaTpuiy JUHEHHOTO TPeoOpa3oBaHUA (O
MHOXKECTBa BEKTOPOB IIJIOCKOCTH C 33JJaHHBIM Ha Hell 6a3mcom, ec-
JIN  eCTh:

1) oTparkeHHe IJIOCKOCTH B TpsAMOil z + 2y = 0 mapaJjuieabHo
npamoit x + 3y = 0;

2) MPOEKTHPOBaHUE MJIOCKOCTH Ha TpsaMyto x4y = 0 mapas-
JeqbHO mpamoit 4x + by = 0;

3) cxkarue ¢ koaddumerrom A = 2 K npamoit 3z — 2y = 0 na-
paseabHO psaMoit x —y = 0.

23.66. BoruncanTts MaTpuiy JUHEHHOTO TPeoOpa3oBaHUA (
TPEXMEPHOTO TeOMETPUIECKOr0 BEKTOPHOTO MPOCTPAHCTBA (B KO-
TOPOM 33JIaH OPTOHOPMHPOBAHHBIN 6a3uC), MONb3YsACh HaJIeXKa-
el 3aMeHOi 0a3uca, ecin  ecThb:

1) mpoekTHpOBaHME Ha ILIOCKOCTH 3z —Yy = (0 mapasiesbHO
npamoit x + 2z =0, z+y+ 22 = 0;

2) oTpakeHme MPOCTPAHCTBA B MPAMOl & =y = —2z mapai-
JIEJIBHO TIOCKOCTH & + Yy + 32 = 0;

3) cxkarne ¢ xkoadduumeHToOM A =2 K miockoctn x — 2z =0
napaJiIeJbHO OPAMONA & = Y = z;

4) TOBOPOT BOKPYT TPSIMOil & =y = —z Ha yroa m/2;

5) moBOpOT BOKPYT npsimoii z +y = 0, y — z = 0 Ha TaKoii yro,
YTO IEepBasd U3 JAHHBIX IJIOCKOCTEH MEPEXOAUT BO BTOPYIO.

23.67. Ilyctb D — muddepeHnEpoBaHne B ITPOCTPAHCTBE
MHOTOUJIEHOB CTEIEHW HE BBIMIE M. BBIYNCIUTE MATPHUILy Mpeod-
pasoBanust D, eciim 6a3UC COCTOUT U3 MHOI'OUJIEHOB:

1) 1+¢, t+2t%, 32 -1 (m=2);

2) 341, 1—t, 1—t+t2 1—t+t2—t3 (m=23);

t 2 t tm
3) 1, 14+, 1+ﬁ+5’ ceey 1+ﬁ+...+m (m}l);
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4) 1, T4t, 14t4+82, ..., T+t +t™ (m>1);

5) 1, t—1, t2—t, ..., tm—t™t (m>1).

23.68. Boruncants MaTpuity mpeobpasoBanus gauddepeHiu-
pOBAaHUS B MPOCTPAHCTBE TPUTOHOMETPUUECKUX MHOTOUJIEHOB MO-
psaKa He Bbie 1 (eM. 3amady 23.43), ecin 6asuc cocrout u3 GhyHK-
ii:

1) 1, cost—sint, cost+sint, ..., cosnt—sinnt, cosnt+
+ sinnt (n > 1);

2) 1, 1+4cost, ..., 1+ cost+...+cosnt, sint, ..., sint+...
...+ sinnt;

3) 2cos®t, 2sin’t, sint+cost, sint—cost, (sint+ cost)?
(n=2).

23.69. Kak wusMeHNTCS MAaTpHIa JUHEHHOTO OTOOpaXKEHUS,
3a/TaHHAs B TIape Oa3ucoB ey, ..., €n; fi, .., fm, €CIM:

1) TOMEHATH MeCTAMH BEKTODHI €; U €;;

2) IOMEHSATH MeCTaMH BEKTODHI fi U fi;

3) BEKTOp €; YMHOXKUTH Ha 9ucio A # 0, a fr yMHOXKHUTH Ha
w#0;

4) BEKTOD €; 3aMEHUTDb Ha €; + €j, a BeKTOp fr — Ha fr — f]
(1 #J, k#1)?

23.70. Kak usMeHUTCA MaTpHIlA JUHEIHOTO Tpeobpa30BaHusd,
3aJaHHas B basuce ey, ..., €,, €CIN:

1) OMEHATH MeCTAMH BEKTODBI €; U €;;

2) BEKTOD €; YMHOXKHUTBH Ha 9ucio A # 0;

3) BEKTOD €; 3aMEHUTD Ha €; + €;;

4) nepeiitn K 6a3UCY €p, €1, ..., €n_1;

5) mepeiitn K 6A3UCY €, €n_1, ..., €17

23.71. 1) [Iycte A u B — MaTpHIIbI JIUHEHHOTO OTOOPAKEHUST
B JABYX mapax 6a3ucos. JlokasaTh, uTo B MOXHO mOayunTh n3 A
3JIEMEHTAPHBIMU TTPEOOPA3OBAHUAMHI CTPOK U CTOJIOIIOB.

2) Ilycte A mw B — Marpunpl JuHEHHOro mpeobpa3oBaHus B
nByx Gasmcax. JlokasaTb, uro B MOXHO moiayunTh 3 A corja-
COBAHHBIMU JIPYT C JAPYLOM 3JEMEHTAPHBIMHU MPEOOPA30BAHUAMMU
CTPOK ¥ CTOJIOIIOB.

23.72. Ilycts ¢ : L — L — nuneitHoe orobpaykenme. Jloka-
3aTh, YTO:

1) ecam Ga3uCHBI BEKTOD JMHENHHOrO mpocTpaHcTBa L TIpH-
HAJIEXKUT SIIPY (0, TO COOTBETCTBYIOIIHI CTOMOEI] MATPHUITBI OTOO-
paskeHusi HyJIeBOI;

2) ecmn ey, ..., e, — 0Oasuc mpocrpaHcTBa L, TPUYEM BEK-



208 Ta. 9. Jlunetinvie omobpasicenusn u npeodpasosaHus

TOPBI €pi1, ..., €y (1 < M) 00pa3yior 6a3uc sapa ¢, TO BEKTOPHI
o(e1), ..., p(e,) obpasyror 6asuc B ¢(L).

23.73. Jloka3arb, YTO Mjisi BCAKOTO JIMHEHHOTO OTOOparke-
HUS (0 CYIIECTBYET Tapa 6a3mcoB, B KOTOPHIX MATPHIIA OTOOparKe-

- E O
HUA UMeeT TpocTedmit Bus || o o |- YeMmy paBeH TOPSIOK MaT-

punst E7

23.74. B crangapTHbIX 6as3ncax apu@pMETHIYECKHX IIPOC-
TpaHcTB R, u Ry, AUHEHHOE 0TOOpaKeHHE ¢ MMeeT MaTpuily A.
Haittu mapy 6a3mcoB, B KOTOPOil MaTpHUIa OTOOPAKEHUS  MMeeT
npocteitnmuit Buz (cM. 3amady 23.73):

1) A=A, 2) A=Az 3) A= Agss;

4) A= Aggs;  5) A=Asre;  6) A= Aggo.

23.75. Ilycte A — matpura JuHEHHOTO TPeoOpPa30BaHUS B
HEeKOTOpOM Oasmce. JlokaszaTh, YTO MATpwWIA, TOMydeHHAs w3 A
EHTPATBHON CUMMeTpHell, SABISETCA MATPHUIEH TOTro ke Tpeod-
pa3oBaHusa B APYroM Oasmce.

23.76. /lokazaTh, 9TO MOAOOHBI MATPHUIIHI:
1) A77 u obparHas K Helt;  2) Agsg u Azgo.

23.77. HaiiTu Bce MaTpHIIBI, KaXXaas W3 KOTOPBIX MOI00HA
TOJIBKO caMoit cebe.

Omnepanumu ¢ JUHEHHBIMU OTOOPAYKEHUAMU U
npeobpasoBanusimu (23.78-23.104)

23.78. aub1 JsmHeliHbIe OTOOpaXkeHust ¢ : Ry — Ry, ¥
R — Ri.

1) Ykasarb ycioBus Ha m, n, k, |, HEOOXOUMbBIE U JOCTATOU-
HBIE JIJIsT CYIIIECTBOBAHUSI TIPOU3BEICHUN ) U Pip.

2) Ilycre x = ). [Tokasars, 4T0 Y — JIMHEHHOE 0TOOpAYKEHNE.
Kax cBa3ambr MmaTpuib orobpakeHuit ¢, 1, x7?

23.79. Ilycts ¢, 1, x — nuHEelHbIE 0TOOparKeHUs apudMeTH-
YECKUX JIMHEWHBIX TPOCTPAHCTB, (¢ — YUCIO0. [IpU KaKuX yCIOBUAX
HA Pa3MEPHOCTH IIPOCTPAHCTB CIIPABEINBO KAXKIOE U3 CJIEIYIO-
IIIUX PABEHCTB:

1) @ (x) = (e¥) x;

2) ¢ (¥ +X) =P+ ox;

3) (p+¥)x =ex+ix;

4) a(p+y¢)=ap+ay?

[TokazaTh, 94TO MATPHUILI JAHHBIX OTOOPAYKEHUI YIAOBIECTBOPSIOT
TEM K€ PABEHCTBAM.
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23.80. /loka3aTb, 4TO BCAKOE JIMHEHHOE OTOOPAaYKEHWE IIPE/I-
CTABUMO B BUJIE€ TIPOM3BEJEHUS CIOPHEKTUBHOTO M WHBHEKTUBHOTO
JUHEWHBIX 0TOOpasKeHmiA.

23.81. ITycts L=L'® L", tne L', L — Henynepble moampo-
CTpaHCTBa JHWHeHHOro mpocrpancTBa L. IlokasaTh, 4TO TOXKje-
CTBEHHOE TPeoOpa30BaHWe TPEACTABIACTCA B BHIAE CYMMBI
L=y + 7, Tae m (T2) — mpoekTHpoBaHME TpocTpaHcTBa L Ha
noanpocrparctso L' (L") mapanmensro nognpocrpancrey L7 (L').

23.82. KoopanuaTtubie cTOJ01BI BEKTOPOB a1, a2, a3; by, ba,
bs; c1, co, €3 OOPA3YIOT COOTBETCTBEHHO MATPUITHI Aogg, A2og, Aogs.
JluneitHoe Tpeobpa3oBaHUe (o TEPEBOIUT BEKTOPHI G1, G2, G3 B
b1, bo, b3, a JmHeitHOEe mpeobpasoBamme P mepeBoaut bi, b, by B
c1, €2, €3 cOOTBeTCTBeHHO. Haittn maTpuily mpeobpa3oBaHust :

1) B ucxoguOM Gasmuce;

2) B 6asuce a1, a2, as;

3) B 6asuce by, by, bs.

23.83. Ilycts @, ¢ — nuHeliHbIE TPEOOPA3OBAHNS JBYMEDPHOTO
apndMeTHIeCKOro MPOCTPAHCTBA, ¢ UMeeT MaTpuiy Ag4 B CTaH-
napTHOM basuce, a 1) — MaTpuiny Ajgr B 6a3mnce 3 CTONOIOB MaT-
puttbl Ags. BurameanTs MaTpuiy npeobpa3oBaHUs:

1) 2 —6@+90;  2) %+ 4 + 4y

3) ¢? —1? B crammapTHOM Gazmce;

4) 4pp~1 B Gasuce w3 cronbIOB MaTpUIBT Ags;

5) ;¢+ Y)* B Gasmce, obpasopamrom crombmamu (1,2)7

23.84. Ilycte P IIPOCTPAHCTBO MHOT'OYJIEHOB CTEIIeHU He
Boiie 1 (n > 1) ¢ BemecTBeHHEbIME KOdd duimentamu. Orobparke-
HUS

@: P=D 5 p0) gy p)  pln=l)
ompeaesnM (HOpMyIaMu
p(ag+art+...+ an_ltn_l) =aot+ait> + ...+ an_1t",

-1
Y(ag+art+...+apt")=a1+... +apt" .
[IpoBepuTth AMHEHHOCTH OTOOPAXKEHNIT U TTOKA3aTh, UTO PP — TOXK-

JIeCTBEHHOE TIPeobpa30BaHme, a Y — HeT.

23.85. Ilycts £ — snuHeitHOE TPOCTPAHCTBO (MYHKIHH ¢ Has3u-
com e, D — muddepennuposanne. Haiitu marpuiy npeobpasoBa-
Hus DF (k=1,2,...), ecm:

1) £ — mnpoCTPaHCTBO MHOTOYJIEHOB CTEIEHNM HE BBIIIE 7,
e=(1,¢ ...,t"/nl);
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2) L — mpoCcTpaHCTBO TPUTOHOMETPHYECKUX MHOTOUIEHOB T10-
psizika He BbIe 1 (cM. 3a1a4ay 23.43), e = (1, cost, sint, ..., cosnt,
sinnt).

23.86. B mpocTpaHCTBe BCeX MHOTOWIEHOB OT ¢ pacCMaTpUBa-
I0TCs JIMHEHHbIE TTPe0bpa30BaHuse: T — yMHOXKeHue Ha t u audde-

penmmpoanne D = —. Haiitu npeobpaszoBanue:

1) 7D;  2) Dr;  3) xommytarop (D, 7| = D7t —7D.

4) JlokasaTh ~ paBeHcTBO ~D™T —7DM=mD™ ! (m=
=1,2,...; D'=.).

23.87. Jokazarh, 4T0 KOMMYTaTop [@, ¥| = @i —1p aByx
JIMHEHHBIX PEOOPA30BAHNNT KOHEYHOMEDPHOTO JIMHEHHOTO IIPOC-
TPAHCTBA HEe MOXKET OBbITh TOXKIECTBEHHBIM IpeoOpa3oBaHueM (cp.
sagady 15.130).

23.88. /loka3aTb, YTO MATPHUIIBI TOJOOHBIX JUHEHHBIX MTPe0d-
pa3oBaHuil MOIOOHBL.

23.89. /loka3aTb, 9TO OTHOIIIEHUE TTOA0OUST MEXK Ty JIMHEHHBI-
MU TPpeOOPA30BAHUSIME SIBJISIETCA OTHOIIIEHUEM 3KBUBAJEHTHOCTH
(Te. @~ @; U3 @~ 1) cremyeT Y~ @; U3 p ~ Y U Y ~ Y CIEayeT
@~ X)-

23.90. Ilycts ¢, 1) — nuHeliHbIE TPEOOPA30BAHNS JIMHEHHOTO
npocrpancta L. Jloka3aThb, 4TO:

1) ecam 9 momobHO @, TO JyIst I060r0 Has3uca € MPOCTPAHCTBA
L cymecTByeT Takoit 6azuc €', 9To MaTpuia mpeobpasoBaHusd 1) B
6asmce € coBmagaer ¢ MaTpuIei ¢ B 6asuce e;

2) ecsn jyia npeobpasoBanuii ¢ 1 Y B L CyIecTBYOT Takue 6a-
3HCHI € U €', 9To MaTpuIa Mpeobpa3oBaHus ¢ B 6a3Hce € COBMAIaeT
¢ MaTpuIeit mpeobpasosanus 1) B 6asuce €, To ¢ W 1) TOIOOHBL

23.91. IlycTs auneitnbie mpeobpa3oBanust ¢ u ) mo100HbI. [lo-
Ka3aTh, YTO MOJOOHBI TAKXKe MPeoOPa30BAHNUS:

1) p(p) =aot+arp+...+anp™ m p(y), tme p(t)=ao+
4+ a1t +...+ apt" — TPOU3BONBLHBIN MHOTOUJICH;

2) ot m ™l ecm ¢ m 1p obGpaTmMBL.

23.92. Ilycts ¢ u ¢ — nuHelHbIE TPEOOPA3OBAHNSA HEKOTOPO-
TO JIMHEHHOTO MPOCTPAHCTBA, XOTs ObI OJHO M3 KOTOPBIX HEBBIPO-
2KJIEHO.

1) JokaszaTh, 9rTo mpeobpa30oBaHust @) U 1)y MONOOHbI.

2) CopmyampoBaTh M OKa3aTh MATPHYHBIH BAPHAHT TOTO
YTBEPKICHUSI.
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23.93. Jlokazatb, 4TO JinHENHOE OTOOPAaKEHIE PAHTA T TIPE/I-
CTABUMO B BUJI€ CYMMBI 7" JIMHEHHBIX OTOOparkeHmit parra 1, HO He
MPEJICTABUMO B BUJI€ CyMMBI MEHBIITETO UUCIA TAKUX OTOOparKeHuit
(cp. 3amaay 16.33).

23.94. Tlycrs ¢, ¢ — numHeliHbIe OTOOpazkeHUst HpocTpaHcTBa L
B L. Jokaszars, uto rg (¢ + 1) < rgp +rge (cp. 3amady 16.34, 6)).

23.95. Ilycte p: L— M, 9 : M — N — juneiitnsie oTo6pa-
xennst, dim M = m. JlokasaThb:

1) rgp+rgyy —m <rg(vp) < min(rgy, rgy) (HepaBeHcTBa
CunbBecrpa);

2) dimKer(¢¢) > dimKer ¢ 4+ dim Ker 1;

3) ecim Y =6, To rgp +rgY < m (HamomHUM, UTO Uepes 6
0003HAYEHO HYyJIEBOE OTOOPAKEHMUE ).

23.96. Ilycts ¢ : L — L — nuneitHoe mpeobpas3opanue. Jloka-
3aTh, YTO JJIs J1I0O0TO K, yIOBJIETBOPSIOIIETO YCIOBUIO Iy < k <
<n=dimL, cymecTByer JuHEHHOE MTPEOOPA3OBAHUE 1) TAKOE, ITO

Ypo=0unrgp+rgy =k.
23.97. JokazaTh, UTO JJid JIFOOBIX ABYX MEPECTAHOBOYHBIX JIU-
HEHHBIX Mpeodpa30BaHmii ¢ 1 1) mMeeT MecTO BKoUYeHne Kerp +

+ Kerey C Ker(p1).

23.98. Ilycth ¢ — JuHeitHOe MPeoOpPa30BaHUE N-MEPHOTO JIU-
HeifHOro mpocTpaHcTBa 1 @2 = 1. JlokazaTs, uTo!

1) rg(p+1) +rg(p —1) = n;

2) dimKer(¢ +¢) + dimKer(p — ¢) = n.

23.99. Ilycts ¢, ¥, x — Takue JuHENWHbIE OTOOPAYKEHNUS, ITO
MIPOU3BeE/IeHNE (1) CyliecTByeT. JloKa3aTh, YTO

rg(ey) +rg(hx) <18y +rg(px).

23.100. IIycts P, Q — BellleCTBEHHBIE JIMHEHHBIE MPOCTPAH-
crBa u L(P, Q) — MHOXKECTBO BCEX JIMHEHHBIX OTOOpaKeHwMit
p: P—Q.

1) Jokazars, uto L (P, Q) — auHeiiHOE MPOCTPAHCTBO OTHO-
CUTEJIbHO OIEPAInil CIOXKEHUs JUHEHHBIX OTOOparXKeHU!t U yMHO-
JKEeHUs 0TOOparKeHUsI Ha IUCIO.

2) Ilycrs dim P = n, dim @ = m. IToctpouts 6a3uc npocTpaH-
crBa L (P, Q) n HaiiTu €ro pasmMepHOCTb.

3) Ilokazare, uro B ycmoBusx 1. 2) mpocrparctso L (P, Q)
U30MOP(MHO MPOCTPAHCTBY Ry xpn BEIIECTBEHHBIX MATPHI Pa3Me-
pPOB M X M.
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23.101. Beisgcauts, obpa3yer i JaHHOE MHOYKECTBO JIMHE-
HBIX 0TOOpakeHnit uHeiiHoe nognpocrpanctso B L (P, Q) (cm. 3a-
Jady 23.100):

1) MHOXKecTBO BCex oToOparkeHmii paxra k > 1;

2) MHOXKECTBO BCEX OTOOparKeHWil paHra, He MPEBOCXOSIIErO
k>1,;

3) MHOKECTBO BCeX OTOOPayKeHWil, sipa KOTOPBIX COJEPIKAT
HEKOTOpOe (PUKCUPOBAHHOE MOANPOCTPAHCTBO U3 P;

4) MHOKECTBO BCEX MHBEKTHUBHBIX OTOODAKEHHUIL;

5) MHOXKECTBO BCEX CIOD'bEKTUBHBIX OTOODAYKEHNIH;

6) MHOXKECTBO BCeX OTOOparkKeHWi, MHOMKECTBA 3HAUEHUH KO-
TOPBIX COMIEPKATCH B (PUKCUPOBAHHOM TOAIPOCTPAHCTBE 13 Q.

23.102. Ilycts B smHeitHOM TpocTpaHcTBe L 3ajaH 6a3uc e.
JlokazaTh, YTO JaHHOE MHOXKECTBO JIMHEHHBIX Mpeobpa3oBaHMit
mpocTpaHcTBa L SBJSIETCS TPYHHON OTHOCHUTEIBHO OIEPaIlnu
YMHOXKEHUST Ppeobpa3oBaHMIi:

1) MHOXKECTBO BCEX HEBBIPOXKJEHHBIX Mpeobpa3oBaHmii;

2) MHOXKECTBO BCeX TMpeoOpa30BaHWUil ¢ ONpeIesIuTesIeM, PaB-
HBIM 1;

3) MHOXKECTBO BCEX HEBBIPOXKEHHBIX MPEOOPA30BAHWI, MaT-
PHUIIBI KOTOPHIX B 6a3uce € BepXHUE TPEYroJbHbIE;

4) MHOKECTBO BCEX HEBBIPOXKIEHHBIX TPeobpa30BaHmil, 3a1aH-
HBIX B 0a3uce € JUArOHAJbHBIMUA MAaTPUIAMU;

5) MHOXKECTBO BCEX TOMOTETHUi Ai, TJe 9uciao A oTiudHo ot 0;

6) MHOXKECTBO BCeX MpeoOpa30BaHUil, NUMEINMX B Oasuce e
MAaTPHUIIBI TIEPECTAHOBOK.

23.103. B smneitnom mpocTpancTBe L gaH 6asuc e. dBmsercs
JIV TPYTIIIOH OTHOCUTEIBHO YMHOYKEHUS JTAHHOE MHOYKECTBO JIMHET-
HBIX TTpeo0pa30BaHmii MpocTpaHcTBa L:

1) MHOXKeCTBO BCeX JIMHEHHBIX IPeoOpa30BaHMUIi;

2) MHOXKECTBO BCeX MpPeobpa3oBaHMUil, MATPUIIBI KOTOPBIX JHa-
TOHAJIBHBI B ba3uce e€;

3) MHOXKECTBO BCEX HEBBIPOXKJIEHHBIX MPeOOPa3oBaHMil, KOTO-
pble B ba3uce € 33 JIal0TCs TeJIOUNCIeHHBIMI MATPUIIAMHE, T. €. MaT-
punamu ||a;j||, tae a;; — mesere guca;

4) MHOXECTBO BCeX peobpa30BaHuil, MATPHUIILI KOTOPBIX B Ha-
3HCe € TEeJIOYNCIEHHBI I UMEIOT ONpPeaenTe I, paBubie 1 mim —1;

5) MHOKECTBO BCeX IMpeodpa30oBaHMil ¢ JAHHBIM OIpeIeuTeseM d;

6) MHOXKECTBO BCEX HEBBIPOXKJIECHHBIX MPe0Opa3oBaHMil, nme-
IOIUX B Oa3mce € MaTPUIIBI, KaXKjgas CTPOKAa M KaXKIbIf cTOo6er
KOTOPBIX COMIEPKAT POBHO MO OTHOMY HEHYJIEBOMY JIEMEHTY !
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23.104. B TexHUKe WCMIONB3YETCS YTOJKOBBIM OTpaKaTesb.
On mpejcraBasier cobOil TpeXTpaHHBIN yTOJ, TPAHH KOTOPOTO —
B3aUMHO TEPUEHINKYIIpHbIEe 3epKaja. JJoka3aTh, UTO JIyd CBeTa,
BBIMIYIIIEHHBIN U3 TOYKHW BHYTPU ITOTO TPEXTPAHHOTO yTJIa, OTPa-
3UBIINCH OT BCEX €ro IrpaHeil, CMEHUT CBOe HaIIpaBJIeHUE Ha IIPO-
THBOIIOJIO?KHOE.

§ 24. luBapuaHTHBIE MOAIIPOCTPAHCTBA,
cobcTBEeHHBIE BEKTOPHI 1 COOCTBEHHBIE 3HAYEHUS
JIMHENHbIX ITpeobpa3oBaHUil

B sTom naparpade UCrnoab3y0TCs MOHATHS: UHGAPUGHIMHOE NOOTPO-
CMPAHCMBO, 02PARUMENUE AUHETH020 NPEOOPAZ0BAHUSL HA UHBAPUAGHIN-
HOM nodnpocmparcmee, cobCmeenHoe 3Ha%eHue, cOBCMEeHHbT GeKMOp
u cobecmeennoe nodnpocmpancmeo Aunetinozo npeobpasosanus, Tapak-
mepucmuseckutt MHOZOUAEH U TAPAKMEPUCTNUYECKOE YUCAO MATNPULDL
AuRetino20 NPeobpaszosanus, uaZOHAAUSUPYEMOE AUHETHOE NPeobpaso-
B8AHUE, AHHYAUDYIOWUT MHO2OYAEH, MUHUMAALHOLT GHHYAUPYIOUUT
MHO020%ACH Mampuyd, (aunetinozo npeobpazosanus), KOpHesoti sexmop,
KopHesoe nodnpocmpancmeo, HuAbNOMERMHOE NPEobPA30EANUE, YUKAU-
Yeckoe nooNPoOCMPAHCMBE0, HCOPIAHOBA UENOWKA, HCOPIAHOE 6a3uc, HCOop-
0anosa Kaemra, HCopodaHo8a MAMPUYUA.

Tlopnpocrpancreo M jmHeitHOrO mnpocrpancTBa L HA3BIBAETCH
UHBAPUGHMHBM  OTMHOCUMEAbHO Aunelinozo mpeobpasosanus ¢ (wnmu
UHBAPUGHMHBM  NOONPOCTNPAHCINGOM NPEOOPA30SANUA P), €CIH IJIisd
moboro z € M BeimmonHeHo @(x) € M. Oepanuvenuem (cyorcenuem)
npeoOpa3oBaHUs ( HA WHBAPUAHTHOM IIOAIPOCTPaHCTBE M Ha3bIBaeT-
cs mpeobpa3oBaHue Qa4 MPOCTPAHCTBA M, Ompeje/ieHHOE PaBEHCTBOM
om () =p(z) nna z e M.

Ecin nogupocrpanctBo Ker(p — At) HeHyneBoe, OHO Ha3bIBAETCS
cobCBEHHBIM TLOONPOCTPAHCTNGOM TPEOOPA3OBAHUSA (Y, OTBEYAIOIINM
cobemeerromy 3navenuro A. HerysieBble BEKTOPBI COOCTBEHHOT'O ITOIIPO-
CTPAHCTBA HA3BIBAIOTCA COOCMEEHHbIMU 6ekmopamu. VHade, HeHyIeBOM
BEKTOD L Ha3bIBAETCS COOCTBEHHBIM BEKTODPOM NPEOOPA30BaHUsA (0, IPH-
HAJJIEKAIIM COOCTBEHHOMY 3HAYEHUIO A\, €CJIM CYIIECTBYeT TAKOe YHC-
J0 A, 9ro ¢ (x) = Az.

VkaxkeM MeToJ OTHICKaHUS COOCTBEHHBIX 3HAYEHWH W COOCTBEH-
HBIX BEKTOPOB JIMHEHHOTr0 peobpas3oBanus, 3aganHoro Mmarpureii. [lycrs
¢ : L — L — jsimHeitHoe npeobpa3oBanue u B L BhIOpaH 6a3uc, B KOTOPOM
A — marpuia npeobpasoBaHusa ¢, a & — KOOpAMHATHBIN cTo6er COb-
CTBEHHOI'O BEKTOPA, OTBEYAOIIEro cOOCTBeHHOMY 3HadeHnto A. Torma &
SABJIAETCA PENMIEHNEM CUCTEMBbI JIMHEHHBIX yPaBHEHUIHA

(A—\E)E =o. (1)
Juis cymecTBOBaHMs HEHyJeBOro perteHus cucreMbl (1) HeoGxommmo,

9TOOBI
det(A — A\E) =0. (2)
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VYpasrerue (2) Ha3BIBAETCH TAPAKMEPUCTNUMECKUM YPAGHEHUEM, A
€ro KOPHI — ZaApaKmMepucmu“eckumy wucaamy mampuyss A. B xom-
IUIEKCHOM JIHHEHHOM IPOCTPAHCTBE BCE XaPAaKTEPUCTUYECKUE UHCIA
MAaTPHIIBL JTUHEHOr0 TPe0OPa30BaHN ABJIAIOTCI €0 COOCTBEHHBIMU 3HA~
YEeHUAMHU, & B BE€IIECTBEHHOM IIPOCTPAHCTBE — TOJBKO BEIIECTBEHHBIC
XapaKTEePUCTHIECKHE YICIIa.

Bripazkenue pa(t) = det(A —tE) sBisieTcss MHOIOYIEHOM OT ¢ Cre-
neru n = dim £, KOTOPBIN HA3BIBAETCS LAPAKMEPUCTIUNECKUM MHO20UAE-
HOM Mampuyst A:

pa(t) =det(A —tE) = (—t)" +tr A(—t)" ' +...+det A.  (3)

XapakTepuCTUUeCKui MHOIOYJIEH MaTpuIbl A JTUHEHHOro IIpeobpas3oBa-
HUsl HE U3MEHSIETCS TP 3aMeHe 0a3uca, Caen0BaTe/IbHO, He N3MEHSIOTCS
ero KoM UIUEHTHI, B 9aCTHOCTHU CJIEJ] ¥ OIPEIeINTeh MaTpuibl A, a
TaK¥XKe XapaKTEePUCTHYECKIE YUC/Ia. JTO JAET OCHOBAHME HA3BIBATH La-
PAKMEPUCTNUYECKUM MHO20UAEHOM, TAPAKMEPUCTNUMECKUMY YUCAAMU,
onpedeaumenem u caedom AUHEH020 NPeobPA306aHUA COOTBETCTBYIOIIHE
0G'bEKTHI /I MATPUIBI IPeobpasoBaHus B HEKOTOPoM (Jrobom) Gasmuce.

CobcTBEHHBIE BEKTOPHI JITHEHHOTO TPeodpa30BaHus, 33 JaHHOIO Ieo-
MEeTPUYECKU MU ABHOM (DOPMYJIOil, MHOIIa MOYKHO HAXOJUTH HENOCPE/I-
CTBEHHO, HE BBIYHUC/ISAS €r0 MATPUIIBL.

Pemenne 3adavwu na cobemeenmnvie 3HaveHUA U COOCMBENNDIE BEK-
MOPv, IMHENHOro PeobPa30BaHUs ¢ BKJIIOYAET: &) BBIYUCJICHHE KOPHEH
€r0 XapaKTEPUCTUIECKOrO MHOI'OWIEH]; 6) B CJIydae BEIIECTBEHHOrO IIPO-
CTPaHCTBa — 0TOOP BEIIECTBEHHBIX KOPHE, TAK KAK TOJIBKO OHU SIBJISIFOT-
csi COGCTBEHHBIMU 3HAYEHWSIMHU; B) OTBICKAHUE MAKCUMAJLHOW JMHEHHO
HE3aBUCUMON CHCTEMBI COOCTBEHHBIX BEKTOPOB IPEOOPA30BaHUA (0, KOTO-
pasi cocTouT u3 6a3MCOB COOCTBEHHBIX MOAIIPOCTPAHCTB L) I KaXKI0r0
COOCTBEHHOI'O 3HAYEHUS .

Marpuna JIMHEHOTO MpeodPa30BaHus ( B HEKOTOPOM Oa3uce mua-
FOHAJIbHA TOTIA W TOJBKO TOTNA, KOIIa BCe 0A3UCHBIE BEKTOPHI — COD-
crTBeHHbIE i . [Ipm 9TOM Ha AMArOHAIU MATPUIBI HAXOMATCH CO-
OTBETCTByIOIIE COOCTBEHHbIE 3HA4YEHWHA. JIWHEHOEe npeobpa3zoBaHue
npoCcTpaHcTBa L HA3BIBAETCH JUA20HAAUSUPYeMbIM (MITH NPeobpasosanu-
em npocmoti empykmypu), ecan B L cymecTByer 6a3uc, B KOTOPOM MaT-
puiia npeobpa3oBaHus auaroHaJbHa. Marpuia, mogobHas JUaroHaJIb-
HOIi, HA3BIBAETCH JIMATOHAIU3UPYEMOil (MaTPHIE TPOCTON CTPYKTYPHI).
JnaroHaju3upyeMocTh 3aBUCUT OT II0JIst, HaJ| KOTOPBIM OIIPEEJIEHO PO~
crpancrBo L. BemecrBenHas MaTpuia, UMEKNAas KOMILIEKCHBIE XapaK-
TEPUCTUYECKHE YNCJIA, HE AUArOHAJIM3UPYyEMa KaK MATPHUIA JIMHEHHOIO
npeobPa30BaHNsd B BEIIECTBEHHOM IPOCTPAHCTBE, HO MOXKET OBIThH Iua-
FOHAJIM3UPYEMOM HaJI MOJIEM KOMILJIEKCHBIX YHCEJI.

ITpusecmu aunetinoe npeobpasosanue (unu e2o mampuyy) k duazo-
HAABHOMY 6UOY — 3HAYUT HANTU 6a3UC U3 COOCTBEHHBIX BEKTOPOB IIPe-
obpa3oBaHud U 3aIUCATh MATPUILy TpeoOpa30BaHusa B 3TOM Oa3wuce.

Ilycte ¢ — JsimHeliHOEe TpeoOpa30BaHUE BEIIECTBEHHOIO JIMHEHHOrO
IIPOCTPAHCTBA, A, A — Iapa €ro KOMILIEKCHO COIPSKEHHBIX XapaKTePH-
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cruueckux yncesl. OHI ABIAIOTCA KOPHAME KBaIPATHOTO TPeXHyeHa t2 +
+pt+q, tne p=—(A+X) u ¢ = A\. Iloanpocrpancrso Ker(¢? + pp +
+ L) — HeHyJIeBOE U MHBAPUAHTHOE OTHOCHUTEIBHO . OHO HA3BIBAECTCH
K6a3ucobCcmeeHHblM TIOIIPOCTPAHCTBOM, OTBEUAIOIIUM XaPAKTEPUCTIYE-
CKOMY YHCIy A.

Mmuorowren f(t) HasBIBaETCA QHHYAUPYOUWUM  MHOTOUIEHOM
marpunpl A mim smHeiHOTO Mpeobpazosanua ¢, ecm f(A) =O (coot-
BercrBeHHO f(¢) =0). Cormacuo reopeme lammibrona—Komu xapakre-
PHUCTHYECKHUiT MHOIOYJIEH MaTpunbl (MpeoGpasoBaHus) ABJIAETCA AHHY-
JTADY FOTITAM.

Mmuorowren (co crapmum k03 OUIIEHTOM, PABHBIM 1) MUHAMAITH-
HOI CTENeHW CPeIM AHHYJIUPYIONIMX MHOTOYJICHOB Ha3bIBACTCH MUHU-
MAABHLM MHOPOYJIEHOM 1 0603HaYaeTCst Uy (1) mimn fra(t).

ITycTb XapaKTepUCTHYECKMI MHOTOYJIEH JIMHEHHOrO mpeobpa3oBa-
HUS PACKJIAIBIBACTCH HA MHOXKUTEJIN

Po(t) = (1) (= M)** . (= A"
BCE A1, ..., Ag HOMAPHO Pa3u4HbI). Torna moampocTpaHCTBO
( eers PHO D pocrp
Ki=Ker(p — X)) (i=1,..., )

HAa3bIBAETCH KOPHEBHIM TIOIIPOCTPAHCTBOM, & €r'0 HEHYJIEBbIE BEKTOPHI —
KOPHEBBLMU BEKTOPAMH.
s sir060ro nmpeobpa3oBaHus ¢ KOMILIEKCHOTO TPOCTPAHCTBA L

L=K1®...0K,. (4)

g BermecTBeHHOr0 L 9TO BEPHO, €CJIU BCE A1, ..., As BEIIECTBEHHBI.

JluneitHoe npeobpa3oBaHue 1) HA3BIBACTCA HUABNOMEHMHBIM, €CIIHA
1™ = 0 ;I HEKOTOPOTO HATYPAJIBLHOTO M. YUCIIO M HA3BIBAETCS €T0 No-
Kasameaem nusvnomenmuocmu. Orpanudenue 1; = (¢ — Ait)|x, npeob-
pasoBaHud (¢ — \;t) Ha nogupocTpancTse K; sABJISLETCS HUIBIOTEHTHBIM,
U €r0 T0KA3aTe/Ih HIJILIOTEHTHOCTH HE IPEBOCXOIUT K;.

ByseMm roBopuTbh, 4TO KOPHEBOI BEKTOD & UMEET BBICOTY h, ecim
PP () =0, wo Y # 0. CoberBenHbIE BEKTOPBI (0 — KOPHEBBIE BEKTO-
pol BeIcOTHI 1. Bekrop e! masbiBaerca npucoedumnernnvim K COOCTBEH-
nomy Bextopy €, ecim 1;(e!) = €Y. Ilo ummyknum, [-if mpucoemnHen-
HBI# BEKTOD onpejiesisercs pasencTBoM ¥;(e!) = ¢! ~1. Eciu Bextop e™ 1!

HE CyIIECTBYeT, TO COOCTBeHHBI BekTop e’ M MPUCOeIMHEHHBIE K HEMY

el, ..., €™ obpa3yIoT scopdanosy Uenowry.
JluneitHas 060/109Ka BEKTOPOB XKOPIAHOBON NEMOYKN — MHBAPUAHT-
HOE TOAIPOCTPAHCTBO. Marpuia orpaHnyeHust npeobpasoBaHus ¢ Ha

HEM NMeEEeT BHUJ

N 10...0
0\ 1..0
JO) = oo
0 N1
0 ... 0 N\
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Matpunpt TaKOro BUIa HA3BIBAIOTCA HCOPAAHOSLIMU KAemKamu. A op-
JIAHOBY KJIETKY TIOPSIKA 1 0603HATAIOT Jp, (A).

B kak1moM KOpHEBOM IMOAIIPOCTPAHCTBE CYIIECTBYET HA3UC, COCTOS-
muii U3 JKOPJAHOBHIX TemoveK. Ecmm mveer mecto pasmoxenme (4), To
obbenrHeHne Takux 6a3mcoB — 6asuc B L, HA3BIBAEMBIN 2/CcOpIaH06bIM
6asucom. B kopmaHoBoM (a3mce MaTpuIa NpeodPA30BAHUS ( WMEET
otcopdanosy Popmy: ABIAETCA KJIETOYHO-IUATOHAJIBHOU MaTpuieit
C JKOP/JIAHOBBIMU KJjleTKaMu Ha auaronasn. (CoGCcTBeHHbIe 3SHAMEHNS K6~
TOK He 00S3aTeIbHO PA3JINIHBL. )

OO6miee 9uCI0 BCEX KOPAAHOBBIX KJIETOK PaBHO CyMMe Pa3MepHO-
crelt Bcex COOCTBEHHBIX MOIITPOCTPAHCTB.

(oo}

IlycTs maH MaTPUYHBLH Ps, g A®) rre A®) — varpuns! oxuHAKO-
k=0
BBIX Pa3MePOB C 3JIeMEeHTaMU a( ) . CyMMoii 5T0ro psija Ha3bIBAKOT MATPHU-

11y, COCTaBJICHHYIO U3 CYMM YHUCJIOBBIX PAJOB E ai iz DKCHOHEHTON KBaJI-

k
pa,THOI/I MaTpPHIIbI A HasbBIBaeTCA CyMMa. Ma.TpI/I‘IHOI‘O CTEIICHHOTI'O pdaa.

Zk.

CobcTBeHHBIE BEKTOPbI " coOCTBEeHHBbIE 3HAYEHUS
(24.1-24.65)

24.1. Jlora3aTh, YTO MHOXKECTBO BCEX COOCTBEHHBIX BEKTOPOB
JINHEHHOTO TPeoOPa30BaHIA, OTBEYAIONINX OJHOMY COOCTBEHHOMY
3HAYEHNIO, JOMOJHEHHOE HYJIEBBIM BEKTOPOM, COBIAAET C COO-
CTBEHHBIM TTOJIIIPOCTPAHCTBOM.

24.2. Jloka3aTh, ITO:

1) simpo smHeitHOro mMpeoGpa3oBaHMs COBIAIAET C COOCTBEH-
HBIM TIOJIIPOCTPAHCTBOM, OTBEYAIOIINM HYJEBOMY COOCTBEHHOMY
3HAYEHNUIO;

2) CobcTBeHHOE MOANPOCTPAHCTBO MPEOOPA3OBAHUS (, OTBE-
qaforriee COOCTBEHHOMY 3HAYEHHUIO A, €CTh MHOXKECTBO BEKTOPOB,
YJIOBJIETBOPSIOIINX YCIOBUIO ©(T) = AT.

24.3. [lyctb A — wmarpuma, a A — COOCTBEHHOE 3HAYEHUE
JIMHEHHOTO MPeobpPa30BaHusa N-MEPHOTO JIMHEHHOTO TPOCTPAHCTBA.
Yemy paBHa pa3MepHOCTh CODCTBEHHOTO TMOAMPOCTPAHCTBA, OTBE-
YAFOIEro COOCTBEHHOMY 3HAYEHUIO A, €CTU paHr MaTpulibl A — AE
paBeH 17

24.4. Kaxkoit Bua mMeeT MaTpuIlla JUHeHHOTO mTpeobpas3oBa-
HUs, eCJIU TIepBble k Oa3MCHBIX BEKTOPOB SIBJISAIOTCS €ro COOCTBEH-
HBIMM BEKTOPAMMU?!



§ 24. Cobcmeennvie 8exmopv, U cO6CMEEHHBIE 3HAYEHUSA 217

24.5. Jloka3zarh, 9TO PasMepPHOCTH COOCTBEHHOIO IOAIIPOC-
TPAHCTBA, OTBEUYAOIIEr0 JAHHOMY KODHIO XapaKTEPUCTHIECKOTO
MHOTOUJIEHA, HE TPEBOCXOINT KPATHOCTU ITOTO KOPHSI.

24.6. Ilycts o, y — coOCTBeHHBIE BEKTOPHI JIMHEHHOTO TTPE0d-
pa30BaHUs, OTBEYAIOINE PA3TUIHBIM COOCTBEHHBIM 3HAYEHUSAM, a
qncaa o, § ornudaHbl OT Hymad. Jlokazatrsk, ato BekTOp ax + By He
SIBJISIETCST CODCTBEHHBIM.

24.7. JlokazaTh, 4TO HEHyJeBOe JinHefiHOe TpeoOpa3oBaHUe,
JIJIsT KOTOPOT'O BCE HEHYJIEBhIE BEKTOPHI COOCTBEHHBIE, ABJISIETCS TO-
MOTETHUEH.

24.8. Jlora3arh, 9TO CUCTEMa COOCTBEHHBIX BEKTOPOB, OTBEYA-
FOIINX TIOTIAPHO PA3JIMYHBIM COOCTBEHHBIM 3HAYEHUAM JIMHEHHOTO
peobpa3oBaHNUs, TUHEIHO HE3ABUCUMA.

24.9. JlokazaTh, YTO MATPUIA JUHEHHOTO MPeobPa30BaHUs B
HEKOTOPOM 0a3mce TOTJa M TOJBKO TOT/IA JWMArOHAJIbHA, KOTJA BCe
BEKTOPHI H6a3mca cOOCTBEHHBIE.

24.10. okazaTh, U4TO JUHEHHOE TTpeoOpa3oBaHme N-MepPHOTO
JINHETHOTO MPOCTPAHCTBA, UMEIOIIEe N PA3IUIHBIX COOCTBEHHBIX
3HAUEHUH, TNATOHAJIN3UPYEMO.

24.11. Ilycts ¢ — nuHeliHOE TPEOOpPA30BAHNE KOHETHOMEDHO-
ro JuHeHOro mpocTpancTBa L. JloKa3aTh, UTO CIEIYIONINE BBICKA-
3BIBAHUSA PABHOCUJIHHBL:

1) ¢ auaroHAIM3MPyeMo;

2) B L cymiecTByer 6a3uc n3 COBCTBEHHBIX BEKTOPOB Ipeobpa-
30BaHUA @;

3) obbenuHeHNE 6A3MCOB COBCTBEHHBIX MOAMPOCTPAHCTB SIBJIS-
ercs 6asucoMm B L;

4) KpaTHOCTH KAXKJIOTO KOPHS A XapaKTepUCTUUECKOIO ypaB-
HEHNs PaBHA Pa3MEPHOCTH COOCTBEHHOTO MOAIPOCTPAHCTBA L]

5) L sBisiercs IPsIMOi CyMMO#i COOCTBEHHBIX IO JIIPOCTPAHCTB.

24.12. /IokazaTb, 4TO:

1) B KOMIIJIEKCHOM JIMHEHHOM MIPOCTPAHCTBE KAXKJI0€ XapaKTe-
PUCTUYECKOE YHUCJIO MATPUIBI JIMHEHHOTO MPeoOpa30BaHUs sIBJIs-
eTcs CODCTBEHHBIM 3HAYEHHEM, TaK UTO MPOU3BOJBHOE JIMHEHHOE
mpeobpa30BaHme UMEET XOTsA ObI OJIUH CODCTBEHHBIN BEKTOD;

2) B BEIIECTBEHHOM MPOCTPAHCTBE KAXKJIO€ BEIIECTBEHHOE Xa-
PAKTEPUCTUIECKOE UHCIIO SIBJISETCS COOCTBEHHBIM 3HAYCHUEM.

24.13. [JokazaTh, 4TO JIMHEHHOE HPeoOpas3soBaHUe HEYETHO-
MEpPHOTo (HAIpPUMeEp, TPEXMEPHOIO) BEIeCTBEHHOTO JIMHEHHOrO
MMPOCTPAHCTBA UMEET XOTdA ObI OAUH COOCTBEHHBIN BEKTOP.
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24.14. 1) [okazaTh, 9TO XapaKTEPUCTUYECKUI MHOTOUJIEH,
OTIPEJIETUTENb U CJIE]T MATPUIIHI JTHHEHHOTO TPE0bPA30BaAHNS He 3a-
BUCAT OT BbIOOpa basmuca.

2) Haiitn Beipazkenue K03 UINEHTOB XapaKTePUCTUIECKOTO
MHOTOYJIEHA, B YaCTHOCTH CJIEZIA W OTIPEIEJINTENIST MATPHUITHI TTOPSII-
Ka M, 4epe3 XapaKTepUCTUYeCKNe IUCIIa.

24.15. Haiitu cobCTBeHHBIE BEKTOPBI W COOCTBEHHBIE 3HAYE-
HUsT KAXKJI0TO U3 CIAEAYIOINX TPeodbpa30BaHMil:
1) HyzeBOro;  2) TOXKIECTBEHHOTO;  3) TOMOTETHH.

24.16. Haiit; cobcTBeHHBIE 3HaUCHUS U COOCTBEHHBIE BEKTO-
pBI JUHEHHOTO Tpeobpa30BaHus, 3aJaHHOTO B HEKOTOpOM Oa3mce
N-MEepPHOTO JIMHEHHOTO MPOCTpaHCcTBa MaTpuieit Agia = Jp ().

24.17. Ilycts maTpuia JUHEHHOTO TPeoOpa30BaHUS B HEKO-
TOpPOM Da3uce — BEPXHsS WJIM HIXKHSIS TPEYTONbHAS C JUATOHAIb-
HBIMU JIEMEHTAMHA A1, ..., A\yp. HaiiTu Bce COOCTBEHHBbIE 3HAYCHUS
9TOTO MPEoOPA3OBAHUSI.

24.18. Ilycte L=L'® L", tne L', L — menynesbie moampo-
crpaucTBa. Haiitu cobcTBeHHBbIE 3HAUYEHUSA U COOCTBEHHBIE TTOAIIPO-
CTPAHCTBA JIMHEHHOTO TPEOOPA30BAHUS (; TOKA3aTh, UTO (0 MMEET
6a3uc m3 cOOCTBEHHBIX BEKTOPOB, M YKA3aTh JUArOHAJBHBIN BUT
€ro MaTPUIIbI, €CIN Y €CTh:

1) mpoekTupoBanme Ha moampocTpancTBo L' mapamnensuao L

2) orpaxenue B mogmpocrpancTee L' mapasensao L.

24.19. Haiitu cobcTBeHHBIE 3HAYUEHUS U COOCTBEHHBIE TTOAIIPO-
CTPAHCTBA, MMPUBECTH K JUATOHAJHHOMY BUJIY MATPUIIHI JITHEHHBIX
peobpa3oBaHuii, OMpeaeIeHHBIX B 3a1ade 23.65.

24.20. Haiitu cobcTBeHHBIE 3HAYECHUSI, CODCTBEHHBIE ITOIIIPO-
CTPAHCTBA, IPUBECTH K JUATOHAJBHOMY BUJLY MATPUILY JIMHEHHOTO
nmpeobpa30BaHNs, ONMPEIEJIEHHOTO B 3aJade:

1) 23.9,1); 2) 23.9,2); 3)23.9,3); 4) 23.9,4); 5) 23.10, 1);

6) 23.10, 2); 7) 23.10, 3); 8) 23.10, 4); 9) 23.12, 1);

10) 23.12,2); 11) 23.12,3); 12) 23.13,1); 13) 23.13, 2).

24.21. Haiitu coOCTBEHHBIC 3HAYEHMS U COOCTBEHHBIE BEKTO-
PBI JIMHEHHOTO MPeobpa30BaHus, OMPEIEICHHOTO B 33 ade:

1) 23.14, 1); 2) 23.14, 2); 3) 23.14, 3); 4) 23.66, 1);

5) 23.66, 2); 6) 23.66, 3); 7) 23.66, 4); 8) 23.66, 5).
MoxKHO s U3 COOCTBEHHBIX BEKTOPOB MPeOOpa30BaHNSA COCTABUTH
basuc?

24.22. 1) Haiitu coGcTBeHHBIE 3HAUEHNST U COOCTBEHHBIE BEK-
TOPBI JIMHEIHOTO TPeoOpa30BaHUsS ¢, 3aJAHHOTO MATPUIIEH



§ 24. Cobcmeennvie 8exmopv, U cO6CMEEHHBIE 3HAYEHUSA 219

A= (a1, ..., an)" (b1, ..., bn) #£O.

2) Haiitn He06XOIMMOE ¥ JOCTATOYHOE YCJIOBUE THATOHAJN3HA-
pyeMocTr peodpa3oBaHusd (.

3) BeISICHUTD, qMArOHAJIM3WPYEMBI JIM MPeOoOpa30BaHUs, 3a-
JaHHBIC MaTpunaMu: a) Asis; 6) Agao.

24.23. Ilycts k, m, n — HaTypaapHble uncia, 1 < k< m < n.
[TpuBecTn mpumMep JuHEHHOTO MTPEOOPA3OBAHUS N-MEPHOTO JIMHETH-
HOTO TIPOCTPAHCTBA, 711 KOTOPOTO JAHHOE UHUCIO A SABJISIETCA KOP-
HEM XapaKTEPUCTUYECKOTO MHOTOUJIEHA KPATHOCTH M, a OTBEYAa-
foree eMy COOCTBEHHOE TOANMPOCTPAHCTBO MMEET PAa3MEpPHOCTH K.

24.24. Ilycts nuHeiiHoe Tpeobpa30BaHUE Y TPEXMEPHOTO KOM-
TJIEKCHOTO JIMHEHHOTO TMPOCTPAHCTBA B HEKOTOPOM 0a3mce mMMeeT
BEIECTBEHHYI0 MATPUILy W 10 KpaifHell Mepe OJTHO XapaKTEePUCTH-
9eCKOEe UUCJIO 9TON MATPHUIIBI HE sIBJISIETCS BeIeCTBeHHbIM. JloKa-
3aTh, UTO ( AUATOHAJIUIUPYEMO.

24.25. Ilycts £ — coOGCTBEHHBIN BEKTOP JUHEIHOTO mpeobpa-
30BaHUs (0, OTBEYAIONNIT COOCTBEHHOMY 3HAUYEHUIO A, a p (t) — MHO-
rousieH. JlokazaTh, UTO BEKTOD T SBJISIETCS COOCTBEHHBIM JIJIsI TIPe-
obpazoBarus p (@) ¥ NIPUHAIIIEKUT COBCTBEHHOMY 3HAUEHUIO P ().

24.26. Ilycts Ay, ,..., Ay — XapaKTEPUCTUIECKUE UNCIA JIU-
HEHHOTO MPeobPa30BAHUS ¢ B N-MEPHOM JIMHEHHOM IPOCTPAHCTBE.
HeMy paBHBI XapaKTePUCTUUECKHE UNCIa (C yIeTOM KpaTHOCTEN )
peoObpa30BaHUS:

1) (p) ¢*  2)(p) ™ (M — maTypambHOe uMCIO);

3) ¢~ ! (mpu ycnoBum, uTo p 06paTIMO);

4) p(y), tae p(t) — NPOU3BOIBHBIN MHOrOUWIEH (IIPY yCJIOBHH,
9TO A1, ..., A\p PABJIUIHBI)?

24.27. IlycTb XapaKTepUCTHIECKIE MHOTOUJIEHBI KBAIPATHBIX
MaTpul, A 1 B WMEIOT MPOCTbIE KOPHUA A1, ..., Am T [b1, ---, fin
cooTBeTcTBeHHO. HaiiTn XapaKTepucTuieckne 4uciaa KPOHEKEPOB-
ckoro npoussegenns A ® B marpun A, B. (Cwm. BBenenue k § 15.)

24.28. IlycTs snuHeitHOE TIpeobpa3oBaHUeE (p JIMHEHHOTO MPO-
crparcTBa L AuaroHajumsupyemo. Jloka3aTh yTBEPKICHUS:

1) Imp ectp nmHeitHass 06OIOYKA MHOXKECTBA BCEX COOCTBEH-
HBIX BEKTOPOB, OTBEYAIOIINX HEHYJIEBhIM COOCTBEHHBIM 3HAYUEHUSIM;

2) L=ImpdKerp.

24.29. [lpuecTu npuMep JUHEHHOTO MPeOOPA3OBAHUS (Y TPO-
crpascTBa Ry, M7t KOTOporo R, # Imp + Ker .

24.30. JluneitHoe Mpeobpa30BaHME BEIECTBEHHOTO N-MEPHOTO
JIMHETHOTO TPOCTPAHCTBA 3a/JaHO cBoeil Marpureit. Bouraucantsb
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CO6CTBeHHbIe 3HAYEHUd W HaNT! MaKCI/IMaﬂbHyIO JINHENHO He3a-
BHUCUMYIO CHCTEMY COOCTBEHHBIX BEKTOPOB TNpeoOpasoBaHuga. Fc-
JIN Haﬁ,ﬂ}eHHaﬂ CHUCTEeMa BEKTOPOB O6pa3yeT 6331/10, 3alliCaTh B HEM
ManHHy Hpeo6pa3OBaHI/IH N BBIIACHUTH PeOMeTpI/ItIeCKI/II?'I CMBICJI
peodpa30BAHUS:

n=2:

1) Age;  2) Ay 3) Aze;  4) Aar; 5) Aus;

6) A1z;  7) A2;  8) As; 9) Aze;  10) Ayg;

n=3:

11) Age1;  12) Aogz;  13) Aago;  14) Aogr;  15) Aogo;
16) Aggsz;  17) Aggs;  18) Aggs;  19) Aggr;  20) Agers
21) Aogs;  22) Asgr;  23) Aggs;  24) Agrz; 25) Asgss;
26) Agz0;  27) Aagzr;  28) Azgg;  29) Aoggr;  30) Agss;
n=4:

31) Aarr; 32) Aarg; 33) Auago; 34) Augi; 35) Ausy;
36) Agq9;  37) Assz;  38) Assa;  39) Asgs;  40) Aseo.

24.31. Jluneitnoe mpeobpa3oBaHME KOMILIEKCHOTO 7-MEPHOTO
JIMHEHOTO TPOCTPAHCTBA 3aJaHO cBoelt Marpureit. Haittu 6asuc
13 COOCTBEHHBIX BEKTOPOB M 3aIlUCATh MATPUILY TPeoOpa30OBAHUS
B 9TOM Oasmce:

n=2:

1) Ago;  2) Aso;  3) Ago;  4) Arg (e =e€*™/3);

5) Aga;  6) Arr;  T) As (e =e¥3);  8) Agp;

n=3:

9) Agzg;  10) Agea;  11) Ages;  12) Asoo;  13) Asons

14) Aseo;  15) Azes  (w=e>/3);  16) Agr;  17) Agrr;

n=4:

18) Aaz2;  19) Asar;  20) Auge;  21) Aara.

24.32. Haittu cobCTBEHHBIE 3HAYEHUS W MAKCUMAJBHYIO JIW-
HEHO HE3aBUCHUMYIO CHUCTEMY COOCTBEHHBIX BEKTODPOB JIMHEHHOTO
npeobpa3oBaHus, 3aJaHHOr0 cBoell MaTpurei. OObICHUTD, ToYe-
My Tpeobpa3oBaHUe He JUArOHAJU3UPYEMO:

1) As1;  2) Asz; 3) Aoge;  4) Aszos;  5) Aag;

6) Agse;  7) Assr;  8) Aast; 9) Asas.

24.33. Haittu xapakTepuCcTHIeCKNe YUCIa JIMHEHHOTO TPeod-
pa3oBaHus, 33JaHHOTO CBoell Marpurieil. BoiscHUTh, quaroHamn3u-
pyeMo Jii peobpa3oBaHue: a) B BEIIECTBEHHOM MPOCTPAHCTBE, 6)
B KOMIIJIEKCHOM TpocTpaHcTBe. Ecam ma, To Halitu 6a3uc us cob-
CTBEHHBIX BEKTOPOB U 3aIlUCATH B HEM MATPHUILY TPE0OPA30BAHUS; B
TMPOTUBHOM CJIyYae yKa3aTh, KAKOe U3 HEOOXOAMMBIX YCJIOBUI aua-
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FOHaJ[I/ISyeMOCTI/I H€ BBIIIOJIHEHO:
1) Ags;  2) A7r; 3) Aagsg; 4) Ay 5) Aass;
6) Agg;  7) Aaze;  8) Auzo;  9) Aarg;  10) Agra.

24.34. Pemuth 3371321y Ha COOCTBEHHBbIE 3HAUEHNS 1 COOCTBEH-
Hble BEKTOPHI U yKa3aTh AMATOHAJBHBIN BUJI MATPHUIILI JTHHEHHOTO
peobpas30BaHus, 33IaHHOTO B CTAHIAPTHOM bOasuce:

BEIIIECTBEHHOTO N-MEPHOTO apuPMETUIECKOTO MTPOCTPAHCTBA!

1) Asos;  2) Ae21 (n=2m);  3) As2s;  4) Ae2r;

5) Aeao;  6) Aezo;  7) Aesa;  8) Ae;

9) Ao M =...=An=1LAp1=...= 0y =2; m=[(n+
+1)/2]);

10) A606()\1:...:>\m:1, A1 =...= A, =0; m= [(n+
+1)/2]);

KOMILJIEKCHOTO 71-MEPHOT0 apH(MeTHIECKOr0 IIPOCTPAHCTBA!

1]‘) A605 ()\1:~~~:>\m:1, )\m+1:,,,:)\n:—1;
m = [(n+1)/2]);

12) Ae14;  13) Asss.

24.35. Haittu xapaKTepuCTUYIeCKNEe UUCIa MATPHUIIBI:
1) Aago;  2) Aagr;  3) Aag2;  4) Asao;  5) Asso;
6) Aess;  7) Agas;  8) Aeaz;  9) Agas (n—meuerHo).

24.36. Boruncianth:
- k " mk
1) 2t 2 ;
n—1 - -

3) Y e rmee=e2/n p=2m+1;

4) H (¥ —€l), rme e =™/, n=2m+1.
0<j<k<n—1

24.37. 1) Oxna u3 marpun Asgy, Aogg nomobua Marpure D =
= diag(1, 1, —1). Kakas umenuo? OTser 060CHOBATH, HE HAXOJIS
COOCTBEHHBIX BEKTOPOB M XapaKTEPUCTUIECKUX TUCEI.

2) Marpuna D =diag(1l, 1, 0) momobHa omHON W3 MaTpUIL
Assg, Azgq. BBIACHUTD, KaKol MMEHHO, HE HaxXO/Asd COOCTBEHHBIX
3HAUEHWH 1 COOCTBEHHBIX BEKTOPOB.

3) U3 nByx matpun Asgs, Asps omHa momobHa marpune Dy =
= diag(1, —1, 0), a gpyras — marpune Dy = diag(1, 1, 0). Beisc-
HUTb, KaKasg MMEHHO, 0e3 BBIUUCACHUs COOCTBEHHBIX 3HAUEHWIA U
COOCTBEHHBIX BEKTOPOB.

24.38. 1) Marpuna Aggs nomobHa omsoit w3 marpur; —E,
J3(—1), diag(—1, Ja(—1)). Kakoit nmenHo?
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2) Opnna u3 marpun Ags7, Agss, Aags nomobra marpuie Jy(0).
Kakast umenno?

Samaun 24.39-24.41 pemnTh Kak 3aJ1a49n Ha COOCTBEHHBIE
BEKTOPHI U COOCTBEHHBIE 3HAYEHUS

24.39. Tpeyronbauku ABC u A’ B'C' nono6us! (¢ koadbdunn-
eaToM noobus A). Ecau muasr ctopon Tpeyronpanka ABC pas-
HBI @, b, ¢, TO COOTBETCTBYIONIHE CTOPOHBI TpeyroibHuka A'B'C’
uMmeroT AuHbl 3a+b+c¢, a+3b+c¢, a4+ b+ 3c. Hokazars, uro
TPeyroNbHUKY TpaBUIbHBIE, 1 HAHTH .

24.40. CymMa pa3IMdHbIX HATYPAJBHBIX YUCET N1, N2, N3, N4
pasua 18. Ilocsme Toro Kak WX YBEJUYUIN B OJUHAKOBOE UHC-
JIO A pa3, MONyYMJIUCh TUCTIa 1] + N2 + N3 + ng, N1 +No —n3 — Ny,
ny —ng +ng—ng, ni—2n9 —ng+ 3ng. Haiitu nq, ne, ng, ng, A.

24.41. TlocnenoBarenprocTh  {Tn} 3a7aHA DPEKYPPEHTHON

dopMymoit: Ty = 3%n + 3%n-1 (n=1,2,...);2z0=a, z1=">.
JloKazaTh, 9TO MOCIE0BATEBHOCTD CXONTCS, U HAWTHU €e TIPeIel.

24.42. Haiitu coOcTBeHHBIE 3HAYEHUST U COOCTBEHHBIE BEKTO-
per (cobcrBennble dyHKnM) auddepeHnupoBanus D Kak JuHeH-
HOTO TIPeoOpa30BaHUs KaXKJIOT0 W3 CJAEIYIOMINX JIMHEHHBIX
IPOCTPAHCTB BEIECTBEHHBIX (DYHKIMI (n — (UKCUpOBaHHOE Ha-
TYpAJIbHOE IHCIIO):

1) mpOCTPAHCTBO BCEX MHOTOYJIEHOB CTEIEHU HE BBIIIE 7;

2) IPOCTPAHCTBO BCEX TPUTOHOMETPUIECKUX MHOTOUJIEHOB BU-
na f(t) =ag+aicost+bysint+ ...+ a, cosnt + b, sinnt;

3) nuHeiiHas 00OJOUKA CHCTEMBI (DyHKIHI e)‘lt, o, €
Al, -..y, Ap — TIOTIAPHO PA3JIUYIHBIE YUCIIA.

4) mpocrpancTBo Beex bynKmmit Buma e lp (), rae p (t) — mo-
601t MHOTOUJICH CTEIIeHN He BbIIIE N, A9 — (PUKCUPOBAHHOE HUUCJIO
(Ao # 0).

24.43. Haiitu coOCTBeHHBIE 3HAYEHUST U COOCTBEHHBIE BEKTO-
phI mpeobpaszoBarnst D? B mpocTpascTBax GyHKIMI 3amaum 24.42.

Ant pre

24.44. Tlposeputsb, uto dyuxnun suga y = e'p(t), rae p(t) —
MHOTOUJIEH He BBIIIIE BTOPOI CTemneHu, 0Opa3yoT JMHEHHOe Mpo-
cTtpaHcTBO L. YOeauThest B TOM, UTO ¢ — JIMHENHHOE Tpeobpaso-
BaHME TMPOCTPAHCTBA L, U PEIINTH A (0 33739y Ha COOCTBEHHBIE
3HAYEHUs W COOCTBEHHBIE BEKTOPHIL:

1) oy)=y" -2y +y, r.e. o=D>—-2D+y;

2) p=D3-2D?%  3) p=D3-3D?+3D+..
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24.45. Tposeputs, uto dbyHKIMu BUa y = e ¢ (acost + bsint)
00pa3yroT JuHeitHOe MpocTpancTBO M 1 4To TTpeobpasoBaHue p =
=p(D), toe p(t) — mausbii muHOrOwIeH, D — muddepennupo-
BaHUe, SABJISETCS JIMHEHHBIM MTpeobpa3oBaHueM IpocTpaHcTsa M.
Pertuts ast ¢ 3amavuy Ha cOOCTBEHHBIE 3HAUEHUS U COOCTBEHHBIE
BEKTOPBI, €CJIN:

p(t)=(t+1)% 2)p(t)=t>—1.

24.46. B smnueitnoit obosouke dbyHkumit cos2t, sin2t, tcos2t,
tsin2t 3amaHo JmHelHOe TpeobpasoBanue ¢ =p (D), rue p(t) —
muOrouteH, D — nuddepentupoBannue. Pemurh miist ¢ 3amady Ha
cOOCTBEHHBIE 3HAUEHUsT U COOCTBEHHBIE BEKTOPHI, €CJIH:

Dpt)=t2+4;, 2)p(t) =t*+8t%

24.47. Haittu coOCTBEHHBbIE 3HAYEHUS W COOCTBEHHBIE BEKTO-
PBl JIMHEHHOTO MPeoOPA30BAHUS (¢ TPOCTPAHCTBA BEIIECTBEHHBIX
MHOTOWIEHOB p (t) He BBIIIE BTOPOii CTENEHN, CCIIN:

1) o(p)=tp"s  2) v(p)=(tp)";

3) ¢ (p) =t*p" —tp' +2p.

24.48. Haiitu coOCTBEHHBbIE 3HAYEHUS W COOCTBEHHBIE BEKTO-
pbI TpeobpazoBanus UM @EPEHITNTPOBAHNS B TPOCTPAHCTBE (PYHK-
1nit, 6eckoHeYHO AU PEPEHITUPYEMBIX HA BCEH YMCIOBON TPSIMOIi.

24.49. Tlycts £ — wmHOXKecTBO dyHKIMA Yy (t), GecKOHEIHO
muddepenmupyemprx Ha orpeske [0, 7] u Takmx, uro y(0)=
=y(m)=0.

1) IIpoBeputh, uro L — JMHEHHOE IPOCTPAHCTBO.

2) Haiitu cobcTBeHHbIE BEKTOPHI 1 COOCTBEHHbIE 3HAYUCHMUST JIH-
HEWHOTO TTPeobpPa30BAHUS ¢ MPOCTPAHCTBA L, 33/IAHHOTO (POPMY-
moit ¢ (y) =y".

24.50. IIycte A, B — KBajpaTHble MaTPHUIBI, U MATPHUIA

Ac|”
O B| /WaroHammsupyema. Jokazats, uro marpurel A, B aua-

roHanu3upyeMbl. [lokazaTh Ha mpuMepe, ITO 0OPATHOE YTBEPXK Ie-
HUE HEBEPHO.

24.51. 3adukcupyem BeleCTBEHHBI MHOTOUJIEH po(t) crerme-
Hn m  (m > 1). JIo6oit muOrouneH p(t) MOXKHO pa3NeJuTh Ha
po(t) ¢ ocTaTKOM, T. €. ONHO3HAYHO IPEJCTABUTH B BUIE

p(t) = q(t)po(t) +r(t) (4)
(cTenens octaTka 7 (t) MenbIne crenenn po(t)). [Ipeobpasosanne ¢
IPOCTPAHCTBA P BCEX BEIIECTBEHHBIX MHOTOYJIEHOB OIPEIeIINM
dbopmyuoit ¢ (p(t)) =7 (t)-
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1) IMokasaTh, uTO TTPe0bpa3OBaHue (K JMHEHHO U Y2 = (.

2) Haiitn cobGcTBeHHbIE 3HAYEeHWs] W COOCTBEHHBIE BEKTODBI
Ipeo0Pa30BaHUS (.

3) Hoxkaszarh, uto dopmyna (4) maer pasiorkeHHe MPOCTPAH-
cTBa P B IPAMYIO CyMMY COOCTBEHHBIX ITOIIPOCTPAHCTB.

24.52. Ilycth ¢ — omepanus B3ATHUA OCTATKA OT JEJIEHWA Ha
MHOrO4sIeH po(t) (cM. 3amady 24.51) B IpOCTPAHCTBE MHOTOYWICHOB
crerenu He Bhite 3. Haittu 6asuc n3 coOCTBEHHBIX BEKTOPOB U
3aMMCaTh MATPHUIYY TPeoOpPa30BaHUA (p B 9TOM 0a3uce, eCIu:

Dpo(t)=t;  2) po(t)=t>+1;  3) po(t) = (¢t —1)°.

24.53. B npocrpancTBe Ry xp KBAAPATHBIX MATPUI] MOPSI-
Ka 1 PaCCMaTPHUBAETCS OIepalist TpaHcrornposanms 7: A — AT,
IIpoBepuTh, uTO T — JMHeiiHOE HpeobpasoBanue u 72 = 1. Haii-
T COOCTBEHHBIE 3HAUEHUS U COOCTBEHHBIE BEKTOPHI TPEOOPA30Ba-
Hust 7. PasmoxkuTh mpocTpaHCTBO Ruxp B MPIMYIO CYMMY COD-
CTBEHHBIX TIOAIIPOCTPAHCTB MPeoOpPa30BAHUS T.

24.54. MHOXKeCTBO KOMILIEKCHBIX MATPHUIL TOPSAKA 7T Pac-
CMAaTPUBAETCS KaK BEIECTBEHHOE JIMHEIHOE TTPOCTPAHCTBO M pas-
MepHOCTH 2n2.

1) IposepuTs, uto omeparusa n: A — A7 = ar IPMUTOBA, CO-
TIPSIYKEHUsT MATPUIILI SIBJISETCS BEIECTBEHHBIM JIMHEHHBIM TPe0d-
Pa30BaHUEM TIPOCTPAHCTBA M, mpudenM 7 = &.

2) Haiitn cobGcTBeHHBIe 3HAYEHWs] W COOCTBEHHBIE BEKTODHI
peobpa3oBaHUs 7).

3) Ilokasark, uTo mpeobpa3oBaHUe 1) HE SABJISAETCS JINHEHHBIM
peobpa30BAHNEM KOMILIEKCHOTO MPOCTPAHCTBA Cpxi-

24.55. Ilyctb A — wmarpuna BToporo mopsimka. Dopmyma
¢ (X) = AX onpenenser snHeiHOe TPeobpa30BaHIE IPOCTPAHCTBA
MAaTpHUI; BTOporo mopsiaka (3amada 23.47). Haiitu cobGcrBeHHBIE
3HAYEHUST U MAKCUMAJBHYIO JIMHEHHO HE3ABUCUMYIO CUCTEMY COO-
CTBEHHBIX BEKTOPOB NpeobpasoBanusa . B ciaydae, Korma 3Ta cu-
cTeMa sBjIsieTcst 6a31COM, 3aMuCaTh B HEM MaTPUILy Tpeobpa3oBa-
HUA (p:

1) A=Ag;  2) A= Agy;

3) A= Asp (B mpocTpaHCTBE KOMIIJIEKCHBIX MATPHII).

24.56. Pemuth 3amady Ha COOCTBEHHBIE 3HAUEHUA 1 COOCTBEH-
Hble BEKTOPBI sl mpeobpasoBanus ¢ (X)= X B mpocTpaHcTBa
MaTPHUIT BTOPOTO TIOPSIJIKA, €CJIH:

1) B=A3s; 2) B = As; (IPOCTPAHCTBO BEIECTBEHHOE);

3) B = A45 (IpOCTPAHCTBO KOMIIJIEKCHOE).
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24.57. IlpeobpazoBanue MPOCTPAHCTBA MATPHUIl BTOPOTO IIO-
psiaka onpegenero dopmyroit ¢ (X)=AX — XA, rne A — duk-
CUPOBAHHAST MATPHUIIA.

1) Tlokaszarh, 4TO mpeobpasoBaHue ( JUHEHHO, U HANTH €ro
MaTPHUILy B CTAHIAPTHOM Oaswmce.

2) Pemmnth 1y1s1 peoOpasoBaHus ¢ 3a1ady Ha COOCTBEHHBIE
3HAUEHUS U COOCTBEHHBIE BEKTOPBI, €CJIH:

a) A= Aqos;

6) A= Aj (IpOCTPAHCTBO BEIECTBEHHOE);

B) A= Agy (IPOCTPAHCTBO KOMILIEKCHOE).

24.58. Ilycth A — HEBBIPOXKIEHHAS MATPUIIA BTOPOTO MOPSII-
ka. ITokazare, uro dopmyna ¢ (X) = A1 X A onpenensier numHeii-
HOe TIpeobpa30BaHne MPOCTPAHCTBA MATPHUI] BTOPOTO MOpsijiKa. Pe-
HIINTH JJTst TPeoOPa30BaHUS (p 33729y HA COOCTBEHHBbIE 3HAYUEHUS 1
COOCTBEHHBIE BEKTOPbI, €CJIH:

1) A=A22; 2) A=A13.

24.59. Haiitu cobcTBeHHBIE BEKTOPHI U COOCTBEHHBIE 3HAUE-
HUsT TIpeobpa30BaHUsA CABUTa, B MPOCTPAHCTBE MHOTOYJIEHOB OT
JIBYX TIEPEMEHHBIX, OIIPEJIeJIEHHOr0 B 3aade 23.50, ecom:

1)a=1, b=0; 2)a=1, b=-2.

24.60. Pemutsh 33189y 0 COOCTBEHHBIX 3HAYEHUIX 1 COOCTBEH-
HBIX BEKTOPAX /s JIMHENHBIX MPeoOpa30BaHMil MPOCTPAHCTBA OJI-
HOPOJHBIX MHOTOYJIEHOB CTEIIEHU 1 OT BYX IIEPEMEHHBIX, OIpee-
JIEHHBIX B 33ja4e 23.51.

24.61. Ilyctb A — wmarpuma BTOpOro mopsiaka, (z*, y*) =

= (z, y) A. IIpeoGpaszoBanue ¢ MPOCTPAHCTBA MHOIOYICHOB p( Y
CTeIIeHN He Bl 1 onpegennm dopmynoit ¢ (p(z, y)) = p(x*, y*).
[Tokazarb, uTo ¢ — JsmMHeitHOE TpeobpasoBanme. Haiitu ero co6—
CTBEHHBIE BEKTOPHI U COOCTBEHHBIE 3HAUEHUsI, €CJIN N = 2 U

vA=lgo 2= |
00 10| 0 -1

24.62. Ilycrs K(z, y) = go(y) +z01(y) +2°02(y), T 90(¥),
91(y), g2 (y) — mempepsbiBHble yHKIMN Ha orpeske [—1, 1]. Ilo-
Ka3aTh, IYTO IpeoOpa3oBaHme go, onpeaensgemoe (hopMynoit

/K (z, y)p(y)dy, (5)

SIBJISIETCST JTMHEHHBIM Hpeo6pa30BaHI/IeM MIPOCTPAHCTBA MHOTOUJIE-
HOB p(z) crenenn He Bbime 2. Haiitu cobCTBeHHBIE 3HAUEHUS U
cOOCTBEHHBIE BEKTOPHI TPEOOPA3OBAHUS (0, €CIIHU:
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1) K(z, y) = 32y +5zy%;
2) K(z,y) =y* +2z(y — 1)+ (1 - 3y*) 2>
24.63. Ilokazatb, uTo gopmyna

o (f () = / K (z, ) f (v) dy
0

ompeeisieT JIMHEHOE TTPeobpa30BaHue ¢ IPOCTPAHCTBA TPUIOHO-
METPHYECKUX MHOTOYJIEHOB BHJIA:

1) acosz + bsinz, ecm K (z, y) = sin(z + y);

2) a+bcos2z +csin2z, ecm K (z, y) = cos?(x —y). Haitru
coOCTBEHHbIE 3HAYEHNUS 1 COOCTBEHHBIE BEKTOPHI TPE0OPA30BAHNUS (0.

24.64. Haiitu cobcTBeHHbBIC JBHAYEHNUST 1 COOCTBEHHBIE BEKTO-

pbl omeparopa Jlammaca A = 922 + 5,2 B TIPOCTPAHCTBE MHOTO-
€T Y

4JIeHOB P (T, Y) ¢ BEIeCTBeHHBIMU KO3(hDPUIMeHTaMY.

24.65. Ilycts ¢, ¢ — momobHbIEe TPeoOpa3oBaHNs JTMHENHOTO
npocrparcTBa L (cMm. dopmyay (5) BBemenns x § 23). JJokazats,
9TO:

1) xapaKTepuCTHIECKIe MHOTOUJIEHBI TIPeoOpa30OBaHUil © U 1P
COBITQIAIOT;

2) eciu £ — COOCTBEHHBI BEKTOP MPeoOPa30BaHUA , TO
w™H(x) — cobcTBeHHBI BEKTOD MPEOOpa3OBaHUs ), OTBEUAIONIHIT
TOMY Ke COOCTBEHHOMY 3HAUEHUIO;

3) eciim B L cymecTByer 6a3uc, B KOTOPOM MaTpPUIa Mpeod-
pa3oBaHUs @ AUArOHAJBbHA (TPEyrobHA), TO AHAJOTUIHBIH Ga3mC
CYIIECTBYET U s 1.

4) Ilokasarh Ha TpPUMEpPE, YTO COBNAICHNE XapPaKTEPUCTHYIE-
CKUX MHOTOYJIEHOB JABYX JNHEHHBIX MPeOOPA30BAHUN He BieUeT
moAo0us 3TUX TPeodPA3OBAHMIA.

uBapuaHTHBIE HOAIPOCTPAHCTBA.
IlepectanoBouHbIe IpeobpasoBanus (24.66—24.112)

24.66. Jokazath, uTo 1) siApo M 2) MHOXKECTBO 3HAYCHUIH
JITHETHOTO NPeoOPa30BaHUA ABIAIOTCS MHBAPHAHTHBIME IIOJIIPO-
CTPAHCTBAMU.

24.67. /loka3aTb, 94TO COOCTBEHHOE TOJIIPOCTPAHCTBO JIMHEH-
HOT'O Mpeo0pa30BaHUsT NHBAPUAHTHO.

24.68. IlycTb ¢ — nmuHelHOEe TPeobpa3oBaHKe JIMHEHHOTO TPO-
crpancTBa L, M — moAnpocTpaHCcTBO B L, MHBAPUAHTHOE OTHOCHU-
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TesIbHO o, U p(t) — MHOrowreH. /lokasaTh, 9TO JAHHOE IMOAIPO-
CTPAHCTBO B L MHBAPUAHTHO OTHOCUTEJILHO (p:

1) o(M);  2) o1 (M) (ecim ¢ obpaTmmo);

3) (M) (m=1);  4) Kerp(p);  5) p(p)(M).

24.69. Jokazarb, uto 1) cymma aByx (1 BooOIe JH060r0 Ko-
HEYHOIO MHOXKECTBA) M 2) mepecedeHne AByX (nm Boobre JirobOro
MHOXKECTBA) WHBAPUAHTHBIX MOJAMPOCTPAHCTB JIMHEHHOTO TIpeobpa-
30BaHUs — WHBAPUAHTHBIE MOIIIPOCTPAHCTBA.

24.70. Ilycts ¢ — nmuHeltHOE TPeobpa3oBaHUe JIMHEHHOTO TPO-
crparcTBa. JokasaTh, 9To J1I060€ TIOAIPOCTPAHCTBO, COMEPHKAIIEE
Im ¢, nuBapuanTHO.

24.71. Jloka3zaTb, YTO eCjau JUHeHHOe mpeobpa3oBaHUe ¢
HEBBIPOXKICHO, TO ¢ U ¢~ ' MMEIOT OHU U Te YKe MHBAPHAHTHbIC
TTO/IIPOCTPAHCTBA.

24.72. Kakoii Bug mMeeT MaTpHUIla JHHEHHOro mpeobpasoBa-
HUS N-MEPHOTO JIMHEHHOTO TPOCTPAHCTBA, ecau 0a31c MHBAPUAHT-
HOT'O HOAIIPOCTPAHCTBA 00PA30BaH:

1) mepBbiMu k Ga3sHCHBIME BEKTOPAMI;

2) mocnenHuMHU N — k GA3UCHBIMU BEKTOPAMU?

24.73. 1) Ilycrp smHeitHOE TPOCTPAHCTBO SIBJISIETCS MPSIMOI
CyMMOIi IBYX WHBAPUAHTHBIX MMOAIPOCTPAHCTB JIMHEHHOTO MPeod-
pazoBanusa. JlokaszaTh, UTO TOTJa B HEKOTOPOM 0a3uce MaTpHUIA

A O
peobpa3OBAHIA TMEET BI/IJJ;‘ o B‘
pUIIBL.

2) CdopmynmuposaTh 1 J0Ka3aTh OOPATHOE YTBEPIKIEHMNE.

, e A, B — KBaJipaTHbIE MaT-

24.74. JlokazaTb, 4TO:

1) XapaKTepUCTHUECKHUii MHOTOUJIEH JIMHEHHOrO npeobpa3oBa-
HUA JeJIUTCA Ha XapPaKTEPUCTUYICCKUN MHOIOYJIEH ero OorpaHude-
HUs HA WHBAPUAHTHOM IIOAIIPOCTPAHCTBE;

2) ecsiu BCe KOPHU XapaKTEPUCTUYECKOTO MHOTOUJICHA JIMHEH-
HOT'O IPe0OPA30BAHMUS (¥ JIMHEHHOTO TPOCTPAHCTBA L MPUHAIIEXKAT
TIOJTIO, HAJT KOTOPBIM ompeseneHo L, TO BCIKOE MOAIPOCTPAHCTBO
B L, MHBAPUAHTHOE OTHOCUTEJBHO (0, COIEPIKUT COOCTBEHHBIN BEK-
TOP ITOTO NTPe0OPA3OBAHNS;

3) eciu JMHENHOE TPOCTPAHCTBO SABJSETCSA MPSAMON CyMMOi
MHBAPUAHTHBIX MOITPOCTPAHCTB JIMHEHHOTO TIPe0OPa30BAHUA 0, TO
XapaKTEePUCTAYECCKAN MHOT'OYJICH (¢ PaBEH NPOU3BEJICHUIO XapakK-
TEPUCTUYCCKUX MHOT'OYJICHOB OIPAHUYCHUN (p Ha 3TUX NHBAPUAHT-
HBIX ITOJIIPOCTPAHCTBAX.
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24.75. Haittu BCe MOAIPOCTPAHCTBA, NWHBAPUAHTHBIE OTHOCH-
TEJIBbHO TOMOTETUN JINHEMHOTO MPOCTPAHCTBA.

24.76. Haittu nmognpocTpaHCcTBa, NHBAPUAHTHBIE OTHOCUTE b~
HO TIOBOPOTA TIJIOCKOCTH BOKPYT HaYa a KOOPAMHAT HA YIOJ (.

24.77. Haiitu moampoCcTpaHCTBa TPEXMEPHOTO T'eOMEeTPUYIec-
KOT'0 BEKTOPHOT'O ITPOCTPAHCTBA, MHBAPUAHTHBIE OTHOCUTEIHHO IT0-
BOpOTA Ha YroJl @ BOKPYT mpsiMoii x = ta (a # 0).

24.78. IlycTsb nuneitHoe Tpeobpa30BaHuE N-MEPHOTO JIMHEHHO-
TO MPOCTPAHCTBA UMEET 7 TIOMAPHO PA3IUIHBIX COOCTBEHHBIX 3HA-
qgenwit. HaltTu Bce MHBApUAHTHBIE TTOAITPOCTPAHCTBA U TIOACIYUTATD
UX KOJIMIECTBO.

24.79. Ilyctb ¢ — nuaroHanu3upyeMoe JIMHeHHOe mpeodbpaso-
BaHIe N-MEPHOTO JIMHENHOro mpocTpancTsa L. Haiitu Bce mommpo-
cTpaHCcTBa B L, MHBAPUAHTHBIE OTHOCUTEIBHO TTPEOOpa30BaHUs .

24.80. IlycTs B 6a3uce ey, ..., €, JUHEHHOTO TPOCTPAHCTBA L
JInHENHOE TPeoOPA30BAHNE ( IMEET MATPHILY:
1) J2(A) (n=2);  2) J3(A) (n=3); 3) Ju(A).

Haiitu Bce OOAIIPOCTPaHCTBaA B L, MHBapUaHTHBIE OTHOCUTEIILHO .

24.81. Ilycte L= L1 @ L,. Haiitn wHBapuaHTHBIE TOAIPO-
CTPAHCTBa JTAHHOTO JIMHEHHOTO Tpeodpa30BaHMs TPOCTPAHCTBA L:

1) mpoektupoBanus Ha L1 mapasieabao Lo;

2) orpaxkenus B L1 mapasienbHo L.

24.82. 1) [Tokazarb, uTo Mpeobpa3oBaHue © MPOEKTUPOBAHMUS
JIMHEHHOTO TIPOCTPAHCTBA, 00T CBOHCTBOM: 02 = (.

2) Jloka3zaTh, 4TO HEHYJIEBOE JINHEHHOE Peodpa3oBaHue ¢ # L,
71T KOTOPOTO (92 = (p, €CTh MPOEKTUPOBAHME Ha M ¢ TapaJiIe bHo

Ker .

24.83. 1) [Tokasarb, uTo mpeobpa3oBaHue ¢ OTPAXKEHUS JIN-

HEWHOTO TPOCTPAHCTBA B MOAIPOCTPAHCTBE 00J1aTaeT CBOHCTBOM
2

e =1

2) Jlokasark, 4To JMHEHOe Mpeobpa3oBaHue ¢, OTINIHOE OT
41, 11T KOTOPOTO (2 =1, ecTh OTpaskeHNe IPOCTPAHCTBA, B TOJ-
MIPOCTPAHCTBE HETOJBMKHBIX BEKTOPOB TTapaJIebHO HEKOTOPOMY

JIOTIOJIHUTEJIBHOMY IOJAIIPOCTPAHCTBY.

24.84. [lyctb ¢ — JsuHeiiHOoe mTpeobpa3oBaHMe ITPOCTPAH-
crBa L. Jlokazarh, 9TO TPHU JIIOOOM (v KaxKJ0€ TOIIPOCTPAHCTBO,
conepkaree Im(y + @), MHBAPUAHTHO OTHOCUTEJIBHO (0.
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24.85. Jloka3aThb yTBEPKICHUI:

1) Ecim smueiiHoe mpeobpa3oBaHHe n-MEPHOrO JIMHEHHOro
MTPOCTPAHCTBA UMeET COOCTBEHHBIH BEKTOP, TO JIJIsT HETO CYIIECTBY-
er u (n — 1)-MepHOe MHBAPHAHTHOE HOJIPOCTPAHCTBO.

2) Ilycts A — MaTpuna JuHEHHOrO Mpeobpa3oBaHus ¢ B HEKO-
TopoMm 6a3uce e, A — cOOCTBEHHOE 3HAUEHNE U CTPOKA a OpeeseHa
ypasaeruneM a (A — AE) = o. Torga ypasuenne a{ =0 B Gasuce e
onpezensier (n — 1)-MepHOE MOAIPOCTPAHCTBO, WHBAPUAHTHOE OT-
HOCHTEBHO TTpeobpazoBanus ¢. CupaBeaInBo Ju 00PATHOE YTBEP-
KAeHne?

3) Besikoe k-mMepHOe MHBapHMAHTHOE MOIIPOCTPAHCTBO JIMHEH-
HOTO TIpeoOpPa30BAHUs KOMILIEKCHOTO IIPOCTPAHCTBA COAEPIKUT
(k — 1)-MepHOe MHBapHAHTHOE HOJIIPOCTPAHCTBO.

24.86. JluneitHoe mpeobpa3oBaHUe (¢ APUOMETUIECKOTO TPO-
cTpaHcTBa R, B cTaHmapTHOM ba3swuce eq, ..., €, 33J]aHO MaTpHU-
meit A. Haiitu mogmpocTpaHcTBa, MHBAPUAHTHBIE OTHOCUTENBHO (),
ecu:

1) A=Azs; 2) A=As1;  3) A= Azes; 4) A= Aggr;

5) A= A604; 6) A= A621 (n = 2m); 7) A= A625.

24.87. Haiitu (n — 1)-MepHble moAmpocTpaHcTBa B Ry, NHBA-
PUaHTHBIE OTHOCUTEBHO JIMHEHHOIO MPeodpas3s0BaHus, 3a,IaHHOTO
cBoeit MmarTpureit A, ecyu:

1) A=Agq1; 2) A=Azm; 3) A=Agzs; 4) A= Agp;

5) A= Ausr;  6) A=Awur;  7) A=Asg;  8) A= Aso.

24.88. 1) IIyctb A=a+1i8 (B # 0) — xapakTepuctuieckoe
YMCI0 BEIIeCTBeHHOH MaTpuisl A mopsaka n, 1=x+1y — cob-
CTBEHHBII BEKTOD JIMHEHHOTO TIpeobpas3oBanmst TPOCcTpaHcTBa Cy, C
marpuneii A (X,y — BemecTBeHHble BeKTOpHI). JloKasars,
9TO X W'y 00pa3yroT 06a3nuc ABYMEPHOr0 WHBAPWAHTHOIO TIOIIPO-
CTPAHCTBA JIMHEHHOTO TPeobpa30BaHus TPOCTPAHCTBA R, 3a1aH-
HOTO MaTpuieii A.

2) Haiitn 1ByMepHbIe MHBAPUAHTHBIE TOAIPOCTpaHcTBa L 11
JIMHEWHOTO TTPeoOPa30BaHUsT TPOCTPAHCTBA R4, 33JAHHOTO B CTAH-
JapTHOM Oasuce Marpurei Agrq.

24.89. ITyctp ¢ — nmnHeitHOE TpeoOpa3oBaHUe BEIIECTBEHHOTO
JIMHEHHOTO IPOCTPAHCTBA, A, A — Iapa ero KOMIIEKCHO COTPSIZKEH-
HBIX XapakTepucTudeckux umces, p= —(A+ ) nu ¢ = A\. [oka-
3aTh, 9TO KBa3ucoOCTBeHHOE TompocTpancTso Ker(¢? + pp +qu) —
HEHYJIEBOE M WHBAPUAHTHO OTHOCUTEJIHHO (.
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24.90. Haiitu kBa3ncoOCTBEHHBIE TTOAMPOCTPAHCTBA MIpeodbpa-
30BaHUA (0, 33JaHHOTO MaTpurei A:

01 3 Vi
1)A= —10—2 ; 2)A= _12 1 0 ;
220 -21 0 1
0 12 -2
-1 02 2
3) A: _2 _2 0 _1 , 4) A423; 5) A474.
221 0

24.91. /loka3aTb, 9TO KBa3uCOOCTBEHHOE MOITPOCTPAHCTBO HE
COZIEPKUT COOCTBEHHBIX BEKTOPOB, W UEPE3 KAaXKJIbI €ro BEKTOP
ITPOXO/IUT JIByMEPHOE MHBAPUAHTHOE TOAIIPOCTPAHCTBO.

24.92. JlokazaTh, YTO Pa3MEpPHOCTH KBA3MCOOCTBEHHOTO MO
MIPOCTPAHCTBA — YETHOE UUCJIO.

24.93. /loka3aTb, 9TO KBa3MCOOCTBEHHOE MOAMPOCTPAHCTBO
MOXKHO Pa3jIOXKUTh B IPAMYIO CYMMY ABYMEPHBIX MHBAPUAHTHBIX
TIOAIIPOCTPAHCTB.

24.94. /loka3aTb, YTO Pa3MEpPHOCTh KBa3UCOOCTBEHHOT'O TPO-
CTPAHCTBA HE MPEBOCXOIUT yIABOEHHOM KPATHOCTH COOTBETCTBYIO-
IIeT0 XapaKTePUCTUUECKOI'0 YUCTIA.

24.95. JlokazaTh, 9TO B JIBYMEPHOM WHBAPUAHTHOM IIOIITPO-
CTPAHCTBE TPEOOPA3OBAHUS , HE COAEPKAIIEM COOCTBEHHBIX BEK-
TOPOB, MOXKHO BBIOpaTh 0A3UC TaK, YTO MATPUIA OTPDAHUICHUS
a B
24.96. /lokasarb, uTo JI060€ JBYMEPHOE MWHBAPUAHTHOE MO/I-

MIPOCTPAHCTBO, HE COjiepzKaliliee COOCTBEHHBIX BEKTOPOB, JIEXKUT B
HEKOTOPOM KBa3MCOOCTBEHHOM TIOJAIIPOCTPAHCTBE.

OyIeT UMeTh BU/T

24.97. Jloka3aTb, 4TO JIFOOBIE JIBA KBA3UCOOCTBEHHBIE TTOITPO-
CTPAHCTBA UMEIOT HYJIeBOe IlepecedeHue.

24.98. okazaThb, 94T0 COOCTBEHHBIE U KBA3MCOOCTBEHHBIE TIOI-
MIPOCTPAHCTBA JIMHEHHOTO MPe0OPA30BAHNS PACIIONOXKEHBI TaK, YTO
CyMMa UX — TpsiMasi CyMMa.

24.99. na kaxpgoro u3 npeobpasoBanmii 3amaun 24.90 Haii-
TV MATPUILYy TEPEX0/a K TAKOMY 0a3ucy, B KOTOPOM €ro MaTPHILA
— KJIETOYHO JAWArOoHaJbHAsS, M HANTU MaTpUIly Tpeobpa30BaHUS B
sToM Gasuce. (B kaxkmoMm ciaydae HallTH x0T ObI OHO PEIIEHUE. )

24.100. 1) ITycts nuHeitHOE TPEOOPA30OBAHNE ( N-MEPHOTO JIN-
HEHWHOro mpocTpaHcTBa L 06JadaeT IEMOYKONH BJIOKEHHBIX APYT
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B Jpyra MOMAPHO PA3JMYHBIX WHBAPUAHTHBIX ITOAMPOCTPAHCTB:
L1CLyC...CL,=L. HJoxkazars, uTro B L cymmecTByeT 6a3uc, B
KOTOPOM MAaTPHUIA TPeoOpasoBaHus (0 BEPXHAST TPEYTOIbHAS.

2) Ilycrs B Gaswuce e, ..., €, MATPHUIA JHHEHHOTO IPeobpa3o-
BaHUsS (0 TMPOCTpPaHCTBa L BepXHAs TpeyroibHas. /lokazaTh, 9TO
noxnpocrpaictBa Ly = L{e1, ...,ex} (k=1, ..., n) uaBapuanT-
HbI OTHOCHTENbHO @ 1 L C Ly (B=1,...,n—1).

24.101. JluneitHoe mpeobpa3zoBaHue TPOCTPAHCTBA R 3 331aHO
Marpureii A B ctagmapTHoM Oasuce. IIpusectun maTpuity npeobpa-
30BaHUA K TPEYTOJIHHOMY BUJLY, €CIIH:

1) A= Agq1;  2) A= Ag;

3) A=Asgs; 4) A= Ases.

24.102. 1) ITycts L1 C L2 C ... C L, = L — 1meNOYKa MOANPO-
CTPAHCTB JUHEWHOTO MPOCTPAHCTBa L, MHBAPUAHTHBIX OTHOCHU-
TeJIbHO JIMHEeHHOro mpeobpasoBanusa ¢, dimL; =n; (ng <ng < ...
... <n, =n). Honycrum, uro 6a3uc eq, ..., €, BHIOPAH Tak, UTO
BEKTODHI €1, ..., €y, npunamiexar L; (i=1,..., r). [lokasars,
4T0 Marpuna A, — BepXHAA OJOYHO TPEYroabHAA C TUArOHAJb-
HBIMU OJI0KaMu pa3MepoB k; X ki, tae k; =n; —ni—1 (i=2, ..., 1),
kl =nNni.

2) Ilycts B HeKOTOpPOM (asmce MaTpHIa JUHEHHOro mpeobpa-
30BaHUsT — BepxXHsA OJI0UHO TpeyroabHas. Jlokazars, 4To mpeobpa-
30BaHue 00JIaAET MEMOYKON MHBAPUAHTHBIX MOITPOCTPAHCTB. BhI-
pasuTh WX Pa3MEPHOCTH dYepe3 TOPSIKU  JUATOHAJbHBIX
6JI0KOB.

24.103. Ilycte £ — JuHeiHOE TPOCTPAHCTBO OECKOHEUHO
muddepenmupyembix Gyuximit f (¢) (¢ € R), n — nenoe HeoTpu-
naTeJbHOE YHMCI0, A — (PUKCHpPOBaHHOE eHCTBUTENBLHOE GHCIIO.

JlokazaTh, YTO JaHHOEe MHOXKECTBO (YHKIWMiIl oOpasyer MOAIpo-
CTPAHCTBO B L, MHBAPUAHTHOE OTHOCUTENHHO AuddepeHnnpoBa-
Huga D:

1) MHOXKECTBO BCEX MHOTOYJICHOB;

2) MHOXKeCTBO BCEX MHOTOYJICHOB CTEIEHW HE BBIIIE N

3) MHOXECTBO BCEX TPUTOHOMETPUYIECKUX MHOTOUJIEHOB IO
PpsAKa He BBIIIE N;

4) MHOMKECTBO BCeX JUHEHHBIX KoMOuHAImi dynkmuit e, ...

., ety

5) MHOXkecTBO Beex dymkmmit f () = e Mp(t), tme p(t) — mpo-
U3BOJIBLHBIM MHOTOUJIEH;

6) mHOMkecTBO Beex dyrkmmit f (t) = eMT (t), tme T (t) — mpo-
U3BOJIbHBIN TPUTOHOMETPUICCKUNA MHOIOYJICH;
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7) MHOXKecTBO Beex dyHKmit p(t)cost, p(t)sint, rme p(t) —
MTPOM3BOJIbHBIN MHOTOUJICH.

24.104. Ilycts £ — nuHelHOE MPOCTPAHCTBO (PYHKIMIA 3378~
i 24.103, ¢ = D?. Jloka3aTh, 4TO JAHHOE MHOMKECTBO (byHKITHil
SIBJISIETCST TIONTPOCTPAHCTBOM B L, WHBAPUAHTHBIM OTHOCHUTEJBHO
npeobpaszoBanus ¢. Haittu cobcTBeHHBIE 3HAUEHNA U COOCTBEHHbBIE
BEKTODPBI OTPpaHUYEHUs MPeoOpPA30BAHUSA HA ITOM IOAPOCTPAH-
CTBeE:

1) MHOXKECTBO BCEX YETHBIX MHOTOYJICHOB CTEIEHU HE BBI-
e 2n;

2) MHOXKeCTBO BCeX HEYETHBIX MHOTOUJIEHOB CTEleHW He BbI-
me 2n + 1;

3) MHOKECTBO BCEX YETHBIX TPUTOHOMETPUYECKUX MHOTOUJIE-
HOB ag + a1 cost+ ...+ ay cosnt;

4) MHOXKECTBO BCEX HEYETHBIX TPUTOHOMETPUUECKUX MHOIO-
ujaenoB by sint + ...+ b, sinnt.

24.105. HaiiT BCe TOAIPOCTPAHCTBA JIMHEHHOTO MTPOCTPAH-
CTBa BCEX MHOT'OYJICHOB, MHBAPUAHTHBIE OTHOCUTEIbHO auddepen-
ITUPOBAHUS.

24.106. Ilokazarh, 4To JMHENHOE TPEOOPA30BaHNE TTPOCTPAH-
CTBA BCEX MHOTOUYJIEHOB, COCTOSIIEE B YMHOXKEHUH MHOT'OUJIEHOB
Ha f, HE UMEET HU CODCTBEHHBIX BEKTOPOB, HU WHBAPUAHTHBIX
MOJITPOCTPAHCTB (KPOMe HyJIEBOTO MO/IMPOCTPAHCTBA U BCETO MPO-
CTPAHCTBA).

24.107. HaiiTn TOATPOCTPAHCTBA, WHBAPUAHTHBIE OTHOCHU-
TeJIHO OIepanuy B3ATHs ocTaTKa (cM. 3a1ady 24.51) B mpocTpan-
CTBE BCEX MHOTOIJIEHOB.

24.108. Ilyctb ¢ — nuHeitHOE Tpeobpa3oBaHe TTPOCTPAHCTBA
MHOTO4JICHOB P (z, y¥), oupeaeieHHoe B 3amade 24.61. JTokasars,
YTO MOAIPOCTPAHCTBA OJHOPOAHBIX MHOTOUJIEHOB CTeNeHn i (n =
=0, 1, ...) NHBAPUAHTHBI OTHOCUTEJILHO TPEOOPA3OBAHU .

24.109. Haiitn moAampocTpaHCTBA JUHEHHOTO TPOCTPAHCTBA
MaTpUI] TOPAAKA 7, MHBAPUAHTHBIE OTHOCUTEJIBHO TPAHCIOHUPO-
BaHUA.

24.110. B mpocrpanctBe R, %, PaccMaTpuBaeTcs mpeobpaso-
Banue ¢ (X) = AX, rne A — bukcupoBanHasg Marpuia. Jokasars,
9TO Ryxpn ABIAETCA MPAMON CyMMON N MOAIPOCTPAHCTB, MHBAPU-
AHTHBIX OTHOCHUTEJIHHO (.

24.111. B mpocrpancTBe Ry %, pPaccMaTpuBaeTcs mpeobpaso-
Banme ¢ (X)=AX — XA, rne A — bukcupoBannas marpura. lo-
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Ka3aTh, 9YTO JaHHOE MHOYXKECTBO 0OpasyeT MHBAPUAHTHOE OTHOCH-
TEJILHO ( TIOANPOCTPAHCTERO:

1) MHOXKECTBO BCEX MATPHIL C HYJIEBBIM CJIEJOM;

2) MHOXKeCTBO BCEX BEPXHUX TPEYTOJIBHBIX MATPHUIL (€I MaT-
puna A BepxHssl TPEYrobHas );

3) MHOXKECTBO BCEX KOCOCUMMETPUIECKUX MATPHIL (€CIH MaT-
puna A KococuMMeTpuiecKast);

4) MHOXKECTBO BCEX JIMArOHAJBHBIX MaTpur (ecau marpuma A
JIIaroHaJIbHas ).

24.112. JluneitHoe mpeobpa3oBaHMe ¢ MTPOCTPAHCTBA Ryxp
BEINeCTBEHHBIX MATPHI] OPSIIKA 1 onpeiesieHo opmyioii ¢ (X ) =
=ATX + XA, rne A — dbuxcupoBaHHAS MATPHUIA.

1) JokazaTh, 4TO KOCOCHMMETPHYECKNE MATPHIBI 00Pa3yoT
TIOATIPOCTPAHCTBO B Ry x 1, THBAPUAHTHOE OTHOCUTEJHLHO TTpeodpa-
30BaHUA (;

2) BBIPA3UTh XapaKTEPUCTUYECKUE UHC/IA OTPAHUYCHUS ¢ HA
9TOM TOMPOCTPAHCTBE Yepe3 XapAKTEPUCTUUECKHUE THCIa MATPU-
el A.

24.113. JluneitHoe npeoOpa3zoBaHWe MTPOCTPAHCTBA MATPHUIT
nopaaka n ompenenero dopmymoit ¢ (X)=AT1XA, roe A —
HEBBIPOXK IeHHAsA MaTpura. JlokazaTh, 4To JaHHOE MHOXKECTBO MAT-
PUI SABJISETCA MOAITPOCTPAHCTBOM, WHBAPUAHTHBIM OTHOCHUTEIHHO
npeobpas3oBaHus @:

1) MHOXKECTBO BCEX MATPHUIL C HyJIEBBIM CJIEIOM;

2) MHOXKeCTBO BCEX CKAJIIPHBIX MATPHIL;

3) MHOXECTBO BCEX BEPXHUX TPEYTOJbHBIX MATPHIL (€CJIM MaT-
puria A BepXHssI TPEYTOJIbHAsA);

4) a) MHOXKECTBO BCEX CHMMETPUYECKUX MATPHI], 6) MHOXKe-
CTBO BCEX KOCOCHMMETPHUYECKUX Marpwul (eciau marpura A opro-
TOHAJIbHA );

5) a) MHOYKECTBO BCEX SPMUTOBBIX MATPHIL; 6) MHOXKECTBO BCEX
KOCOSPMUTOBBIX MaTpull (ecim A — yHUTapHas MATPUIA W €CIIN
STH MHOYKECTBA — MOAMPOCTPAHCTBA 21 2-MEPHOTIO BEMIECTBEHHOTO
IIPOCTPAHCTBA KOMIIJIEKCHBIX MATPHI] OPSIIKA 7).

24.114. Jluneitnoe mpeodpasoBaHMe ¢ KOMIJIEKCHOTO MIPOCT-
pPaHCTBA MAaTPUI[ BTOPOTO MOPsIKa 3agaHo ¢dopmystoit ¢ (X) =
=A"1XA, rne A= A7;, @ — BemecrBeHHOe umcio. Haiitn co6-
CTBEHHBIE 3HAUEHUsT U COOCTBEHHBIE BEKTOPBI OIPAHUYEHUS IPeob-
pa30BaHUA  Ha MTOAITPOCTPAHCTBE:

1) cuMMeTpUYECKUX MATPUI; 2) MATPUIL C HYJIEBBIM CJIEIOM.



234 L. 9. Jlunetinvie omobpasicenusn u npeodpasosaHus

2Kopaanosa ¢popma marpunsr (24.115-24.138)

24.115. IlpuBecTn mpumep MaTpPUILI TOpsaaKa n > 1, mMero-
meil XapakTepucTudeckoe Iucyio A kparHoctu k, 1 < k < n, u cob-
CTBEHHOE TOATPOCTPAHCTBO paszmepHocTH m. CKOMBKO KOPIaHO-
BBIX KJIETOK OTBEYAET ITOMY A, U UeMy PaBHA CyMMa TOPSIKOB
ITUX KJIETOK?!

24.116. IIpoBeputh TpsAMBIM BbIYHUCIeHUEM TepeMmy [aMuisb-
ToHa-K»amu /11 TaHHON MaTPUIIBI U OTNIPEIESIUTH €€ MUHUMAJIbHBIT
MHOTOJIEH!

1) Aszz; 2) Agg; 3) Agg; 4) Asos

5) Agg;  6) Azgz;  7) Aogo;  8) Assg.

24.117. MoxeT Ju MUHUMAJIHHBI MHOTOWJIEH MaTPHUIBI TO-
psiaka n 1) ObITh MHOTOYJIEHOM MEpBOi CTeneHw; 2) UMETh BUT
(t — A)™. IlpuBecTn mpuMepsI.

24.118. 1) [Tokazarb, 9T0 COOCTBEHHBIN BEKTOP SIBJISETCS KOP-
HeBBIM. UeMy paBHa BBICOTa COOCTBEHHOTO BeKTOpa?

2) Jloka3aTh, 9TO MATPUIA JUHEHHOTO TPeobPa30BaHNs TOT/IA
U TOJIBKO TOT/a AMATOHAJIM3YEMa, KOT/Ia BBICOTA KaXKJOT0 KOPHe-
BOTO BEKTOpa paBHa 1.

24.119. JloxazaTb, YTO KOPHEBBIE BEKTOPHI, OTBEUAIOIINE TI0-
MApHO PA3JUYIHBIM COOCTBEHHBIM 3HAYCHUSM, JIHHEHHO He3a-
BUCHUMBIL.

24.120. Ilycts K1 u K9 KOpHEBBIE MOITPOCTPAHCTBA, OTBE-
JaroIme COOCTBEHHBIM 3HAYCHUIM A # Ag. Jlokazars, uro Ko uH-
BapHAHTHO OTHOCHUTENIBHO 1 = ¢ — A1t, U orpaHndenue 11 Ha Ko
HEBBIPOXKIEHO.

24.121. J/lokazaTb, 4TO Pa3sMEpPHOCTb KOPHEBOTO IIOIAMPOCT-
paHCTBa paBHa KPATHOCTH COOTBETCTBYIOIIETO COOCTBEHHOTO 3Ha-
YeHUd KaK KOPHA XapaKTePUCTUYECKOTO MHOI'OYJICHA.

24.122. JloxazaTb JUHENHYIO HE3aBUCUMOCTb BEKTOPOB KOP-
JTAHOBOW IIETIOYKU.

24.123. J/loka3aTh, YTO HAYAJbHBIE BEKTOPBI XKOPTAHOBBIX T1€-
MTOYEK, COCTABJAIOMNX 0A3MC KOPHEBOTO MOAIPOCTPAHCTBA, 0Opa-
3yI0T 0a3MC COOTBETCTBYIONIETO COOCTBEHHOTO MOAIPOCTPAHCTBA.

24.124. ITlycTb pa3zmMepHOCTh COOCTBEHHOIO TIOIIPOCTPAHCTBA,
COOTBETCTBYIOIETO XaPaKTEPUCTUIECCKOMY UUCTY A, MEHbIIIE KpaT-
HOCTH A. Kaxkiprit jiu cOOCTBEHHBIN BEKTOP MMEET MPUCOETUHEH-
HBIN BEKTOP?
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24.125. Haiiti 6a3uchl KOPHEBBIX MOANPOCTPAHCTB JIMHEHHO-
ro mpeo0dpa3oBaHus, 3aIaHHOr0 MaTpumeit A:

1) Aoy 2) An; 3) As; 4) Asi; 5) Aigs;  6) Azao;

7) Asos;  8) Assg.

24.126. IIpoBeputh, uTo JuHeitHOEe MpeobpasoBaHMe, 3aJAH-
Hoe MaTpuneil A, HUIBIIOTEHTHO W HAWTH JJIA HETO »KOPJaHOB Oa-
3WC U YKOPJAAHOBY (POPMY MATPUIIHL:

1) As; 2) Asg—2E; 3) Aso—5E; 4) Azze;  5) Aass;

6) Asgs+E;  7) Agsg;  8) Ausr; 9) Auss.

24.127. TlpuecTn K KOpAaHOBOI popme MaTpuiry:

1) As1;  2) Azo;  3) Agg;  4) As2; 5) Args;  6) Asgo;

7) Aaar; 8) Aosg;  9) Ases;  10) Aorz;  11) Agss;

12) (p) Azgs;  13) Aoge;  14) Aygs;  15) (p) Aues;

16) Asgo;  17) Asgo;  18) Ausr.

24.128. TlpuBomsTca iu K KOPAAHOBON (opMe ciiemyromnime
MAaTPHII JIMHEHHBIX TPeoOpa3oBaHMii BEIMIECTBEHHOTO MPOCTPAH-
ctBa? Haiitn mx xopmaHoBy GHOpMY Kak MaTPHUI] JUHEHHBIX Tpe-
obpazoBaHNli KOMIIJIEKCHOTO TTPOCTPAHCTBA:

1) Ags;  2) As2;  3) Aag; 4) Ase2; 5) Ason;

6) Asar; 7)) Agra.

24.129. TIpuecTtu K Kop1aHOBO#1 (hopMe MATPHUILY JIMHEHHOTO
peoOpPa30BaHnsT KOMILIEKCHOTO apuMETHIeCKOr0 TPOCTPAHCTBRA!

1) Aga;  2) Arg;  3) Ago;  4) Ags.

24.130. Boruncaurh 3HAYEHWE CIEAYIONIUX MHOTOYJIEHOB OT
MaTpuipl Jy () :

1) (¢—=XN)™;  2)t™;  3) npousBosbHBIN MHOTOUIEH f ().

24.131. Haiitu >xop/1aHOBY (hOPMY MaTPUIIBL:

1) J2(N\); 2) J™(A) (m marypambroe); 3) J,1(A)  (A#£0).

24.132. Yo MOXKHO CcKa3aTh 0 MaTpuIile A mopsaka n, ecin ee
MUHIMAJIbHBINT MHOTOYWIEH YIOBJIETBOPSET CIETYIOMEMY YCIOBUIO:

1) umeer Bce KOpHU KpaTHOCTH 1;

2) ¢ TOYHOCTBIO JI0 3HAKA COBIAIAET C XapPaKTEPUCTHUIECKUM
MHOTOUJIEHOM.

24.133. Ilycts ™ = ¢ 1isi HEKOTOPOTO HATYPAJIHLHOTO TUCIA
m. Jlokazarh, 9TO KOpAAHOBa (OpMa MATPHUIILI  TUATOHAJBHA.
Kakne dncia cTosiT Ha IMAaroHaJW 9TON MATPUIIBI!

24.134. Haiitu »kopmaHoBy ¢opMy JIMHEHHOrO mpeobpa3oBa-
HUS KOMILJIEKCHOTO apudMETHIECKOTO TTPOCTPAHCTBA C MATPUIIEH:

1) Asos;  2) Asge;  3) Aeog;  4) Ae1s;  5) Agio;
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6) Ag20; 7) Ae32;  8) Aezs;  9) Aeao;  10) Apar.

24.135. He naxomda »KOpAaHOBBIX 0A3MCOB, YCTAHOBUTH KOP-
HMaHOBBI (DOPMBI MATPWIL, 3HASI, UTO UX XAPAKTEPUCTHIECKUE MHO-
rowens pasaer (¢ — 1)%:

1) Asss+E; 2) Asgo;  3) Aago.

24.136. IIposeputs, uTo MaTPUILl Agor 1 —Ag73 UMEIOT OIHU-
HaKOBBIE XapaKTePUCTUUECKe MHOrOUIeHbl. HaliTn nx MUHUMAJIb-
HbIE MHOT'OYJIEHBI ¥ YKOPAAHOBBI (DOPMHBI.

24.137. OnpenenuTsb KOpIAaHOBY (popMy MaTpuipl A mo 3a-
JTAHHOMY XapaKTePHCTUIecKoMy MHOrouseny p(t) = —(t+1)3(t —
—2)2, snas, uto Rg(A—2E) =3, a Rg(A+E) = 4.

24.138. HaiiTu 5KCIIOHEHTY MaTPHIIBL:

1) Ja0);  2) 45 3) |2 M acRr

24.139. Ilycts nuHeiiHbIle TpeoOPa30BaHU @, 1P MEPECTAHO-
BouHBI. JloKazaTh, ITO:

1) s1po U MHOXKECTBO 3HAUEHUIT OMHOTO U3 HUX WHBAPUAHTHBI
OTHOCUTEJIHHO JIPYTOrO;

2) cobCTBEHHBIE MOANPOCTPAHCTBA TIPEOOPA3OBAHNS (0 HHBAPH-
AHTHBI OTHOCUTENIHHO 1.

24.140. IIycts A9 — cobGCTBeHHOE 3HAUEHUE JIMHEHHOTO Ipe-
obpa3oBaHUs ©.
1) Joxasars, uto mommpocrpanctsa L = Ker(p — At)* (k=
, 2, ...) UHBAPMAHTHBI OTHOCUTEJIBHO .
2) Tlokazarb, uro L C Lii11. Moxker gau BKIIOUeHHE OBITH
cTpOruM?

24.141. JloxazaTb, 4TO:

1) srobble 1Ba TEPECTAHOBOYHBIX JIMHEHHBIX MPEOOPa3OBaHUs
KOMIIJIEKCHOTO TTPOCTPAHCTBA UMEIOT 00MInit COOCTBEHHBI BEKTOD;

2) TO Ke yTBEPXKIACHNUE BEPHO ISl BEIIECTBEHHOTO MPOCTPAH-
CTBa, €CJIM BCEe XapPaKTEPUCTUIECKIE TIHCTIa Mpeobpa3oBaHuil Bere-
CTBEHHBI.

=1

21.142. TlycTb (0 — BBIPOXKIEHHOE JIMHEWHOE TIPe0bpa30BaHIe
KOHEYHOMEPHOTO JIMHEWHOrOo mpocTpaHcTBa. JlokasaTh, UTo cytie-
cTByeT Takoe £9 > 0, uro s Beex |e| < g¢, mpeobpasoBaHue @ + €L
HEBBIPOXKJICHO.

24.143. Jlokazarh, 9TO JJist JIIOOBIX JBYX JIMHEHHBIX ITpeodpa-
30BaHUI (p, 1) OJTHOTO W TOTO K€ JIMTHEHHOTO IIPOCTPAHCTBA XapaK-
TEPUCTUIECKE MHOTOWIEHBI TTPe0OPa30BaHuil ¢ 1 )¢ COBMAIAIOT.
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24.144. Tlycts ¢, 1) — nepecTaHOBOYHBIE JIMHEWHBIE TTPE0OPa-
30BaHUS N-MEPHOTO MPOCTPAHCTBA, TPUIEM (0 UMEET N PABIMIHBIX
coOCTBeHHBIX 3HaUeHMit. JloKa3aTh, 9TO BCe COOCTBEHHBIE BEKTO-
PBI Tpe0OPa30BaHUST  ABJSTIOTCST COOCTBEHHBIMU U JIJISI 1), TAK 9TO
MAaTPUIIBL (0 U 1) AMATOHAJBHBI B 0OIIEM I HUX Oaswuce.

24.145. Ilycts nuHeiiHOe TpeoOpa3soOBaHWE (p AUATOHAJIU3U-
PYEMO U KaxKJ0e ero COOCTBEHHOE TOANPOCTPAHCTBO WHBAPUAHT-
HO OTHOCHUTEJHHO JUHeHHOro mnpeobpasoBanus 1. JlokasaTsb, 4TO
e =Y.

24.146. Ilycts L=L'® L", tne L', L"" — menyneswle nmuHeii-
HbIE TIOJIPOCTPAHCTBA B L.

1) IIycte ¢ — mpoekTupoBanue mpoctpancTBa L Ha L' ma-
pamnensro L") a 1) — mexoTopoe jmHeitHOe mpeobpasosanue B L.
Jlokazarh, 4TO Y = TOrAa W TOJNBKO TOT/A, KOTJA MOJIIPO-
crparctia L' n L"” nHBapmaHTHBI OTHOCHTENHHO ).

2) CdopmynnpoBaTh U JA0KA3aTh AHAJOTUIHOE yTBEDIKICHUE
g oTpaxkenus npoctpancTsa L B L' napamnensno L.

24.147. Ilyctb ¢, ) — nuHelHDBIE TPEOOPAZOBAHUS N-MEPHOTO
quHelHoTo TpocTpaHcTBa. Jawno, uro ¢" =60, dimKerp=1 n
[, o] =1 — pip = ¢. JlokazaTh, 9T0 1) uUMeeT N COOCTBEHHBIX
sHavennit Buma A\, A—1,...,A—(n—1), tme A — HekoTOpOE
YHUCIIO.

24.148 (p). Ilycts ¢ u ¢ — nmHeitHble peobpa30BaHus IPO-
crpaHcTBa L, MpUYeM ¢ B3aMMHO OfHO3Ha4HO. Haiinmmre taxoe
€>0, uro g soboro 6 € (—e, €) JauHeNHOE Ipeodpa3OBaHUE
¢ -+ 07 B3aWMHO OJTHO3HAYHO.



I'masa 10
EBKJ/INJOBbI 1 YHUTAPHBIE ITPOCTPAHCTBA

B 3T0it riiaBe ucmonb3y0TCA CII6 Iy FOIIE OCHOBHBIE IOHATHS: CKAAD-
HOE YMHOJCEHUE, e6KAUA0B0 NPOCTNPAHCMEO, YHrUMapHoe (3PMuUmMoso)
npocmpancmeo, osuna (HOPMA) BEKMOPA, Y2oa MexHcOy GEKMOPaMU, MAM-
puya I'pama, 0pmo2oHasbHAA U OPTMOHOPMUPOBEHHAA CUCTEMDL GEKMO-
POB, OPTNOHOPMUPOBAHHBLT basuc, basuc, buopmoz2onaroHbLl darromy 6a-
3UCY, 0PMO20HANLHOE OOTLOAHENUE NOONPOCTIPAHCNGA, OPMO2OHANLHAA
NPOEKUUA U OPMO2OHANLHAA COCTNABAAOWAA BEKMOPA, NPOUECC 0PMO-
2onasusayuu, QR-pasnoocenue mampuysi, obsem k-meprozo napasse-
aenuneda, Yy2on mexHcoy 6EKMOPOM U NOONPOCMPAHCINEOM, Y204 MeHCIY
08YMA MOONPOCTNPAHCTNGAMU.

Omnepanust e6KAud06a CKAAAPHO20 YMHONCEHUA B BEIECTBEHHOM JIU-
HeltHOM mpocTpaHcTBe £ CTABUT B COOTBETCTBUE KAZKJON Mape BEKTOPOB
Z w y n3 L BEemecTBeHHOe InciIo, 0603Ha9aeMoe (T, y) TaKAM 06PasoM,
9TO JJIsd JIFOOBIX BEKTOPOB &, Y U 2 U 9KUCEJI (¢ ¥ 3 BBIIIOJHEHBI CJIS/IYIOIIHE
YCIIOBHSI:

1) (z, y) = (y, 2);

2) (ax+ By, z) = a(z, 2) +B(y, 2);

3) (z, z) > 0 ana m06BIX T # 0.

Onepamust yHUMaPHO20 CKAAAPHOZ0 YMHOHNCEHUSA B KOMILJIEKCHOM
JIMHEHOM TIPOCTPaHCTBE L CTABAT B COOTBETCTBHE KAaXKJOU mape BEKTO-
POB Z 1 y n3 L KOMILUIEKCHOE 910, 0003Ha9aeMoe (T, ¥) TaKuM 06pasoM,
49TO JIJId JIIOOBIX BEKTOPOB &, Y U 2 ¥ YUCEJ & U 3 BBINIOJTHEHBI CJIE/IYIOIIHe
YCIOBUSA:

1) (z,y) = (y, z);

2) (ax+ By, 2) = a(z, z) + B(y, 2);

3) (z, ) > 0 mus mOBBIX T F# 0.

BemecTBeHHOE (MM KOMIUIEKCHOE) JIMHEHHOE IIPOCTPAHCTBO C BBE-
JIGHHOU B HEM omepaleil CKaJgpHOr0 YMHOMXKEHUs HAa3bIBAETCA E6KAUDO-
6biM (MM, COOTBETCTBEHHO, YyHumaphvim). Mbl 0603HaYaEM €BKJIMIOBBI
npocrpascTBa OykBoit £, a yHuTapase — U.

Yucino (z, y) HA3BIBAETCA CKAAAPHHLM NPoussedenuem (Ipu He06X0-
JUMOCTH, C YTOYHEHUEM: €6KAUDOGLIM TN YHUTNAPHDIM).

B 3amagax 3TOl ryiaBbl 4aCTO MCIONB3YIOTCA CJIELYIOIIE BarXKHBIE
IPUMEPBI €BKJAUJOBBIX W YHUTAPHBIX MPOCTPAHCTB. MHOXKECTBO BCex
BEKTOPOB TPOCTPAHCTBA, U3y9aEeMOr0 B 3JIeMEHTapHON reomerpun. Ero
MBI 6y/1eEM HA3BIBATH 2€0MEMPUUECKUM TPOCTPAHCTBOM.

B n-meprHOM BerecTBeHHOM apuMETHIECKOM IIPOCTPAHCTBE R,
CMAHOAPMHOIM CKAAAPHBLM NPOU3BEICHUEM BEKTOPOB X U Y HA3BIBAETCS
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ancio (z, y) = 2Ty =z1y1 + ... + TnYn-

B n-MepHOM KOMILIEKCHOM apudMeTndecKoM mnpocrpancTtse Cp
CMAHIAPMHBIM CKAAAPHBIM NPOU3EeJeHueM BEKTOPOB & U Y HA3BIBAETCH
aucno (x, y) =27y =191 + ... + TnUn-

B nuneitrHOM npoctpascTBe Ry 1y BEMIECTBEHHBIX MATPHI] PA3MEPOB
™M X 1 ¢ OOBIYHBIMY ONEPAIUSIMI CJIOYKEHNs M YMHOMKEHUS Ha, BENIECTBEH-
HOE YHUCJIO cMmaHndapmmoe e6KAud080 CKAAAPHOE NPouseederue MATPUIL
X =||zjx|| 1 Y = ||y;k|| onpenensiercss dopmysroit

(X,Y) Zz%k%k (1)

j=1k=1

DTo e UMCIO MOKeT GBITH 3ammcano n Kak tr XY (cum. samauay 25.4).
AHaJIOrUYHO B NPOCTPAHCTBE KOMILIEKCHBIX MAaTPHI Cppsxy CIUGH-
dapmmoe YHuUMapHoe CKAAAPHOE NPouseedenue ompeaeaaerca (PopMyJIoi

(X,Y) Zz%ky]k,

j=1k=1

wm, uro To xe, (X,Y)=tr XTY.

B mpocTpaHCTBE BEMIECTBEHHBIX MHOTOYJIEHOB OT TNEPEMEHHON f,
UMEIONUAX CTENeHb He BhiMle (DUKCHPOBAHHOTO YHCAA M, CMaHOapm-
noe ckaasproe npoussedenue onpenenserca popmysoil (cM. 3ama-
qay 25.8, 1)):

1

(7, q) = / p(t)q(t) dt;

-1

B eBkJIMI0BOM IPOCTPAHCTBE CKAJISPHOE IIPOU3BEIEHUE BHIPAIKAET-
cs Yepe3 KOOPJAMHATHI BEKTOPOB B BHIOpAHHOM baswmce €1, ..., €, dopmMmy-
JIo#

n
)= Z gijéim; = &£7 T,
i,j=1
rae I' — marpuma u3 snemeHToB ¢;; = (€5, €;), HasbBaeMast mampuyed
I'pama 6asuca ey, ..., €,.

Jist yHUTAPHOTO TIPOCTPAHCTBA COOTBETCTBYIOIMAA (DOPMYJIa NMEET
amagormasbii Buz (z, y) = &7 7.

Ecmu S — marpuna nepexoga ot 6asuca e K 6asucy €', To MmaTpu-
et ['pama stux 6a3ucos cazansl dpopmyoit IV = STT'S nia eBkmuaosa
npocrpanctsa, u [V = STT'S — nnsa yruraproro.

Kak B eBK/IMIOBOM, TaK U B YHUTAPHOM IPOCTPAHCTBE 0AUHOl 6eK-
mopa, a Takke eexAudosol (yrumapnol) HOpMmol, HASHIBAETCH YUCIIO
|z| = v/ (z, ). BekTop jymHBI 1 Ha3BIBAETCH HOPMUPOBAHHBIM BEKTO-
pom. [lnst mr0OBIX BEKTOPOB & M Y BBINOJHAETCH HepaBeHCTBO Kormm—
Bynskosckoro
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(z, y)| <[]yl
Yeon  wmeoicdy  eexmopamu — oupenensierca  Qopmysnot o =
=arccos ((z, y) / (|z||y|)) . BekTophl & u y HA3BIBAIOTCH OPIMO2OHAALHbL-
Mmu, ecau (x, y) = 0. Cucrema momapHO OPTOrOHAJIBHBIX BEKTOPOB HAa-
3BIBAETCA OPMO20HAALHOT U OPMOHOPMUPOSAHHOT, ECITM ITH BEKTOPBI
HOPMUPOBAHBI.

Ilycts @ — (ukcupoBaHHBIA BEKTOP €BKJUIOBA IPOCTPAHCTBA &.
ConocraBuM IpOU3BOIBHOMY BeKTOpPY x € £ uncio (a, x). Dto oupeje-
Jaser quHEHHY0 QyHKIMI0, npucoedurerhyto Bektopy x. CooTBeTcTBHE,
COTOCTABJIAIONIEE KAZKIOMy BEKTOPY €r0 IPUCOEINHEHHYO (DYHKIHIO —
n30MOpdU3M TPOCTPaHCTBA £ HA €r0 CONPAKEHHOE IPOCTPAHCTBO. DTOT
n30Mop@dU3M HE 3aBUCUT OT BbIOOpa 6a3mca U MOTOMY IIO3BOJISIET OTOXK-
JIECTBUTH 3TH MPOCTPAHCTBA: IPUHATO OTOXKIECTBIATH BEKTOP C €ro IIPU-
coeIuHeHHO (byHKIMEH.

Ecau 8 £ BeiOpan 6as3uc ey, ..., €,, TO (GYHKIMNA, COCTABILIOIINE
€r0 B3aUMHBIN 6A3UC B CONMPSKEHHOM MPOCTPAHCTBE, OTOXKIECTBIIAIOTCA
C TAKHMH BEKTOPAMH €], ..., €, ITO

e ={y iz
) =J
Basuc e*, cBa3aHHBIA TaKUM COOTHOIIEHUEM C 6A3MCOM €, Ha3bIBAETCs
eMy 6uopPmo2onaNLHbLM.

BekTop Ha3bIBAETCA OPTOTOHAJIBHBIM JIMHEAHOMY MOAIPOCTPAHCTBY
€BKJIUI0BA WA YHUTAPHOTO IPOCTPAHCTBA, €CJIM OH OPTOIOHAJIEH KaxK-
JIOMY BEKTODY HMPOCTPAHCTBA.

MHOKeCTBO BCEX BEKTOPOB, OPTOTOHAJBHBIX MOIIPOCTPAHCTBY L,
HAa3bIBAETCH 0PMO20HAALHBIM donoaneruem L n obozHadaerca L. DTo
JmHeitHOe moaupocTpancTBo, LB LT =E. Eamz =o'+ 2", tne 2’ € L,
az' € Lt To 2’ HaseIBaeTCH opmozonasbrol npoexyued x Ha L, a x —
opmozorarvroti cocmasastoweti T OTHOCUTENHHO L.

ToBopaT, 94TO BEKTOD T — 2" TOJSyYeH U3 T 0PMO20HAALHLM OTPa-
olcenuem B IOANpocTpancTse L.

IIpoyece opmo2oraAu3aYUY TIO3BOJISIET TOCTPOUTH U3 IPOU3BOJIBHOMN
JIMHEHHO HEe3aBUCUMON CUCTEMBI BEKTOPOB fi, ..., f;m OPTOrOHAJIBHYIO
CUCTEMY HEHYJIEBBIX BEKTOPOB (1, ..., §m. B 9aCTHOCTH, IIPOU3BOJIbHBIN
6a3uc MOXKHO IIPeobpa30BaTh B OPTOrOHAJBHBIN, a MPU MOCIEILYOIIei
HOPMUPOBKE — B OPTOHOPMHUPOBAHHBIN. [Ijisi 3TOr0 U3 KasKa0ro U3 BEK-
TOPOB f2, ..., [ BBIUATAIOT €r0 IPOEKIMIO HA JIUHEHHY 0 060JI0UKY TIpe-
JBIIYIIAX BEKTOPOB. DTO NPUBOIUT K CJEAYOIIUM PEKYyPPEHTHBIM (hop-

MyJIaM k1

frs i)
ge=Ff— (’7;91'-
= lail
Cy1ecTBeHHO, YTO MATPUIIA IEPEXOA OT f1, ...y [ K g1y « -y Gm ABIIS-

eTCd BepXHell TpeyTroJIbHOM (KaK U MaTpuUIEa o6paTHOro Hepexozxa).
JluneitHoe mommpocTpaHcTBO L1 HA3BIBAETCS OPTOrOHAJIHHBIM Lo,
ecmu L1 C Eé‘. Torma u Lo C Ef-.
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Paccmorpum k nuHeiHO He3aBUCHMBIX BEKTOPOB fi, ..., fr B m-
MEPHOM €BKJUA0BOM mpocTpancTse. [lon k-meproim napasseaenunedom
{f1, .-+, fx}, TOCTPOEHHBIM Ha HUX, MBI OyJleM TOHAMATH MHOXKECTBO
BCEX WX JIMHEHHBIX KoMOmHamuii ¢ kKodddumumentamu o;, 0 <oy <1,
(i=1, ..., k). Bektopsl f1, ..., fr HA30BeM pebpamu NAPAIIIEIICINIEA.
Tapannenenunesn {f1, ..., fr—1} €CTECTBEHHO HA3BATH OCHOBAHUEM TIa-
pamnenenunena { f1, ..., fx}, a 6vicomot, coorBeTCTBYIOWIEH STOMY OCHO-
BaHWIO, Ha30BeM JymHy |hj| oproromampHON cocTaBastomeil hy BekTO-
pa fx OTHOCHTENBHO JIMHEHHOM 060I09YKY f1, ..., fr_1.

O6bem onHOMEpHOrO mapasuresienumena {f} MbI OIpenesuM Kak
IUMHY ero equHcTBeHHOTO pebpa: V {f} = |f|, a o6sem k-meprozo napan-
aeaenuneda V{f1, ..., fr} onpeneanm no MHAYKIMN KaK NPOU3BEICHIE
o0beMa OCHOBAaHUS HA BBICOTY.

O6beM k-MepHOro mapaJuresienumea BEUucisiercs no gpopmysie

V{fi, -, fu} = V/detT¥,

rae I's — marpuna I'pama cucrembr BeKTOPOB f1, ..., fi. [IycTh € — mpo-
U3BOJIBHBL 6a3uc, a F' — MaTpuiia n3 KOOPAMHATHBIX CTOJOI0OB BEKTOPOB
fi, .-+, fn B 3TOM Gasuce. Torma

V{f1, ..., fn} =|det F|/detT'e = |det F|V {eq, ..., en}.

B wacTHOCTH, Iy1st OpTOHOpMEpPOBaHHOTO 6asuca V {fi, ..., fn} = |det F|.

Venom meorcdy eexmopom x u aunetinom noonpocmparncmeom L
HA3bIBAETCA TOYHAA HUXKHALA TPaHb yIUIa, KOTOPBIA & o6pa3yer ¢ pas-
JIMYHBIMHA BeKTOpamu u3 L.

Ilycts L1 u Lo — nBa HEeHyJIEBBIX JUHEHHBIX IOANPOCTPAHCTBA. Ec-
JIM OJHO M3 HUX JIEKUT B JPYTOM, TO YIOJ MEXKJy HUMHU IO OIpeJe-
JIEHWIO paBeH Hyso. B mporusHOM ciiydae obosnaumm uepes L) u L9
OPTOrOHAJIBHBIE JOMOHEHusT moanpocrpancTsa L1 N Ly COOTBETCTBEH-
HO B L1 u Ly. Yeaom meoicdy nodnpocmparncmeamu L1 n Lo Ha3BIBA-
eTcd TOYHAs HUYKHAA TPaHb 3HAYEHWH yria Mexmy BekTopamu z € LY
uye Ly

B § 25 u § 26 paccmarpuBaeTcs €BKJINIOBO IIPOCTPAHCTBO, & B § 27 —
YHUTapHOE. ITO He OyHeT KaXKAblil pa3 OroBapUBATHCH.

§ 25. CkasisipHoe nipousBesienune. Marpurna I'pama.
Onpepesienne eBKJINI0BA npocrpadcrsa (25.1-25.19)

25.1. Ilycts n — pUKCUPOBAHHBIN HEHYJIEBOH BEKTOP B r'eO-
MeTpuduecKoM mpocTpancTBe. COMOCTABUM MPOU3BOJILHON Mape
BEKTOPOB X, ¥:

1) cMmemanHOe TponsBeneHue (N, X, y);

2) ckansipHOE IpomsBeseHne (X +n, y +n);

3) (m,x)(m,y);  4) In[(x,y); 5) [x]|lyl.

MOKHO i TIPUHSTH TaKyI0 (PYHKIIUIO 38 CKAJSIPHOE TIPOU3BeIeHIe?
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25.2. MoxkeT Ju CKaJsgpHOE MPOU3BEIEHNE B BEIECTBEHHOM
N-MEPHOM JIMHEITHOM TTPOCTPAHCTBE 33 1aBaThCsI CJIEYIONIE (PyHK-
et 0T KOOPAMHAT BEKTOPOB:

1) z1y1 +2x2y2, a)n=2; 6)n=3,

2) T1y1+x2, N=2;

3) 3z1y1 + 2w1Y2 + T2yl + T2Yy2, N =2;

4) 2z1y1 + T1Y2 + T2y1 + 2x2y2, N =2;

5) x1y1 +2x1y2 + 2x2y1 + T2y2 + x3Yy3, N =3.

25.3 (p). Ha mrockocTn HApWCOBAH JUIATC C TOJYOCAMHU 2
u 1. Ilycts man BekTOop X. PaccMoTpum BeKTOp X(, COHAIIPABJIEH-
HBIl C X, HAYaJI0 KOTOPOIO — ILIEHTDP SJUIMICA, a KOHEI] JIEXKHUT Ha
ssmance. [Tonmoxum ¢ (x) = |x|/|%0|, 1 ¢ (0) =0. Teneps mpomns-
BOJILHOH TTape BEKTOPOB MOXKHO COTIOCTABUTH IHCIIO

2 2
F(x,y)=¢"(x+y) - ¢ (x—y).
JokazaTh, YTO 3TUM OIPEEJEHO CKaJsIpHOoe mpou3BedeHme. Haii-
TH €r0 BBIpakeHUe depe3 KOOPAWHATHI BEKTOPOB B KAHOHUYECKON
cucremMme KOOpJII/IHa,T AJIJIUIICA.

25.4. 1) Jokasars, uro dymkmus F(X,Y)=tr XTY zamm-
CBIBAETCs Uepe3 3IeMeHThl MaTpur ¢popmysioii (1) n3 BBemeHUS U
MOZKET OBITh IPUHSITA 33 CKAJISIPHOE IPOU3BE/IEHIE B IPOCTPAHCTBE
BEIIIECTBEHHBIX MaTPHUI] Pa3MEPOB M X N.

2) EBkinoBoii HOpMOI MATPHIBI HA3BIBACTCS €€ JJIMHA IIPH
9TOM CKaJIsIPHOM IIPOM3BeeHNH. J0Ka3aTh, 9TO €BK/INI0BA HOPMA
paBHA KBaJIPATHOMY KOPHIO M3 CyMMBbI KBaJPATOB BCEX IJIEMEHTOB
MATPUIIBL.

3) Haiitn 1iMHBI BEKTOPOB CTAHAAPTHOTO 6a3UCa U YIIIbI MEXK-
JIy HUMHI OTHOCHTEJIBHO TAKOTO CKAJIIPHOTO IPOU3BEICHUSI.

25.5. PaccmarpuBaeTcss IPOCTPAHCTBO KBAIPATHBIX MAaTPHIL
TIOPSAIKA N, W KAXKJIOH Tape MaTpPHI] COTIOCTABJIEHO UHCIIO:

1) F(X,Y)=trXY; 2)F(X,Y)=trXtrY;

3) F(X,Y)=detXY.

Mozxxet sn Takast GyHKIINS OBITH TPUHSITA 33 CKAJISIPHOE MPO-
n3BencHue?

25.6. Ilycts P dpurcupoBaHHAs KBaJIPATHAS MATPUIIA TTOPSII-
ka m. [Ipu kakux yciaoBusax Ha 31y Marpuiy dyaknusa F (X, Y) =
= tr XTPY sBnsercss CKAJSPHBIM IPOU3BEICHUEM B JIAHEHHOM
MPOCTPAHCTBE MATPHI PA3MEPOB M X N7

25.7. B ymmeiiHoM mpocTpaHcTBe (QyHKIINH, HEMPEPHIBHBIX HA
orpeske [—1, 1], byHKImAM f U g COMOCTABISCTCS TUCIO
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(f, 9) =/f(t)g(t)dt.

JlokazaTh, ITO ITHM OIMpEeIeHO CKAJISIPHOE TTPOU3BEIEHNE.

25.8. B suHeitHOM TPOCTPAHCTBE MHOTOUJIEHOB CTEIEHW HE
BBIIIIE N JIBYyM MHOTOYJIEHAM p ¥ ¢ comoctaBieHo umcio F(p, q).

JloKazaTh, ITO ITHM OIMpeIeIeHO CKAJISIPHOE TTPOU3BEIeHNE:
1

1) Fp, q) = / p(t)q(t)d;
21
2) F — cymMMa TIpPOM3BECHUI TPOM3BOJHBIX MOPsiAKa k, BBI-
YUCJIECEHHBIX B TOYKE t(],

F(p,9)=>_pM(to)g™ (to);
k=0

3) F — cymma npousBesieHniit K03 DUIMEHTOB IPU PABHBIX
CTETIeHSIX,

k=0

4) F — cymma TpouW3BeJeHnil 3HAYCHUit p U ¢ B m >N pas-
JIUIHBIX TOYKAX,

F(p,q) =Y p(tr)q(ts);
k=1

(Y6emurbest, uro TpeboBanme m > n HEOOXOINUMO. )

25.9. JlokazaTh, YTO B €BKJIUIOBOM IMIPOCTPAHCTBE U3 3373~
an 25.8,1) MHOTOUWIEHBI JlexkaHapa

dk
2kl dtk
06pa3yloT OpTOroHasbHBIN Oasmc. Haifitu nimebl (HOPMBI) 9THX
MHOTOYJIEHOB.

Py(t)=1,  Py(t) #-1)*  (k=1,...,n)

25.10. Ilycts € — 6asuc B auHeirHOM TIpocTpancTBe &. Jloka-
3aTh, 9TO B € CYMIECTBYET OJHO U TOJBKO OJHO CKAJISPHOE TIPOU3Be-
JIeHUe, OTHOCHTEJIHLHO KOTOPOro 6a3smuc € — OPTOHOPMHUPOBAHHBIMH.

25.11. IlycTh B BeIECTBEHHOM JIMHEHHOM IIPOCTPAHCTBE 3a-
JIAHBI [1BA CKAJISIPHBIX Npom3BedeHus (z, y)1 u (z, y)2. Jokasars,
YTO 151 JIIOOBIX MOJIOXKHUTEIBHBIX dncest A u p QyHKIus (T, y) =
=A(z, y)1 + p(z, y)2 — TakKe CKaJISIPHOE IPOU3BEICHUE.
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25.12. J/lano suHelHOE TPOCTPAHCTBO L — MpsiMas CyMMa
noanpoctpancTs L1 u Lo, B KOTOPBIX 3aJaHbl CKAJSIPHBIE TIPO-
m3Besennst (x, y)1 u (z, y)2. lyers x=x14+ 22 u y=y1 + y2,
e 1, y1 € L1; 2, y2 € Lo. Jokazars, uro dbyHkuus (z, y)=
= (21, Y1)1 + (x2,y2)2 ecTh cKagsgpHOE TpousBeacHUe Ha L.

25.13. Ilycrs |z| ammHa BeKTOpa T B €BKJIMIOBOM IIPOCTPAH-
cree. JlokazaTh, 94TO:

D) (@ y) = (e +yl? = 2=y
2) (2, y) = 5(lo + I~ | 5P

25.14. IlycTs B BeleCTBEHHOM JIMHEHHOM ITPOCTPAHCTBE 33,13~
HBI JIBa CKAJISIPHBIX IpousBeaeHus (z, y)1 u (x, y)2, U JI000I Bek-
TOP MMeeT OIMHAKOBBIE JIJIMHBI B KaK/I0M U3 HuX: (z, )1 = (x, x)2.
JlokazaTh, ITO CKaJIsIpHBbIE TPOU3BEACHUST COBIIAIAOT.

25.15. B mpocTpaHCTBe MHOTOMJIEHOB CTENEHN < 3 CO CTAHIAp-
THBIM CKAJISIPHBIM IIPOU3BEAEHUEM 33JIaH TPEYTOJBHIK CO CTOPOHAME
t, t3 ut —t3. Haitru 1) yruibl TpeyrosbHUKa; 1) IJIMHBI €10 CTOPOH.

25.16. /loka3aTh, 9TO TPEYTrOJbHUK B €BKJIUIOBOM ITPOCTPAH-
CTBE MPSIMOYTOJIBHBIN TOTIA M TOJIBKO TOTIA, KOTJA JJINHA OJTHOM
W3 CTOPOH PaBHA JTMHE APYTO# CTOPOHBI, YMHOXKEHHOH Ha KOCHHYC
yIJIa MEXKIY 3TUMU CTOPOHAMM.

25.17. okazaTh, UYTO MeaUaHA TPEYTOJbHUKA B €BKJIMIOBOM
TIPOCTPAHCTBE KOPOUY€e OTHON U3 CTOPOH, MEXK/IY KOTOPBIMH OHA Jie-
KHT.

25.18. /lokazaThb, 9TO CyMMa YIJIOB TPOU3BOJIBHOTO TPEYTOIhb-
HUKA B €BKJIMJOBOM IIPOCTPAHCTBE PaBHA T.

25.19. Ilycts £ KOHEUHOMEPHOE JTHHEHHOE TIPOCTpancTBo. [lo-
Ka3aTh, YTO BBIOOD OMpeeieHHOro n3oMopdusma L Ha ero compsi-
JKeHHOe L£* paBHOCUJIEH 33JAHUI0 CKAJISIPHOTO TTpou3BeieHust B L.

CkasispHOe npou3BejieHue B KoopauHaTtax (25.20—-25.44)

25.20. B apudmMeTnueckoM MPOCTPAHCTBE CO CTAHIAPTHBIM
CKAJISIPHBIM TTPOM3BEIACHUEM HANTU CKAJISPHBIE TPOU3BEICHMUST

nfr11afalt2s s

2) It 21 4| ul1 -1 10|

3-121 —4|" uf4 -1 -2 1|

4) ci11 mci72;  5) Ci7a W C75.

25.21. Haittu yron Mexay pebpoM U JUATOHAIBIO N-MEPHOTO
Ky0a.
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25.22. Haiitu niuHBI BEKTOPOB U KOCUHYCHI YTJIOB MEXK/1y HU-
MU B 3amade 25.20.

25.23. Ilycts B HeKOTOpOM ba3mce KBaApPAT JJIMHBI JTIOOOTO
BEKTOPA & paBeH CyMMe KBaJApaToB ero KoopamHat. /lokazaTk, 9To
6a3uc OPTOHOPMUPOBAHHBIIA.

25.24. HapucoBaTb Ha MJIOCKOCTH KAKOM-TNO0 HA3MC ¢ MaTpH-
neit 'pama Aqg. OmmcaTsh BCe MHOXKECTBO TaKMX GA3MCOB.

25.25. Haiitu ckamsgpHoe TpOU3Be/ieHre BEKTOPOB, €CIIH 33,13~
HBI UX KOOPAUHATHI B HEKOTOpOM bHa3uce u matputia ['pama I' sToro
bazmca:

1 -2 1
1t 11f, 131, r=||-2 5 -4
1 -4 6
123
2) |-1 —1 1", o1 3|, T=|25 8|;
38 14

3) c20, €23, I'=Aog; 4) co3, c36, I'=Ayr;
5) (11 ... 1|7, cos2, Asso.

25.26. Haiitu yrosl MexK/1y BEKTOpAMU, 33/ JaHHBIMI HX KOOD-

TAHATAMMI:
1)[[1 111, |[020 2]; 6asuc oproHOPMUPOBAHHBIIL;
2) ||2 1 V2 1||, |0 2 0 2||; 6asnc opTOHOPMUPOBAHHBII;
3)|[5 021}, [|212 1|; 6asuc opronopMupoBaHHSIl;
4) |1 0|, |J]0 1||; 6asuc ¢ marpuneii ['pama i le ;
)

5) c12, c33; 6asuc ¢ maTpuneii I'pama Asg;
6) c18, c12; 6asuc ¢ marpurei 'pama Asg.

25.27. Haittu gmHBI BEKTOPOB B 3aa4e 25.25.

25.28. Ilpu KakKnX 3HAUEHUSIX TMAPAMETPOB €, & JaHHBIE MaT-
PHUIIBI MOTYT CJIY2KUTh MaTpuiiamu ['pamMa B €BKIUIOBOM IPOCTPAH-
cree: 1) Ago;  2) Arr; 3) Are.

25.29. JlokazaTh, YTO B Nn-MEPHOM MIPOCTPAHCTBE KBAIPATHAS
marpura ' mopsiika n MOXKeT CJIyKuTh MaTpuieil I'pama Kakoro-
ambo Ga3mca TOTIA W TOJBKO TOTJA, KOT/Ia HalIeTCs KBaIpaTHast
MaTpuia S ¢ JeTePMUHAHTOM, OTJIMYHBIM OT HyJIsI, TaKast, 9To || =
=978,

25.30. [JokazaThb, 9TO B NM-MEPHOM IIPOCTPAHCTBE KBaapaT-
Has MaTpuia [ mopsaka n MOXKeET CIyKuTh Mmarpureir ['pama
KaKoro-aubo 6a3mca TOTAa W TOJBKO TOT/IA, KOT/a OHA TOJIOMKU-
tenpHO onpeesena, o ectb I' = I'T u §TTE > 0 s mo6oro cTom6-

na & # o.
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25.31. Ilyctes I' — maTpuna I'pama mekoToporo 6a3uca e. do-
Ka3aTh, 9TO MaTpuiamMu I'paMa HEKOTOPBIX HA3UCOB SBJISIIOTCS TaK-
K€ MaTPHIBL:

nIh 212 3) Tk e k nemoe.

25.32. Ilycte I'1 u 'y — marpumsr ['pama 6a3ucosB e u es.
JloKazaTh, 4TO MIPH JIOOBIX MOJOKATEILHBIX KOI(PMUIIMEHTAX MaT-
putia I' = a "1 + aol's Takske ecth MaTpuiia I'pama HEKOTOPOTO
baswuca.

25.33. B marpune ['pama mHekoToporo 6asmca Bce dIeMEHTHI
paBubI 6o 0, gubo 1, mmbo —1. /dokazaTh, 4To 6a3UC OPTOHOP-
MUPOBaHHBI.

25.34. /loka3zaTb, 9TO MaKCUMAJbHBIH IO MOIYJO 3JIEMEHT
MaTpuibl ['paMa pacrnosioykeH Ha TJIABHON JUMATOHAJIH.

25.35. MoxkeT i1 TpeThsI CTPOKa MaTPHITHI [ pamMa HEKOTOPOTO

basnca B YETHIPEXMEPHOM IIPOCTPAHCTBE OBITH CTPOKOIL:
Dfft111]; 2)-1-1-1-=1]; 3)[J1010];
1111

gloto1l 9555 5]

25.36. Haittu marpuny ['pama cramgapTHOro 6a3mca mpo-
CTPAHCTBA KBAJPATHBIX MATDHII BTOPOTO TOPSIKA ') CO CKAJsp-
HBIM [IPOM3BE/ICHUEM, OTIPeIeJIEHHBIM B 3a1a4e 25.6, ect P paBHO:

1) Air;  2) Asa

25.37. B npocTpaHCTBE MHOTOYJIEHOB CTEIIEHW HE BBIIIE JBYX
CO CTAHJAPTHBIM CKAJISIPHBIM TIPOMU3BEIeHNEM HaiiTn Marpuily ['pa-
Ma CTaHAAPTHOrO 6aswmca.

25.38. B mpocTpaHCTBe KBaJIPATHBIX MATPUIL TOPSIIKA 1 CO
CKaJISIPHBIM TPOU3BeIeHneM 3aaadn 25.4 Halitn Marpuiy ['pama
CTAHZAPTHOTO 6A3UCA.

25.39. Hama marpura ['pama 6a3uca e. Haittu maTpuiy I'pa-
Ma, ero OGMOPTOTOHAJIBHOTO Da3uca €.

25.40. IlycTs r00BIe JBa PA3NUYHBIX BEKTOPA W3 CHUCTEMBI
Z1, ..., Tp 00pasytor yroa 7/3. Jloka3aTh, YTO 3TH BEKTOPHI JIH-
HEHO He3aBUCUMBIL.

25.41. JlaHBI 1BE CHCTEMBI BEKTOPOB L1, ..., Tp X Y1, ..., Yp,
13 CKaJISIPHBIX TPOM3BeNeHnit ¢;; = (24, yj) cocTapiena marpuia C.

1) Hokazats, uto det C' = 0, ecaiu XOTh OfIHA U3 CUCTEM JINHET-
HO 3aBHUCHUMA.

2) Bepro s obpaTHOe yTBepKaeHHE?

1) Owm. BBemenme x § 15
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25.42. J/Ipe ymopsifioYeHHbIE CHCTEMBI BEKTOPOB €1, ..., € U
fi, .-+, fr B EBKIMIOBOM TIPOCTPAHCTBE HA3BIBAIOTCS OMOPTOTO-
HaabHBIMH, ecnu (e;, fj) =0 npu i # j, a (e;, fi) =1 ams Beex i.
JlokazaTh, 9TO KaXKIas U3 JABYX OMOPTOTOHAJIBHBIX CHCTEM JIMHEH-
HO HE3aBUCHUMA.

25.43. [Ina cucTeMbl BEKTOPOB 1, ..., Tp EBKJHUI0BA IIPO-
CTPAHCTBa COCTaBisieTcst MaTpuna C' ¢ saeMeHTaMn ¢ = (T4, Tj).
IIycte RgC =k m mubOp mopsimka k B JIEBOM BEpXHEM yTJIy —
ba3uCHBIN. YKa3aTh KAKyIO-HUOY/Ib MAKCUMAJIHHYIO JUHEHTHO He3a-
BUCHMYIO TIOJICUCTEMY JAHHOHM CHCTEMbI BEKTOPOB.

25.44. Ucnons3yst CBOICTBA MATPHUIIBI, COCTABJIEHHON U3 BCe-
BO3MOXKHBIX CKAJISIPHBIX TTPOU3BEIEHUI, T0KA3aTh, ITO JJIsT JIFOOO
marpuner A Bermomneno Rg AT A =RgA.

OproronanpHbie MaTpunpl (25.45-25.58)

25.45. Kakne 3 CIeAyONnx MaTPUIL ABJISIOTCS OPTOTOHAIb-
HBIMMA:

1) Aza;  2) Az 3) Aie;  4) Ais; 5) Az 6) Aea;

7) Aggz;  8) Azsz; 9) Aoss;  10) Aszg;  11) Asso;

12) Ayzp;  13) Ayzz;  14) Ags;  15) Ause.

25.46. OcraHercst I OPTOTOHAJBHAS MATPHUIA OPTOTOHAJb-
HOH ecim:

1) mepecTaBUTH €€ CTPOKH;

2) mepecTaBUTB ee CTOJOIIBI;

3) HamUCATH JIEMEHTBI CTPOK, UMEIOIUX HeUYeTHbIe HOMEPa, B
0OpaTHOM TOPSIIKE;

4) TPaHCIOHMPOBATH;

5) MOBEPHYTH BOKPYT MOGOYHOl JAMATOHAIMN;

6) YMHOXKHUTB OJHY U3 CTPOK HA UUCIIO;

7) IpubaBUTH OHY U3 CTPOK K JPYTOH.

25.47. Ilycts A u B — opTOTOHAJIBHBIE MATPUIIBI OJHOTO MTO-
psiIKa. SIBJISIOTCS I OPTOTOHAJBHBIMYI MATPUIIHL:

1) A+B; 2) AB; 3) ABT; 4) ad; 5) AF, k nemnoe.

25.48. Haiitu Bce Takue mapbl OPTOTOHAJIBHBIX MATPHIL BTO-
pPOTO TOPSIIKA, CYyMMa KOTOPBIX — OPTOTOHAJIBHAST MATPHUIA.

25.49. IIpu KaKOM yCJIOBHU JIJisI OPTOTOHAJIBHON MaTpumbl A
HalimeTcsa uncno « # 0 Takoe, uro marpuna A+ oF TakKe ABJIs-
eTcst opToroHajbHOM? CyIIecTBYIOT JIU TAKWE MATPHUIIbI, OTJIMIHBIE
or Eu —F, nnan=2, 3, 47
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25.50. MozkeT i OpTOTOHAJBHAST MATPHUIA YETBEPTOTO TIO-
PAKa COMIEPXKATH CTPOKY:

11 1
1ot ol; 2 H§ 50 EH?

25.51. /laHa cTpoKa AJUHBI 11, CYMMa KB3JIPATOB 3JIEMEHTOB
KoTopoii papHa 1. CyIIecTByeT Jin OPTOTOHAJbHAS MATPHIIA I10-
PsaKa 1 ¢ TaKO CTPOKO#?

25.52. Hajiitu Bce opTOrOHAJBHBIE MATPHUIIHI, UMEIOIIHE TEP-

H il H
BYIO CTPOKY 5335 3

25.53. 1) Moryr s Bce 9/1eMEHTBI OPTOTOHAJBHON MATPUITHI
OBITH TOJIOKUTEHHBIMU?

2) Jloka3aTh, 9TO OPTOrOHAJbHAS MATPHILA, BCE SJIEMEHTHI KO-
TOPO¥ HEOTPHUIATENHHBI, TTOTYYIAETCI U3 €IUHUIHON MATPHUITHI TIe-
PEeCTaHOBKOIt CcTOIOIIOB.

25.54. Haiitu BCce OpTOrOHAJBHBIE MATPHUIIBI, SBJISIOIIHECS
BEPXHUMU TPEYTOJIbHBIMU.

25.55. Ilpu KaKOM yCJIOBHE TIOIMATPHUIA OPTOTOHAJIBHOM MaT-
PHUIBI TAKXKE OYJAET OPTOrOHAJIBHOM?

25.56. /lomycTuM, 9TO BCE 3JI€MEHTHI OPTOTOHAJIBHON MaTpH-
bl TOPSIIKA N PABHBI MEXKIY CO0OH O abCOMIOTHON BEJIMYIHHE.
Yemy paBHa abCOTIOTHAS BEJIMUNHA JIEMEHTA!

25.57. JlokasaTh, ITO OPTOTOHAJBHBIE MATPHIILI, OMHCAHHBIE
B 3ajade 25.56, cymecTByior, ectu n = 2F, k — marypassroe umco.

25.58. 1) /lanbI 1Ba OPTOHOPMUPOBAHHBIX 0a3UCa €1, ..., €y U
fi, -+, fn. JoKazaTb, 9TO MATPUIA U3 CKAJISPHBIX TPOU3BEICHUIT
(i, f;) — opToroHasbHAaSI.

2) JlaHbl 1BE OPTOHOPMHUPOBAHHBIE CHCTEMBI 10 k < M BEKTO-
POB B M-MEPHOM €BKJIMIOBOM TIPOCTPAHCTBE. [Ipm KakoM ycioBum
OPTOTOHAJIbHA MATPUIA U3 TOMAPHBIX CKAJSIPHBIX TPOU3BEICHUIT
BEKTOPOB ITUX CUCTEM?

§ 26. 'eomeTpusi eBKJINJ0BA MPOCTPAHCTBA

OpTroronajyibHOe JONOJTHEHUE
nojnpocrpadcrsa (26.1-26.21)

26.1. Ilycts @ — HeEHYJIEBOII BEKTOD N-MEPHOTO €BKJIHJIO0BA
npocrpascTBa. Jlokasark, uro ypasHerue (a, x) =0 ompesesuser
TIOATIPOCTPAHCTBO pa3MepHOCTH 1 — 1.
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26.2. Ilycts mHOXKecTBa P u () BEKTOPOB €BKJIUIOBA IIPO-
CTPAHCTBA TaKOBBI, 4To (z, y) = 0 myis mobbix € P uy € Q. Ho-
Ka3aTbh, YTO JIMHEHHBIE ODOJIOYKH 3THUX MHOYKECTB OPTOTOHAJBHBI.

26.3. B eBkmmoBoM mpocTpaHcTBe € HAWTH OPTOTOHAJBHBIE
JIOTIOJIHEHNS 1) HyJIEBOTO TOANPOCTPAHCTBA; 2) MpocTpaHcTBa &.

26.4. Ilycts momgmpoctparcTBa L1, ..., L; eBKIXIOBA MIPOCT-
pPaHCTBa MONApHO opTOoroHajbHbL. JlokazaTb, uto L1 +...+ Ls —
psIMast CyMMA.

26.5. /lokazaTh cjemyionine CBOWCTBA ONEPAINH IIepexona K
opToronambHoMy fonommenmo: 1) (L1 4+ L£2)t = L1 N Ly

2) (L1NL)t =Ly +Ly;  3) (LH)E=L.

26.6. [ToampoctpancrBa L1 u Lo oproroHanbHbl. Obs3aTETH-
HO s opToroHATbHE L1 1 L37?

26.7. Haifitn HOpMHMpOBaHHBI BEKTODP, OPTOTOHAJILHBIN 3a-
JIAHHBIM:

1) 4047, 126 5||", 6asuc opronopmupoBanmstit;

2) 123217, 10127, 0100|", 6asuc opronopmuposan-
HBIIt;

3) I3 1|7, 6asuc ¢ marpumeit Tpanma Asg;

4) |I-110)|, J01 1|7, 6asuc ¢ marpuueit [pana Aggr.

26.8. IloampocrpancTBo L 337aHO0 B OPTOHOPMIPOBAHHOM Ha-
3UCe CHCTEMOM JIMHEHHBIX ypaBHeHuit AE = o. Haiirm:
1) 6asuc B L1; 2) cucremy ypasHenmii mogmpocTpascTsa L.

26.9. Ilycts ay,...,ar — 6a3uc moampocrpaHcTBa L, W KO-
OpJIMHATHBIE CTOJOBI BEKTOPOB @1, ..., 4k B OPTOHOPMUPOBAHHOM
6asmce mpocrpancTBa £ cocrapisiior Marpuiy A. Haitru:

1) Gasuc B L1; 2) cucremy ypasHenmii mogmpocTpascTsa L.

26.10. Permure ¢ mOMOIIBIO TEOMETPUYECKUX COODPAYKEHII
3agauay 18.20.

26.11. Ilognpocrparcreo £ 3amaHO B Oa3mce € ¢ MaTpHIEH
I'pama I' cucremoit nnueitnbix ypapuennii Ag = o. Haiiru:
1) 6asuc B L

2) MaTpHIly CHCTEeMBI yPABHEHHI MOANPOCTPAHCTBA Lt

26.12. Ilycts aq, ..., ap — 6asuc moampocTpaHcTBa L, M KOOP-
JAUHATHBIE CTOJIOBI BEKTOPOB a1, ..., G) B Da3uce e mpocTpaHcTBa &
cocrasystior Marpuity A. Jlana marpuna ['pama I 6asuca e. Haiiru:

1) 6asuc B L

2) MaTpHIly CHCTEeMbI yPABHEHHI MOANPOCTPAHCTBA Lt
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26.13. TlognpocrpancTBo £ 3a/JaHO KaK JIMHEHHAs 0DOJOUKA
BEKTOPOB, UMEIOIINX B OPTOHOPMUPOBAHHOM 0a3mce KOOPAMHATHI
€ CTOJIOIIBL:

T T T

DABL2I5; 2) [1 =517, |11 1]

3) 13 1591”13 —6 —32|";

4) 43 =32|", [|-132 =3||", 291 —4| .

Haiiru:

a) MaTPUILy CUCTEMbI yPABHEHUH, ONpPeIeIsromeii £L,

6) Gasmc B LT

26.14. TlognpocrparcTBo L 3aJaHO B OPTOHOPMHUPOBAHHOM
Ga3wmce cucTeMoil IMHEHHBIX ypaBHeHnit AE = o. Haiitu 6a3uc mos-
npocrpanctsa L, ecin marpuia A paBHa:

1 3 -12
D321 2| o ‘; 32 -1 35|
1 10 —61
1-5-6 11
4) 5 1-4 3 3 5) A519; 6) A582; 7) A518; 8) A514.
1 8 715

26.15. IlognpocTparcTtBo L 3adaHO B OPTOHOPMHPOBAHHOM
Gasmce cucTeMoil JUHEHHBIX ypaBHeHuit A& = o. Haiitu cucremy
ypaBHeHmit mogmpocrpancTea L1

1) T1—X2t+x3+ x4 =

8x1 —xo +2x3+4xy =

)

oo

)

11xy 4+ 219 — 23 — x4 0,
2) 8x1 —xo + 2x3 —4dxy = 0,
—6x1 4+ 3x2 — 4da3 + 64 = O
3x1+5xo+ a3+ 34+ 115 = 0,
4x1 + Txo 4+ 223+ by + 1625 = O;
511 4 24x9 — Tx3 —3xy = 0,
—x1 — 2292+ T3+ 324 = 0;
5) Cucrema ypaBHeHuit nmeer Matpuily a) Asrs, 6) Asss.

4)

26.16. Ilognpocrparcreo L 3amaHO B Oa3mce € ¢ MaTpHIEH
I'pama I' cucremoit nuueitpix ypaBuennit AE = o:
101

D A=1217 P=Awrs D) A= |} ] g = s
312 1 101
3)A:’111"7F:A386; 4)A: 1-210 = Agq.

Haiiti: a) 6asuc B L; 6) MATPHILYy CHCTEMbI ypaBHEHHIT TIOAIPO-
crpancTBa L1
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26.17. Ilycts a1, ..., ap — 6Gaszwuc mommpocTpaHcTBa L, M KO-
OpJMHATHBIE CTOJIOIBI BEKTOPOB a1, ..., G B Da3uce € TMPOCTpaH-
ctBa &£ cocrasisior Matpuiy A. Jana marpura ['pama I" 6asuca e:

11
T
1) A=[[1 12|, T=A; 2)A= % (1) , = Asgs;
11 12
3) A=||L 1), I'=Assg; 4) A=||] 1| ['=Aaa
12 9 9

Haiitir a) Gasuc B L1; 6) crucremy ypaBHEHHMI MOAIPOCTPAH-
cra L.

26.18. B mpocrpancTBe KBaJIpaTHBIX MaTPHUI[ CO CTaHIAPT-
HBIM CKAJISIPHBIM IIPOM3BE/IEHNEM HANTH OPTOTOHAJIBHOE JIOTIOJTHE-
HEe TTOAIPOCTPAHCTBA

1) MaTpury o CIeIoM, pABHBIM HYJIIO;

2) BEPXHUX TPEYTOJBHBIX MATPHII.

26.19. B mpocTpaHCTBE MHOTOUJIEHOB CTENEHH HE BBIIIE 1, CO
CTAHJAPTHBIM CKAJISIPHBIM TIPOM3BEIEHNEM HANTH OpPTOTOHAJIBLHOE
JOTIOTHEHNE TOJIMTPOCTPAHCTBA MHOTOUJIEHOB UeTHOM CTETEHMN.

26.20. IlycTb €BKJIMIOBO MPOCTPAHCTBO £ — TpsiMasi CyMMa
nognpocrparcTs L; (1=1,...,8),ux=>.x; y=>.y (i y;i €
€ L;). lokazarh, uro moampocrpaHcTBa L; HOMAPHO OPTOrOHAJb-
HbL, ecant (2, y) = > (4, yi) 118 JTHOOBIX T U Y.

26.21. 1) Jna waxoxaeHuss KOI(DDUIMEHTOB DPA3JIOXKEHUs
BEKTOPa b 1o BEKTOpaM G U a3 COCTaBJeHa CHUCTEMa U3 TPeX JIu-
HEWHBIX yPaBHEHUH C ABYMs HEU3BECTHBIMH. YCTAHOBUTH, UTO Te-
opema Pperonbma [t 9TOM CUCTEMbI PABHOCUJIBHA CJIE/TYOIIEMY
(reoMeTprYeCcKH OYEBHTHOMY ) YTBEPKICHUIO: BEKTOD b PACKJIaIbl-
BAaeTCHd 10 G U Gg TOTJAa U TOJBKO TOr/Ia, KOrJa OH OPTOrOHAJICH
KaXKJIOMY BEKTODPY ¥, OPTOTOHAJIBHOMY STHM BEKTODAM.

2) okazatb Teopemy Ppearonbma, MOIb3YsCh PE3yJIbTATOM
3amaan 26.5, 3).

OproronasibHbie npoeknuu (26.22—-26.41)

26.22. B eBkimmoBoMm mpoctpancTe £ 3amaH BeKTop x. Haif-
TH €r0 OPTOTOHAJBHYIO TMPOEKIINI0 U OPTOTOHAJBHYI) COCTABJISIO-
YO PU TMPOEKTHPOBAHUT

1) Ha HyseBoe mOANPOCTPAaHCTBO;  2) Ha &.

26.23. B mogmpocrpanctee L C £ 3aman 6asuc ai, ..., Gg.
B opronopMupoBanHOM 6a3mce TPOCTPAHCTBA £ KOOPIMHATHBIE
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CTONOIBI 9TUX BEKTOPOB cocTaBisitor marpuity A. Bekrtop x € £
3aJIaH CBOMM KOODJAWHATHBIM cTobroMm &. Haiitu oproronaabHbie
npoexnmn &' u " BexTopa = Ha L u L.

26.24. B opronopMupoBaHHOM 6a3mnce MOANPOCTPAHCTBO L
3a/1aHO CHCTEMOIl JIMHEHHBIX ypaBHeHuit ¢ MaTpureir A (ctpokn A
JIMHEHHO He3aBUCUMBI). BEeKTOp X 3aJaH CBOUM KOODIMHATHBIM

cronbnom &. Haittu oproronanbHble npoeknnu x’ u x” BekTOpa T
Ha L w L1

26.25. B mpoctpanctee £ BbIOpan 6asuc e ¢ marpureit ['pa-
ma I'. TlogmpocrparcTBo £ HATSIHYTO Ha JIMHEHHO HE3aBUCUMBIE
BEKTOPBI a1, ..., Ak, KOOPJAUHATHBIE CTOJOIBI KOTOPBIX COCTABJISA-
ot marpuity A. Bekrop x € £ 3a1an ¢cBoUM KOOPAMHATHBIM CTOJO-
oM &. Haifitu oproronasbuble nmpoeknuu ' u x BekTopa = Ha L
u L+

26.26. B Gasmuce e ¢ marpureii ['pama I' mogmpocrpancrso L
3a/1aHO CHCTEMOIl JIMHEHHBIX ypaBHeHuit ¢ maTpureir A (ctpokn A
JIMHEHO He3aBHCHMBI). BEeKTOp X 3aaH CBOMM KOODIHHATHBIM

cronbuowm §. Haiitu oproronassubie npoekiun ' u 2" BekTOpa
ma L u L.

26.27. IlognpocrparcTBo £ — JUHEHHAST 0DOJOUKA BEKTOPOB
ai, ..., ax. B oproHOpMuUpOBaHHOM 6a3muce 3aMaHBI KOOPIUHATHDIE
CTONOIBI 9TUX BEKTOPOB U KOOPAWHATHBIN cTOJIOEIl & BEKTOpaA X.
Haittu koopanHaTHBIe cTONOIL & 1 £ opTOoroHAIBLHBIX TPOEKITHil
BEKTOpA & COOTBETCTBeHHO Ha L 1 L1

1) a=[105 5|7, £=[|3 0 o|f"
2) =6 15|, ax=|4 13|, &=[1 5 -2
3ar=|2112|, e=||5370|;
4)a;=[|3 -2 1 1|, ay=|1 0 -1 1],
e=l|2 -1 3 —2|f;
5)ar =230 1|, ag=[[05 -2 —1|, £=||6 0 4 2|;
6) a1 =43 -3 2|, as=[[2 91 —4]|,
az=|-132 -3|[, e=||2 4 -1 3;
7yar=|31 -2 2|, aa=||31 -1 -3],
az=[|3 -1 0 —2|, &£=||6 4 -2 —4|;
8) a;=[|3 1 12|, az=|[4 02 1|, az=|8 0 2 3],
=l -7 13 1)
9) a1 = c201, a2 =c202, &= Cigs;
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10) a; =c176, az =cC161, &= C193;

11) a; =c236, az =Ca71, Az =C2s3, &= Ca232.

26.28. B opromopmMupoBanHHOM 6a3mnce MOANPOCTPAHCTBO L
33JTAaHO CUCTEMON JIMHEHHBIX ypaBHeHWN ¢ MaTpumeir A, a Bek-
TOp & — KOOpPJUHATHBIM cTosbriom &. Haittu mpoektnu = Ha L n

ma L1

) A=|1 11, &=|1 2 3];
3 2 -5

2) A=|| 3 2 2H e=4 26|

3)A=|1 1111, &=|54321]|;
2 351

4)A: 3561 ‘, £:||7 59 4||T;
435 -2

5) A= 324—1‘v e=|-2420|;
10 313 .

6) A=||4 101, £=||8 =53 —1] .
8 311

26.29. /{15 BEKTOPOB M MOANPOCTPAHCTB, 3aJaHHBIX B 333~
e 26.28 HafiTH KOOPAWHATHI BEKTOPA ¥, TTOIYIaeMOTO OTPaKeHNEM
BEKTOpPa T B MOAIPOCTPAHCTBE L.

26.30. HaiiTu opTOroHATBbHYIO TIPOEKITHIO MHOTOUIeHa 35t4 4
+ 15t3 — 15t2 — 8t 4+ 4 Ha TOATPOCTPAHCTBO MHOTOUICHOB CTEIICHH
He BBIIle 2 B POCTPAHCTBE MHOTOUJIEHOB!

1) co cTaHmAPTHBIM CKAJISIPHBIM IIPOM3BEICHUEM;

2) cO CKAJSIPHBIM TIPOM3BEJICHUEM, OIPEJIEJIEHHBIM B 33/1a-
qe 25.8, 3).

26.31. B mpocTpaHCTBE MHOTOYJIEHOB CO CTAHJAPTHBIM CKa-
JIAPHBIM TMPOU3BEIEHNEM HAMTU pACCTOSTHUE OT MHOTOWIeHa t" 1o
JIMHEHHOM 0OOJIOUKM MHOTOUJIEHOB 1, ¢, ..., L

1) upu n=2; 2) opun=3.

26.32. Ilycts f1, ..., fr 6asuc mommpoctpaucTBa L. Jloka-
3aTh, YTO OPTOTOHAJIbHAS IPOEKINS NPOU3BOJIBHOTO BEKTOpA T
Ha L paBHa CyMMe €ro MpOeKIHi Ha OJHOMEpPHbIE TOAIPOCTPAH-
CTBa, HATAHYTHIE HA f1, ..., fi, TODJA U TOJBKO TOT/A, KOTIa Oa3uc
OpPTOTOHAJIbHBIMN.

26.33. Ilycts mmsa groboro BekTopa x € £ CyMMa €ro OpTOro-
HaJIBHBIX NPOEKIuil Ha moampocrpancTea L1, Lo C £ paBHA OpTO-
TOHAJIBHOM TIpoeKInu T Ha ux cymmy L1 + Lo. lokasarhb, 9T0 mo-
npoctpaHcTBa L1 U Lo OPTOTOHAJIBHBL.

26.34. PaccmaTpuBaeTcst MpOCTPaHCTBO (DYHKIIHIA, HETTPEPHIB-
HBIX Ha oTpe3ke [—1, 1], co CKaJSPHBIM TPOU3BEEHUEM, OIPE/Ie-
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JleHHBIM B 3amade 25.7. OpTOroHAJBbHYIO TPOEKINI0 (GyHKIun f
Ha TOANPOCTPAHCTBO P} MHOTOUJIEHOB CTEMEHU He Bbiie k, pas-
JIOXKUTD 110 HA3WCy, cocTosmeMy n3 MHoro4uteHos Jlexxauapa P;(t)
(3amaga 25.9).

26.35. Ilycts 2’ — opToroHaJbHas MPOEKIMA T Ha MOIIIPO-
crpascTBO. JlokazaTk, uro |z'| < |z|, mpuuem paBeHCTBO MMeeT Me-
CTO TOT/Ia M TOJBKO TOTJa, Koraa T’ = .

26.36. ITycth 2’ — opToroHaJbHas MPOEKIWA T Ha MOIIIPO-
crparcteo L C €, a 2" — oproronasbHas coctapasomasa. Jloka-
3aTh, 9TO JJIs JIEOOOTO BEKTOpa Y € L, OTIUIHOTO OT Z', BBIMOJIHEHO
2" < |z —yl.

26.37. Ilyct» L;, (i=1,..., s) mOmapHO OPTOrOHAJbHBIE
MOIIPOCTPAHCTBA €BKJNI0BA MPOCTpaHCcTBa. JlokazaTh, 94TO CyM-
Ma KBaJIDATOB JJIMH MPOEKINi MPOM3BOIBLHOIO BEKTOpa T Ha ITU
TIO/IMPOCTPAHCTBA He TPEBOCXOANT |z|?, I 3Ta rpaHHUNA JOCTHTAECT-
Csl, €CJIU T TIPUHAJJIEIKAT CyMMe TIOAMPOCTPAHCTB.

26.38. PaccmorpuMm gsa moanpocrpanctsa L1 C Lo. Obo3Ha-
guM uepe3 L' oproronanbHoe momonnenue L1 B Lo, a o1, o u X
OPTOTOHAJILHBIE TTPOEKINH BEKTOpa & Ha moampocTpancTsa L1, Lo
u L. TokazaTh, 9TO:

1) xg =21 +2';

2) |z1| < |z2|, mpuaem guist FOGOTO T PABEHCTBO MMEET MECTO
TOrZa M TOJILKO Torma, Korma L1 = Lo.

26.39. Ilycts £ — k-MepHOe MOANPOCTPAHCTBO N-MEPHOTO €B-
KJIMI0Ba mpocrparcTia €. IlycTh Takke ey, ..., €, — OPTOHOPMU-
poBaHHBIi Gasuc B £, a €], ..., €}, OPTOroHAJIbHBIE MPOEKINN ITUX

k
BexkTOpoB Ha L. Jlokasats, uto Y. |eh]? = k.
i=1
26.40 (p). Ilycts ey, ..., €, — OPTOHOPMUPOBAHHBIN Ga3MC B
€BKJINJIOBOM TIPOCTPAHCTBE U CHCTEMA BEKTOPOB g1, ..., gy TAKOBA,

n
aro Y |e; — gi| < 1. JokazaTh, 4TO 9Ta cUCTEMa BEKTOPOB JIMHEHHO
i=1

HE3aBUCUMA.

26.41. Ilycts €1, ..., €, — OPTOHOPMHUPOBAHHBIN HA3WUC B €B-
KJINJJOBOM TPOCTPAHCTBE M CUCTEMA BEKTOPOB (g1, ..., Jn TAKOBA,
n

aro Y cos(€;,gi) = (2n —1)/2. Jlokazarhb, 9TO T4 CHCTEMA BEKTO-
i=1
POB JINHENHO HE3aBUCUMA.
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Oproronanu3amnusa (26.42-26.48)

26.42. OpTOroHAIN30BATh CJEAYIONINE CHUCTEMBI BEKTOPOB
apudMeTUIecKOro MPOCTPAHCTBA CO CTAHIAPTHBIM CKAJISPHBIM
TIPOU3BEICHUEM !

D3 -2, 137 -2|f;
2) 210 -1]", |36 26|
s, s 13, |16 -8
Yz 12, e 22", |14 -3
syt 23], 12 11, [|6 =7 —2|;
Y21 2lf, 4041, |113 -1 =3|;
7t -1 -1 1", 12332, |[4402],
|1 -5 =5 —1]".
26.43. B eBrymmoBoM mpocTpaHcTBe £ BHIOPAH OPTOHOPMUPO-
BaHHBII Oasnc €. B HeM 3a1aHbl KOOPAMHATHI BEKTOPOB Ha3mca a mojI-
npoctparcTBa L C €. C MoMOIIBIO MPOIECCa OPTOrOHAIN3AIMHA HANTH

B € KOOPJAMHATHBIE CTOIOIBI BEKTOPOB OPTOHOPMHUPOBAHHOTO 6a3m-
ca B L ¥ BBIMIUCATb MATPHILY TIEPEXO/IAa OT DA3MCA & K ITOMY Ha3ucy:

T T
D)3 1, Jo 7
2) 110", 20 1|, oo 3"
D1 22, 3 -1 —2vall, a2 —val;
glrin -l ss 11, 31 -1 8|

1 -1 3 3|;
syf[12 12|, (2301, [[32-12|, |41 21|
6)[14 23|, t503], |[-1927];

74 -2 10|, Jo -2 20", ||-3 -111 1]

8yt 213", [l4326]|", |43 -74]|"

26.44. OpToroHaan3oBaTh W HOPMUPOBATH CHCTEMY BEKTO-
pPOB, 3aJaHHBIX B 0a3nuce € CBOMMU KOOPAMHATHBIMU CTOJIOIAMHU.
Matpuia I'pama I' 6a3uca e 3amana:

D137, (12 4[], T'=Au;

2)[[12 0], [[20 3|7, [[18 6|7, I= Ay

3) L L AT, fl4 2 LT, [|1 9 —8[T, T'= Asse;

=321, [-854], [|240], T=Ayr.

26.45. 1) C noMoImpio mporecca OpTOrOHAIM3AIMN JTOKA3ATh,
9TO HEBBIPOXKJIEHHAsT KBAJpaTHAs MAaTPUIA MOXKET OBITH Pa3JyIo-
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JKeHa B MPOU3BEJIEHNEe OPTOTOHAJIBHOM MATPHUIILI () 1 BepxHell Tpe-
YTOJABHON MaTpuibl R ¢ MOMOXKUTETFHBIMA JUATOHAJBHBIMUA 1€~
menTamn (QR-pasioxkenne).

2) Jloka3aTh €MHCTBEHHOCTH () R-pasiioykeHnsi HEBBIPOXKIEH-
HOU MaTpHIbI.

26.46. [Tonyunts @QR-pa3ioxkeHne JAHHOW MaTpHIbL (3a71a-
va 26.45):

12 0
1 -2 3 9
1)H ‘ 2)H ‘ 3|10 ol
1 6] 1 -7/ o5 1l
1 3 3 1 12 34
1 3 4
g 112 ks 1Y ) gl 1 ol
—2v2 -2v2 -2 ~1-1 3 3 21 21

26.47. [lokasarb, uTo MaTpuia ['pama mpon3BoJbHOTO 6a3u-
ca MoKeT ObITh pasioxkena B mpomssegerne ' = RTR, rne R —
BEpPXHSS TPEYToJbHAas MATPHIA C TOJOXKUTETbHBIMU dIeMEHTAMI
Ha auarosasu. (CpaBHUTBH 9TO ¢ 3ama4eii 25.29.)

26.48. B eBK/IMI0OBOM TPOCTPAHCTBE M3BeCTHA Marpura ['pa-
ma 6asuca f. Haittu maTpuiy mepexoma K OPTOHOPMHUPOBAHHOMY
6a3ucy, mosydaeMoMy opToroHasu3aimeit f:

2 5 13
1”“513’ 2)T=|3 13

N Y
sr=|25 s, 4r=|24270)

38 14 400 20

O6beMm (26.49-26.54)

26.49. JlokazaTh, 9TO AETEPMUHAHT MATPHUIBI | 'pama cucre-
MBI BEKTOPOB HE MEHAETCHA MPHU OPTOTOHAJTUIAIINHU ITOH CHUCTEMBI
(6e3 HOPMHUPOBKH BEKTODOB).

26.50. Haiitu oO6beM mapaJiiesienumeia, MOCTPOEHHOTO Ha 3a-
JAHHBIX BeKTOpax. KoopaumHaTHBIE CTOJOIBI BEKTOPOB B OPTOHOP-
MHUPOBAHHOM 0a3mce COCTABJIAIOT MATPHUILY:

1 11

1 11
1) Asizmpun=4;  2) || ] | ||

0 -11

3) Asgs;  4) Asor;  5) Ases;  6) Aare; 7) Asse.
26.51. Haiitu ob6bem mapaJiiesienuie ia, TOCTPOEHHOTO Ha 3a-
JaHHBIX BeKTOpax. KoopamHaTHbIe cTOJIOIBI BEKTOPOB B ba3uce €
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cocrasystior Marpuity A. Marpurna 'pama 6a3uca e pasua [

2100
1210
1)A:A402, I'= 0121 5
0012
2) A= Ag4, T'= Agzo mpun=4;

3) A= Azgr, I'= Ay

26.52. [okazaTh, 4TO 00bEM MapaJIesIennera, TOCTPOSHHO-
TO HA BEKTOPaX fi, ..., fn, HE TPEBOCXOAUT TPOM3BEICHUS JIJINH
ero pebep:

V{fla [ERE) fn}zdetr(fla [ERE) fn) < |f1|2"‘|fn|2a

¥ PABEHCTBO MMeET MeCTO TOTJa M TOJIBKO TOT/a, Korjaa pebpa mo-
IMapHO OPTOTOHAJIBHBI.

26.53. /I kBagpaTHOil MaTpuIkl A mopsiaka n:
1) mokasaTh HepaBeHCTBO Amamapa

n n
det A2 < I (Z|aik|2);
k=1 =1
2) BBISICHUTB YCJOBHsl, TIPH KOTOPBIX HEPABEHCTBO Aamapa
BBITMIOJTHEHO KaK PaBEHCTBO,
3) Bbmmcarh HepaBeHCTBO A mamapa st Marputibl A1g. Hem 00b-
ACHACTCA TaKasd 60.7'[1)11135{ Pa3HUIlA MEXKY HpaBOﬁ U JIEBOM LIElCTI)IO‘.7

26.54. 1) ITycts e, ..., €, — 6a3UC B €BKJIMIOBOM MPOCTPAH-
CTBe, U € Y1 v €]l — OPTOTOHAJIBHBIE TIPOEKIUN BEKTOPOB €j i1, . . .
..., €n HA OPTOTOHAJIBHOE JOMOJHEHNE JIMHEHHOM 000I0UKH €1, ..., €f.
Hoxazate, uro Vder, ...,en} =V{er, ..., ex}V{el ..., e,

2) B m-MepHOM €BKJIMIOBOM MPOCTPAHCTBE JAHO MOMPOCTPAH-
cTBO £ WM JTMHEHHO HE3aBUCUMBIE BEKTODHI a1, ..., Gp. OOO3HATNM

ay, ..., @, OPTOTOHABHbIC TIPOCKIUI STHX BeKTOpoB Ha L. Jloxa-
! !

3ath, uro detl' (a1, ..., ap) > detT (ay, ..., ay).

3) Hokazath, uto obbem mapasutesernunena V{fi, ..., fn},

IIOCTPOEHHOI'O Ha BEKTOpaXx fl, ceey fn, HE TIPEBOCXOAUT IIPOU3BE-

nennst oobemoB V{f1, ..., fet u V{fx+1, ..., fu}-

Yroa MexX /1y BEKTOPOM M IIOAIIPOCTPaHCTBOM
(26.55-26.58)

26.55. [Tycts 2’ — opToroHajbHas MPOEKIMS BEKTOPa T Ha
moampoctpancTBo L. JlokazaThk, 9TO yrojl BEKTOpa & W TOIIPO-
crpaHcTBa L paBeH yriy Mexay x u x', ecim ' # o, u paBen /2,
ecm x' = o.
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26.56. ITycth 2’ — opToroHaJbHas MPOEKIMsS BEKTOPa T HAa
MOAMPOCTPAHCTBO L ¥ yroJl BEKTOpa & W moampocTpancTBa L pa-
BeH . Jlokazarb, uto cosp = |z'|/|z|.

26.57. lokazaThb, UTO CyMMa YTJIOB BEKTOPA T C TOIMPOCTPAH-
creavm £ u L+ pasma 7/2. 2

26.58. B oproHOpMHpOBaHHOM Da3uce BEKTOPHI T  f1, ..., f
3aJaHbl UX KOODPJMHATHBEIME CTOJIOmAMHU & U @1, ..., Q). Haiitn
YOI MEXKIY BEKTOPOM & U MOANPOCTPAHCTBOM L, HATSIHYTHIM Ha, X
uf1, ..., fr

De=|1212|, ¢i=|50 -4 2|, g2=|31 =5 0|;

2) £=[1 133", e1=[—4 42 3|, p2=[-5 2 1 0[";

3 e=)2 62 6] o =f0 -1 -1 1,

e2=[101 —1|", @3=]-3 11 0].

OTrpakenune (26.59—-26.62)

26.59. IlycTh HeHyeBble BEKTODPHI T U @ 33IaHBI UX KOOP/IHU-
HATHBIMU CTOJIOIAMU & W & COOTBETCTBEHHO, MOAMPOCTPAHCTBO L
ompenensiercst ypasaerneM (a, ) = 0. Haiitn o6pa3 y npu orpa-
JKEHUHU BEKTOpa T B MOAIPOCTpaHcTBE L:

1) g=[11 ||T, a=|[10 ||T, 6a31c OPTOHOPMUPOBAHHBIIL;

2) &= C162, a—=Ci71, basuc OpTOHOpMHpOBaHHbIﬁ;

3)e=|11 ||T, a=|[10 ||T, 6asuc ¢ marpureii ['pama Aqg;

26.60. B opromopmMupoBanHOM 6a3mce MOANPOCTPAHCTBO L
33JTAaHO CUCTEMON JIMHEHHBIX ypaBHeHWN ¢ MaTpumeir A, a Bek-
TOp T — KOOpAMHATHBIM cTosibrioM &. Haiiti 06pas y nmpu orpake-
HUU BEKTOPa & B MOJANpPOCTpaHCTBe L:

1) A=||1 11, &=t 23]

»a=| 3 13| e=lazel
3)A=[11111], &=|54321];
9a=|3 25| e=lr 594"
5 A=|33 5 1| e=ll-z 420
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10313 .
6) A=|| 4101, =8 =53 —1| .
8311

26.61. [Ipu kakOM HEOOXOUMOM U JJOCTATOTHOM YCJIOBUU BEK-
TOP T MOXKHO TIEPEBECTU B BEKTOD % C TOMOIIBIO OTPAKEHHS B
(n — 1)-meprom moampoctpancree L7 Kak Haifitu Takoe moampo-
CTPAHCTBO, €CJIU YCJIOBUE BBIMTOJHEHO?!

26.62. Ilogobpars (n — 1)-mepHoe mogmpocTpaHcTBO L Tak,
9TOOBI BEKTOD I MPHU OTPA’KEHUW B HEM TIepeles B JAHHBIA BEK-
TOp Y. BeKTOpHI 3aaHBI B OPTOHOPMUPOBAHHOM Das3nce X KOOp-
JUHATHBIME CTOJIONAMHE & U 1):

De=[12]", n=[2 1] 2) e=ci2, n=cr

3) E=cie0, nN=cig2; 4) E=c203, N =-Cies.

JInHelinble PYHKINH HA €BKJINIOBOM HPOCTPAHCTBE
(26.63-26.74)

26.63. Haiitu xo3ddurimenTs JUHEHHON QYHKITHH, TPUCO-
€JIMHEHHOW K JAHHOMY BEKTODPY. BEKTOp 3aJaH KOOPAMHATHBIM
cronbriom a B H6asuce ¢ marpureit ['pama I

T T
1)3.:”1 1 1|| ,F:A294; 2)a:||1 1 —1” ,F:A308;
T
3)a=||—2 1 0” N F=A207.

26.64. Haittu KoOpAWMHATHBIH CTONOEI] BEKTOpA, MPUCOEIU-
HEHHOTO K JIAHHOI simHeitHoi dyuKinn. OyHKIN 33/1aHa CTPOKO
k03 dunmeHToB @ B basuce ¢ marpuneit 'pama I':

1) =||4 0 4|, T'=A4 2)@=|[40 2|, T =Ass;

3)(p=||353||, F=A207.

26.65. B mpocTpaHCTBe KBaJIPATHBIX MATPUI[ TOPSIIKA 7T CO
ckasaprbv iponssesierneM (X, YY) = tr X TY naittu BexTop (Mat-
puity) C, mpucoeuHeHHbIH K (DyHKINN:

D F(X0)=tX; 2) f(X)=Y i 3) n=4muf(X)par-

iJ

HO JIEMEHTY Tpou3BeieHnsT MAaTpulibl Aqq44 Ha X, PACIOIOXKEHHO-
My B TIEpBO CTPOKE M MEPBOM CTOJIOIIE.

26.66. B mpocTpaHCTBE MHOTOWJIEHOB CTENEHW < 3 CO CTaH-
JAPTHBIM CKAJISIPHBIM TPOU3BEJIEHNEM JIMHEHHAsA (DYHKIINS COIO-
cTaBJIseT MHOTOWIeHy p(t) ero cBobogusiit wien p(0). Haittu Bex-
TOp (MHoroqﬂeH), MPUCOEIMHEHHB